Mathematical model for interference of elastic waves
in a geological medium with a stressed layer.
The case of uniform compression
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A layered geological medium with a compressed layer is considered. The medium is modeled by
a horizontally layered heterogeneous elastic structure consisting of several finite depth layers
covering a half-space. Elastic waves are excited in the structure by a deep point impulse source
localized in an incumbent layer. The impact of the compression on the acoustic properties of the
structure is accounted by the dependences of the phase velocities of longitudinal and transversal
waves on the compression value. The matrix method is used to solve the problem of the wave inter-
ference in the structure. The obtained numerical solution is used to study the time structure of the
wave field at a point on the free surface of the medium. The analysis enables to conclude that time
dependences of the displacement components, measured at the point, contain information about
the value of compression acting in the stressed layer. It was shows that this value can be determi-
ned, in particular, by the arrival times of the interference peaks, formed by the waves reflected
from the upper and bottom boundaries of the compressed layer.
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Introduction. Parameters of elastic waves depend on the structure and mechanical
properties of the propagation medium. So, if to excite the elastic waves in the object
and to measure the displacements produced by them at certain points on the object free
surface, one can obtain a posteriori information about the internal structure of the
object. Such an approach is used particularly in applied geophysics for examination of
the internal structure of geological structures [1].

Mechanical stresses change the phase velocities of elastic waves in geological
mediums [2]. Hence, the stresses can influence on the wave field pattern. Under certain
conditions this can be used for determination of mechanical stresses acting in the
geological structure layers. So, the evaluation of the influence of initial stresses on
wave field interference in stressed geological structures is an important problem.

A horizontally layered geological medium is considered. One of the layers is
stressed — static homogeneous and isotropic stresses (uniform compression) act in it.
Acoustic waves are excited in the medium by a point impulse seismic source localized
in the other layer. The objective of the paper is to evaluate the influence of the comp-
ression on interference of the elastic waves excited by the seismic source. The used
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approach is based on: consideration of the medium as a layered structure consisting of
several finite depth layers and a half-space; application of the matrix method [1, 3] for
numerical solving of the direct problem for waves propagation in the structures; and
analyzing the wave field pattern on the structure free surface.

1. The model for dynamics of small elastic disturbances in stressed medium

Each layer of the structure is considered as an isotropic and homogeneous elastic
medium. The initial static stress-strained state of such medium is defined by Cauchy

stress tensor ¢ = {cij}(z’, i =1,_3) and linear strain tensor €= {SU} .The last one can be
expressed in terms of the displacement vector u={u;} as
1( ou. Ou;
gy =—| —t+—L|. (1)
2(ox;  ox

Here 6 ; and ¢, are Cartesian components of the stress and strain tensors, x; stand for
Cartesian coordinates.
We start from the Murnaghan elastic potential represented in the form [5]

1
O = 5 Cin€i€u + grijklmn € €1Emn » )

where i, j,k,/ =1,_3 , Cyjw and I'yjy,, are the second and the third order elastic modules,
which is the case of isotropic medium look like

Cijrt =180, + H(5i15jk +80 ) ) 3)
1—‘ijl{lmn = 1—‘E[jklmn) >
;'jklmn = 2(1 + 2m)6ij6k16mn - 611’!61] (8kl6mn - 8lc;181m ) + 1€ ejln . (4)

Here A, p and /, m, n stand for Lame and Murnagan coefficients. The parentheses in

the denotation FE indicate symmetrization with respect to permutation of the

ijklmn))
indices in the pairs #j, kKl and mn and to cyclic permutation of the pair; §; and €, are

Kronecker delta and Levi-Civita symbols respectively.
The elasticity relationships follow from the potential (2) with account (3), (4)

1
G, = [Cy’kl + Erijklmngmn )Skl . )

Let a small elastic disturbance be superimposed on the initial stress-strained

state. The strain tensor ez{e } of the disturbance is defined by the displacement

i

vector w = {w[}
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The displacement vector @ in the disturbed state is defined as i =u+w. As we
restrict the consideration by geometrically linear approximation, due to relationships (1)
the strains are additive: ég =¢g; te;. In this case, taking into account the smallness of

the strain components e;, we will obtain from (5) the following relationships for stress

components G;; in the disturbed state

- 1
As the initial stressed state is static, we obtain from relationships (6) and (7) the
equations for dynamics of small elastic disturbances in the stressed medium

2 2
ow, . 0w

2 ijkl i
ot Ox ;0x;

P 3

where f; = f;(x;,X,,x;,) stands for Cartesian components of the volume force density.

2. Formulation of the problem and the method for its solving
Define the geometric model of the horizontally layered geological medium as an
infinite layered structure

nfj (0)

S=| |8,

o=l
consisting of neN isotropic elastic layers S(O),o el,_n, of finite depths 4, and an
elastic half-space S

S(O) :(_oo<x1<oo)®(—oo<x2<oo)®(zo_l<x3 <Zo)

S(’H'l) =(—oo<x1 <oo)®(—oo<x2<oo)®(zn < X3 <00),

where symbol ® denotes Cartesian product; z,=0,z, = 5 NN =1Ln; Xp, Xy, Xy
are Cartesian coordinates.
The layers S8 differ by the values of the elastic constants A, u and /, m, n.

The surface x; = 0 is free of traction, and the conditions of continuity for displa-
cement and stress vectors are valid on the boundaries x; = z, of adjacent layers.

Let a layer S” 1< p<n be prestressed: the static isotropic homogeneous
stresses G;; = PSU- act in it, where P is a real constant.

Elastic waves are excited in the structure by non-stationary volume force

ﬁ(xl,xz,x3,t). We restrict the consideration by the case of isotropic impulse point
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seismic source, localized in a layer S I<s<p at a point §=(0,0,zg),

zg €(z,,2,,, ), taking f; in the form

fi=pMe(0)8'(x)8(x,)8(x3 —z5), fo =pMe(t)8(x;)8'(x,)8(x3 —zg).,
f3=PMe(1)8(x,)8(x, )8 (x5 — zg), )

where () is a pulse of finite duration, &(...) and &'(...) stand for Dirac delta-

function and its derivative.

Let us study the influence of the compression value P on the wave field produ-
ced by the source (9) in the structure S

As the isotropic stresses 6,; = P8; do not change the material symmetry of the
layer S'P) | the influence of the stresses c; on acoustic property of the layer can be
taken into account in terms of dependences of the Lame constants on parameter P. We
obtain from relations (5) and (7)

6/-2m+n 6m—n P
A=Ag+——P, =, + P, =py| 1+— |, 10
0 3K H=Ho+ = P=po ( K) (10)
where K =X, + %Ho stands for bulk modulus; «zero» subscript at symbols A, u and p

denotes the value of the corresponding parameter at zero stresses.
With account formulas (10) the velocities of longitudinal C; = (K + 2;1) / p and

transversal C =/u/p plane waves for layer S ) become dependent on compression P

2 4 -
1+;+( f)mz 1+ n/61};
C2:C02 O+ HO , C2:C02 MO 11
Lot 1+ P/K T e pk (1D

Taking into account the material isotropy of the layers we reduce the system (8)

for each 8, 0=1,n+1, to two independent wave equations: one with respect to the
scalar ¢ and another for vector y potentials, such that w =V +V xy

o o(r,t o> w(r,t
% = C,2AQ(r, 1) + @y (1, 1), % = C,2Ay(r,1), (12)

where the source @, (r,?) is non-zero just for layer S8 and has the form
(po(r,t)zM(p(t)S(r—rS). (13)
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The coefficients C; and Cr in equations (12) are determined for the stressed

layer S by formulas (11), whereas for other layers they are equal to their values for
unstressed materials.
Solutions ¢(r,?) and w(r,?) of equations (12) should be subordinated to the

conditions of zero traction on the structure free surface

o; =0. (14)

’3|x3:O

of ideal mechanical contact on the boundaries dividing the neighboring layers

[w[]xszzn, [0[3])(3:20, o=n, (15)
and of zero initial conditions
Oow
w_, =2 0. (16)
0t |i—9

To solve the problem (12)-(16) the matrix method was used. This method enables to
represent the exact solution in a closed integral form [1, 3, 4]. To evaluate the influence
of the layer compression on wave interference on the daylight surface of the structure a
series of numerical experiments was conducted with the use of the obtained solution.

3. Results of the numerical experiments and conclusion

In the experiments the layered structure consisting of four layers 8'©, o = L4, covering

the half-space S8 was considered. The layer 8 was assumed as the prestressed one.
The geometrical and acoustical parameters of the unstressed structure are given in the
Table. The acoustical properties of the compressed layer were calculated by formulas
(11) using the values of elastic modules: Ay = 1,67 GPa, p, = 18,2 GPa, / =— 3371 GPa,
m =— 6742 GPa, n =— 6600 GPa [2]. The point source (9) was supposed to be locali-

zed in the layer S@ at the distance z,=7000 m from the day surface. The function
o(¢) was taken in the form of symmetric triangular pulse with duration 0,1s.

Table
Geometrical and acoustic parameters of the structure
pO )

CE , m/s Cg , m/s 10° kg/m3 h, m
2500 2000 2,00 4000
3100 2400 2,30 3000
3100 2400 2,30 3000
3790 2621 2,65 4000
4100 2750 2,75 3000
4200 2800 3,80 —
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The influence of compression P on interference of the waves at the point of observa-
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tion A, situated at the distance 4, = 5000 m from the source epicenter, was studied.

The problem (12)-(16) was solved in the time period 0...20 s for various compres-
sion values. The time diagrams of u,, u,, and u. components of the displacement vector
for various time periods are presented in Fig. 1-3. Traces 1-4 in all figures correspond

the compression values P =0, 4, 8 and 15 MPa.
Analyzing the problem and the results of calculation we can make some conclusions.

The isotropic point seismic source (9) causes in the layer s only the wave of
Transversal waves are secondary ones; they are generated in the structure by

dilatation.

the transformation of longitudinal waves at the layers boundaries.
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Fig. 1. Time diagrams for u, component in the periods: 2...8 s —a; 7...8,55s—b
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We can recognize in the timing charts the interference peaks corresponding to
the waves passing different paths in the structure. The first peaks in the charts presented
in Fig. 1, 2 and 3 () are caused by the longitudinal wave passing directly from the source S

through the layer S? and then, after refraction, at the boundary s? / SO , through

the layer S . Other peaks on the diagrams should be associated with the converted
transversal wave, generated at this boundary by the incident longitudinal wave; with
longitudinal waves coming to the point 4 after repeated reflection and refraction at the

boundary S@ / S and free surface, etc.
The impact of the compression on the field pattern can be observed just for the waves
reflected from the boundary S / 8 and for those passed through the layer S ) we

can see distinctions in displacements calculated for different values of the compression P
in the graphs in Fig. 1,2 and 3, b which present the timing diagrams for u,, u, and u.
components in the period 7 ... 8,5s. In particular, the shifts of some peaks along the
time axis caused by the compression can be noticed. This is the most visible in the
graphs for u, components Fig. 3b. For any compression value we can clearly find a bipolar
pulse of duration of about 0,1s. The pulse is shifted in time for a period depending on the
compression: for P =4, 8 and 15 MPa the time shift of the pulse relatively to its posi-
tion for uncompressed state equals about 0,24; 0,42 and 0,67 s respectively. Similar
effect can be observed in the diagrams for u, and u, components (Fig. 15 and Fig. 2b).
The considered simple model problem enables us to conclude that the layer compres-
sion can significantly change the space-time structure of the wave field excited in a geolo-
gical medium by the deep impulse point source. Information about the value of compression
can be obtained from the time dependences of the displacement components, measured
at a point on the free surface. The value can be estimated by the arrival times of the inter-
ference peaks, formed by the waves reflected from the upper and bottom boundaries of the
compressed layer. These effects can be useful for remote determination of the stresses, acting
in geological structures, for earthquakes prediction. To develop such methods for remote
layer characterization the problem should be formulated more specifically, i. e. the real
geometry of the considered geological structure and anisotropy of its stressed state should be
taken into consideration, elastic property of the layers should also be precisely determined.
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MaTemaTtuyHa moaensb iHTepdepeHLii NPY>XHUX XBUSb
y reosioriYyHomMmy cepefioBULLi 3 HaNPY>XEHUM LLUAPOM.
OpaHopigHMK cTUCK

Bacunb YekypiH, AMutpo Manuubkuia

Y cmammi pozensnynu wapysame eeonociune cepedoguiye, 00uH i3 wapis K020 nepedysae nio
0I€I0 HANPYICEHb 130MPONHO20 00HOPiIOHo20 cmuckants. Cepedosuuye MOOeN08anU 20PU3OH-
MATLHO-WAPYBAMOI0 NPYICHOIO CIPYKMYPOIO, AKY YMBOPIOIoMb 0eKilbKa Wapie cKinyeHHoi mog-
WUHU, WO NOKPUBArOms NpyJIcHUll nignpocmip. Imnynvcue mouxoge ceticmiune Odicepeno, sKe
JIOKANi308aHe 6 0OHOMY i3 8epXHIX wiapis, 30Y00icye 8 cepedosuwyi npyicHi xeuni. Bnaus nanpy-
JiCEHb HA AKYCIMUYHI 81ACMUBOCTT CIUCHEH020 Wapy 6PAX08Y8ANU 3ANENCHICII0 2YCIMUHU MAC |
azosux weuoKocmerl NO3008IHCHIX Ul NONEPEUHUX NJIOCKUX X8UTb 610 seauyunu cmucky. Ceop-
MYTbOBAHO 3A0aYy NOULUPEHHSL X6Ub ) WUAPY8amomy cepedosuiyl, Ky po3a A3y68anu MampuyHum
memooom. Hucnosi po3s’asku 3a0aui, ompumani 0ns Pi3HUX 3HAYEHb HANPYICEHb CIMUCKY, 3ACTO-
cyeanu 015l QOCIOMNHCEeHHsl ITHMeEPpeperyii X6Unb Y mouyi CHOCMEPENCEHH S, POIMAUIO8AHII HA GLTbHIL
Nno6epxHi Ha 8I0CMaHi 8i0 eniyenmpy odxcepena. Ilposedenuil KinbKicHUll ananiz 003601uU8 3p0OUMU
BUCHOBOK, WO YACO8I 3ANIENCHOCHT KOMNOHEHM 6eKMOPA NepemMiuyerb, 8U3HAYEeHi y mouyi cnocme-
pedicents, mMicmams iHghopmayilo npo eenuyuHy Hanpydicenv cmuchenus wapy. Iloxasano, wo yi
HANPYICEHHST MOJICHA BUSHAUUMU 34 YACOM OOCACHEHHS MOYKU CROCMEPedicer s inmepghepenyiinumu
nikamu, YmeopeHumu X6uisAmu, i00umumuy 8i0 6epXHbOI Ma HUNICHLOT MeIC HANPYIHCEHO20 Wap).

MaTtemaTnyeckas mogenb I/IHTepd)epeHLWIVI ynpyrux BoJiH
B reosIorm4eckou cpene C Hanps>XeHHbIM CJ10eM.
OAHOPOAHOG cXxartue

Bacunb YekypuH, OMuTpo Manuukmn
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Paccmampusaemces croucmas eeonoeuueckas cpeod, 0OUH U3 ClOe8 KOMOPOU HAXOOUMCs noo
Oeticmeuem HAnPsdHCeHULl 6CeCMOPOHHE20 00OHOPOOH020 cocamust. Cpeda MoOenupyemcest 20pU30oH-
MAILHO CIOUCMOU CMPYKMYPOU, 00PA308AHHOU HECKONbKUMU CNOSAMU KOHEUHOU MOIUWUHDL,
NOKPLIBAUWUMU YRPY20€ ROLYRPOCIPAHCIEO. FIMNYIbCHBII MOYEUHbLI CeUCMUYECKUIL UCTNOYHUK,
JIOKAU3UPOBAHHBIL 6 OOHOM U3 BEPXHUX CI0€8, 8030yicodem 6 cpede ynpyeue GONHbl. Buusnue
HANPSIICEHUI HA AKYCMUYeCcKUe C80UCmEa cpedbl YUUMbIBANUCH 3A8UCUMOCTIbIO NIOMHOCMU MACC
u Pazoevix ckopocmetl NPOAOTLHBIX U NONEPEUHBIX NIAOCKUX 8OIH HANPINCEHHO20 CNOSL OM Gell-
yunwl cocamust. Chopmymuposana 3a0aua pacnpoCmpanenis 01K 6 CLOUCMOU cpede, KOMOPYIo
pewanu Mampuyrsim cnocobom. ducnennvie pewienus 3a0auu, noayyeHHoie Os PasiuiHblX 3HaYe-
HULL HANPSNCEHUTL BCECTNOPOHHE20 CHCANMUS, UCNONb30BATUCH Oi UCCIEO08AHUSL UHMEPDeEpeHyul
60/IH 8 MOYKe HADIIOOEHUs,, HAX0OAUWeUCs HA CBODOOHOU NOBEPXHOCIIU HA HEKOMOPOM VYOALEHUU
OM INUYEHMPA CeUCMUYECKO20 UCMOUYHUKA. BblnONHEH bl KOTUUECMBEHHbII aHAIU3 NO360II51em
3AKNIOYUMb, YMO GPEMEHHbLE 3A6UCUMOCIU KOMNOHEHM 6EKMOpa NnepemMewjeHutl, onpeoeieHHble
6 MOUKe HAOMOOEHUS, COOEPAHCAM UHDOPMAYUIO O BETUNUHE CHCAMUSL HANPANCEHHO20 cnos. TToka-
3AHO, YMO MU HANPSANHCEHUS MOINCHO ONPeOeiuntb, 8 YACHHOCTU, NO 8PEMEHU NPUOLIMUSL 8 MOYKY
HAONOEeHUs UHMEPPEPEHYUOHHBIX NUKOB, 0OPAZ06AHHBIX GOTHAMU, OMPANCEHHLIMU OM 6EPXHEL U
HUDICHEIl NOBEPXHOCMEI HANPSIICEHHO2O0 CILOSL.
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