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The aim of this work was to analyze the process of oxidative phosphorylation and ATP synthesis in 
a cell using a mathematical model. The scenario of occurrence of the autoperiodic and chaotic modes de-
pending on the ATP dissipation values was determined. The invariant measure of the strange attractor was 
calculated, and histograms of its projections on the phase plane were plotted. Some recommendations were 
made on how to eliminate biochemically the chaotic mode and restore the stability of the self-organization of 
the cell biosystem.
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The emergence of regularity in open systems 
that are out of equilibrium is one of the main 
problems of modern natural science. These 

systems include, along with the causal physical sys-
tems, the biochemical systems of cells and the whole 
organism. The use of a synergetic approach in their 
mathematical description would allow explaining 
the phenomenon of self-organization in all living 
systems [1]. Many scientists try to explain the phe-
nomenon of self-organization using different math-
ematical models [2, 3]. One of the most well-known 
examples of such systems is the Krebs cycle. It is a 
series of metabolic reactions that arose as early as 
the formation of protobionts - LUCA (last universal 
common ancestor). In the course of evolution, as a 
result of symbiosis, remaining almost unchanged, it 
has become part of all aerobic cells [4]. 

We took the mathematical model of the unsta-
ble growth of Candida utilis cells on ethanol as a 
base for our research reported in [5, 6]. Based on the 
results obtained, we then studied the mathematical 
model of the Krebs cycle, its self-organization and 
dynamic chaos [7-13].

In the present work, we further investigate the 
Krebs cycle, considering ATP dissipation on the 
cell’s inner metabolic processes. The cell self-organi
zation in a life rhythm as a whole is researched. It 
may enable studying the kinetics of cellular respira-
tion and the process of electron transfer in the elec-
tron transport chain in the chaotic mode.

Mathematical Model

The general scheme of the metabolism of the 
Candida utilis cell growth on ethanol is shown in 
Fig. 1 [6].

According to it and given the mass balance, the 
mathematical model (1)-(19) was developed [7-13].
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Fig. 1. General scheme of the metabolism of the Candida utilis cell growth on ethanol [6] 
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                          (16)

                                                                     (17)

                                           

                                                                 (18)

,                                         (19)

where V(X) = X/(1 + X) is the function that describes 
the enzyme adsorption in the localized coupling site. 

The internal parameters of the system were: 
k1 = 0.3; k2 = 0.3; k3 = 0.2; k4 = 0.6; k5 = 0.16; k6 = 0.7; 
k7 = 0.08; k8 = 0.022; k9 = 0.1; k10 = 0.08; k11 = 0.08; 
k12  = 0.1; k14 = 0.7; k15 = 0.27; k16 = 0.18;  0.022; 
k17 = 0.141; k18 = 1; k19 = 10; n1 = 0.07; n2 = 0.07; 
L = 2; L1 = 2; L2 = 2.5; L3 = 2; K = 2.5; K1 = 0.35; 
K2 = 2; M1 = 1; M2 = 0.35; M3 = 1; N1 = 0.6; N2 = 0.03; 
N3  =  0.01; μ1 =  1.37; μ2 = 0.3; μ3= 0.01; γ= 0.7; 
γ1 = 0.7; β1 = 0.5; β2 = 0.4; β3 = 0.4; ; .

The external parameters of the experiment 
were: S0 = 0.05055; ; α = 0.002; α1 = 0.02; 
μ0 = 0.004; α3 = 0.01; α4 = 0.01; α5 = 0.01; α6 = 0.01; 
α7 = 0.0001.

The model covers the substrate-enzyme oxi-
dation of ethanol to acetate, the tricarboxylic and 
dicarboxylic acid cycle, the glyoxylate cycle and 
the respiratory chain. Model (1)–(19) is improved 
as compared with the model used in [4], since it 
involves the formation of CO2 in the Krebs cycle, 
which affects the running of the metabolic process, 
is also accounted for. Some parameters of our model 
are taken from [6].

Ethanol S entering the cell is oxidized by alco-
hol dehydrogenase E1 to acetaldehyde S1 (1) and then 
by acetaldehydrogenase E2 to acetate S2 (2), (3).

The acetate formed can either be involved in 
cell metabolism or exchanged with the external en-
vironment. In the model, this is accounted for by the 
level of acetyl-CoA. In the first stage of the Krebs 
cycle, acetyl-CoA and oxaloacetate S8, generated in 
the Krebs cycle, through the citrate synthase reac-
tion, produce citrate S3 (4). Further, S4-S8 are formed 
successively in the stages (5)-(9).

The Krebs cycle in the model is represented 
only by those substrates that are involved in NADH 
reduction and phosphorylation: ADP→ATP. Acetyl-
CoA converted through the chain to malate, repre-
sented in the model as intramitochondrial S7 (8) and 
cytosolic S9 (10). Malate can also be synthesized via 
another pathway involving the activity of two en-
zymes: isocitrate lyase and malate synthetase. The 
first catalyzes the cleavage of isocitrate to succi-
nate, while the second catalyzes the condensation 
of acetyl-CoA to glyoxylate, yielding malate. The 
glyoxylate pathway is represented as an enzymatic 
reaction with the consumption of S2 and S3 and 
the formation of S7. The parameter k3 regulates the 
activity of the glyoxylate pathway (3), (4), (8). The 
release of S7 into the cytosol is regulated by its level, 
which can be elevated due to S9, causing inhibition 
of its transport involving protons of mitochondrial 
membrane ψ.

The generated malate S9 is used by the cell for 
its growth: namely, for the biosynthesis of protein X 
(11). The energy for this process is provided by the 
ATP-ADP cycle.

The presence of ethanol in the external solution 
causes “aging” of the outer cell membranes, which 
leads to inhibition of the process. The inhibition also 
occurs due to the increased kinetic membrane poten-
tial ψ. The parameter µ characterizes cell lysis and 
washout.

The respiratory chain of a cell is represented 
in two forms: oxidized Q (12) and reduced q. 
For them, the integral of motion is realized 
Q(t) + q(t) = const = L3.

The change in oxygen concentration in the res-
piratory chain is described by equation (13).

The intensity of the respiratory chain is 
dependen on the level of NAD+ (14). Its high level 
leads to increased endogenous respiration in the re-
duced stage of the respiratory chain (parameter k15). 
NADH accumulation occurs as a result of NAD+ re-
duction at ethanol conversion and in the Krebs cy-
cle. In the model, these variables obey the integral of 
motion NAD+(t) + NADH(t) = L2.

Thus, the level of ATP, generated in the redox 
reactions of the respiratory chain ADP→ATP, deter-
mines the intensity of the Krebs cycle and protein 
biosynthesis. 

A kinetic membrane potential ψ (16) is formed 
during reduction reactions Q→q in the respiratory 
chain, It is consumed at substrate phosphorylation 
ADP→ATP in the respiratory chain and in the Krebs 
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cycle. Its increased level inhibits protein biosynthesis 
and the reduction reactions of the respiratory chain. 

Equations (17) and (18) describe the activity of 
enzymes E1 and E2, respectively. Their biosynthesis 
(  and ) and inactivation in the course of the 
enzymatic reaction (n1 and n2) as well as any irre-
versible inactivation (α5 and α6) are considered.

Equation (19) describes the generation of car-
bon dioxide. Its release from the solution into the 
external environment (αC) is taken into account. 
Its formation occurs in the Krebs cycle (5). Moreo-
ver, it replaces oxygen in the solution (13), thereby 
decreasing the activity of the respiratory chain. 

The system (1)-(19) was studied using the 
Runge-Kuta-Merson method. The modes were ana-
lyzed when the system reached the asymptotic tra-
jectory of the attractor. For this reason, the calcula-
tion time was taken to be 106. The solution accuracy 
was defined to be 10-12.

Classical tools of nonlinear dynamics were 
used to study the model [14].

Results and Discussion

Using the developed mathematical model 
(1)-(19), we analyzed the dependence of the oxida-
tive phosphorylation and ATP synthesis cycles on 
changes in the ATP dissipation value in cell meta-
bolic processes. The phase-parametric diagram of 
the obtained attractors of the system was plotted for 
α4 ϵ (0.01,0.026) (Fig. 3).

Fig. 2. Phase-parametric diagram of the system. 
The study of the dependence of the cycle of oxida-
tive phosphorylation and ATP synthesis on the value 
of ATP dissipation affecting the cell metabolic pro-
cesses: α4 ϵ (0.01,0.026)
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Fig. 3. Phase portraits of the period doubling of the 
attractor of the system: a – 1-fold periodic cycle 1×20 
(α4 = 0.02); b – 2-fold periodic cycle 1×21 (α4 = 0.016); 
c – 4-fold periodic cycle 1×22 (α4 =  .0135)
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When dissipation decreases, the cycle multi
plicity changes – from stationary to a single autoos-
cillatory – 1×20, then – successive doublings of the 
2-fold period and the emergence of the chaotic mode 
of the strange attractor occur:1×20→1×21→1×22→1×2x 
(Fig. 4).

The sequence of the complexity of the process 
cycle corresponds to the Feigenbaum scenario. The 
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Fig.4. Strange attractor of the system 1×2x (α4 = 0.011) t ϵ (106–106+105): a – projection of its phase portrait in 
(T, N) coordinates; b – histogram of the projection of the invariant measure µi of the attractor 1×2x on the plane 
(T, N) t ϵ (106–106+105); c – projection of the phase portrait of the attractor 1×2x in (T, Ψ) coordinates; d – his-
togram of the projection of the invariant measure µi of the attractor 1×2x on the plane (T, N) t ϵ (106–106+105)
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projection of the phase portrait of the strange attrac-
tor in coordinates (T, N) is shown in Fig. 4, a, and in 
coordinates (T, Ψ) – in Fig. 4, c.

The invariant measure µ (i.e., μ(P) = 1) for the 
dynamical system φt(x) was calculated, according to 
the Krylov-Bogolyubov theorem [15], for the found 
mode of the strange attractor 1×2x and histograms of 
projections of this invariant measure on the phase 
plane were plotted - for variables (T, N) Fig. 4, b and 
variables (T, Ψ) Fig. 4, d. These histograms were 
chosen because it is the NaDH and Ψ variables that 
affect the functioning of the cell electron transport 
chain and thus ATP production via oxidative phos-
phorylation. NaDH realizes electron transport and 
the proton gradient Ψ is used to drive ATP synthesis. 
These components mainly determine the instability 
of the cycle of the oxidative phosphorylation process.

It is possible to restore an effective stable cell 
cycle by changing the cell’s NaDH or Ψ level, upon 
the corresponding biochemical effect on these pa-
rameters.

By creating histograms of the invariant measu
re for other variables, we can also determine their 
influence on the stability of the biosystem attractor. 
In this case, the biochemical effect on the cell will be 
different. For our results we took number of points   
N = 5010 and the time of solving is t ϵ (106–106+105).

Conclusions. In this work, the mathematical 
model of oxidative phosphorylation and ATP synthe-
sis in the cell was developed. The invariant measure 
was calculated and histograms of projections of the 
invariant measure of the system variables most un-
stable in the chaotic mode of the model: NADH and 
Ψ were plotted. The components of the metabolic 
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process causing instability in cell self-organization: 
NADH and Ψ, which correspond to the mathematical 
model calculations, were identified. Recommenda-
tions on how to eliminate biochemically the chaotic 
mode and restore the stability of the cell life cycle 
were provided.
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Нестійкість та інваріантна 
міра в математичній моделі 
окисного фосфорилювання і  
синтезу ATP клітини
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Досліджено процес окисного фосфо-
рилювання і синтезу ATP клітини в рамках 
запропонованої математичної моделі. Знай-
дено  сценарій виникнення автоперіодичних 
та хаотичних режимів у такій біосистемі в 
залежності від величени дисипації ATP. Розра-
ховано інваріантну міру дивного атрактора та 
побудовані  гістограми її проекцій на площині 
фазового простору системи. Запропоновано 
рекомендації як позбутися хаотичного режиму і 
відновити стійкість самоорганізації біосистеми 
клітини. 

К л ю ч о в і  с л о в а: самоорганізація, 
гістограма інвариантної міри,  дивний атрактор, 
сценарій Фейгенбаума, метаболічні процеси, 
цикл Кребса, окисне фосфорилювання.
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