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A model, that describes the stress-strain state of 2D heterogeneous elastic body with thin cover, is
considered. For the numerical solution of such problem we propose an algorithm, based on the
coupling of finite element method/boundary element method (FEM/BEM) using domain
decomposition. Numerical experiments show that this approach is useful in modelling
problems of elasticity theory for bodies with thin covers.
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Introduction. A lot of structures, occurring in nature or engineering, are inhomogene-
ous and contain thin covers or thin inclusions. Such bodies often arise in mechanics,
medicine, ecology, geophysics, biology, etc.

As a result, it is of a great importance to study the influence of the thin objects
on the stress-strain state of the bodies.

The difficulty in modelling and numerical simulations for such processes arises
because of the existence of several subdomains with different physical properties and
having different scales [1].

The analysis of different types of problems for the bodies with covers or inclusions
is carried out by several approaches. For the bodies with canonical shape of inclusion
analytical techniques are possible to use; near the singularities asymptotic analysis can
be performed. Topics related to building adequate mathematical models and their
numerical solution for the bodies with covers and inclusions are considered in [2-5].

In the present work we formulate a model that describes such phenomena. For
the description of this process the equations of elasticity theory and Timoshenko shell
theory [2] are used. We illustrate this approach with an example of 2D problem for the
body with a cover or an inclusion. Numerical solution is based on the coupling of finite
element method/boundary element method (FEM/BEM) using domain decomposition
algorithm.
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1. Boundary integral equations formulation for the plain stress problem

Consider an elasticity problem for a cylinder’s cross-section occupying domain €,

with a cover in Q,. The cylinder’s cross-section is contained in Qe R*, Q=Q, UQ,
with the Lipschitz boundary I' (Fig. 1).
Displacements inside the body in Q, can by characterized by [6]

%uj (xo) = I [t[(x)G[j (x,xo ) - £ (x,xo)u[(x)]df(x) , (1)

r
which holds for x, eI". Here u(x) =u,(x), u,(x) and t(x)=1,(x), t,(x) with x =x,x,
are the vectors of displacements and tractions for €, along x and x, axis;

G..(x,g)zCI(CZSUlnr—y[yj/rz) is the Green’s function, F[j=(C3/r2)><

ij
><|:C4 (njy[ —n[yj)+(C48[j + 2yl.yj/r2)yknkJ is the co-normal derivative of Green’s
function, where

r? =ViVi, Yi=x-&,

G =-1[8ru(1-v))]. C,=3-4v,

G =-1/[4n(1-v)], C,=1-2v,,
n; are the components of the outer normal vector for Q;, p is the shear modulus,
which is characterized by p= E, / [2(1+v,)], E, is the Young’s modulus, v, is the
Poisson’s ratio. Let us denote by &
body in Q.

On the outer boundary of the body in Q; we impose the following boundary

o bJ = 1,2 the components of stress tensor for the

conditions:

u=up for xel'p,

t=ty for xel'y.

Fig. 1. Body with cover
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2. Formulation of the equations for the cover

For the description of the cover in Q, we use the equations of Timoshenko shell theory
[2] of the form

| dT, | dT,
_Zd_“_ T3 =p1, __J"'len:Pw
| d& 4, d§
L g emy, 128 <0, ®)
4 dg,

where Tj,,7; and M, are the forces and moments in the shell; 4, =4, (&),
ky =k (&) correspond to Lame parameter and median surface curvature parameter;

P> P, my are given functions; it holds

E,h o E,i
TIIZ%SIM L3 =k'G'hey3, M11=2—2X1lv

1-v2 12(1-v3)

1 d 1 1d
811:_l+klwv 813=_d_w"'“/1_/‘1"1v Xllz_iv

4, dg 4, dg, 4, dg,

h h) _ h h) _
yZ 2[1"‘/‘1 EJGE —(l—lﬁ chm P3 2[1"‘/‘1 5)‘5;3 _(1_1‘1 5)033,
h h h\ _
ml =E|:[1+k1 EJGT:; +(1—k1 E)Gl3i|.

Here E, is the Young’s modulus for the shell, v, is the Poisson’s ratio; g;, g; are the
components of the volume forces vector, that act on the shell (without the loss of gene-

rality we assume these forces equal to zero); G;;, 0';, i,j=1,3, are the components of
the stress tensor on the outer (&; =/#/2) and inner (&; =—h/2) surfaces of the shell. It
is known, that in case of isotropic bodies we have k'=5/6, G'= Ez/[Z(l +v,)].

At each end of the thin cover we impose boundary conditions either on the
displacements v;, w and y, (if the end is fixed) or on the forces 7}, 7;; and moment

M, in the shell (if the end is subjected to load or free). At the outer surface of the

shell we prescribe to o3 and o3, some given stresses.

Remark. The choice of 2D curvilinear coordinate system for the shell as &;,&;
(instead of &;,&,) is based on the fact, that 2D problem is obtained from the 3D case
by assuming the cylinder being infinite in the direction of &, .

51



lhor Makar, Yarema Savula, Andriy Styahar
Numerical analysis of a multiscale model of the elastic body with the thin cover
3. Coupling conditions

On the boundary I'; common to both €, and Q,, we impose the following coupling
conditions [2]:

h

U, =w, U =V =775 (3)
2

Oy = G3_3 > GOy = G1_3 . (4)

Here
U, =uny +uyhny, U =UT +HUyT,,

o,, and o, are the components of stress tensor in the (n,7) coordinate system, t is

the vector, which is tangent to I".

4. Numerical approximation of the model

For the numerical solution of the model (1)-(4) with the appropriate boundary conditi-
ons domain decomposition algorithm is used.

Boundary integral equation in €, is solved by the boundary element method
(BEM) [6] and Galerkin method [7].

To apply BEM we divide the boundary I'; of €, into the elements and then

choose the shape functions defined on I';. As a result, the solution is in the form

u;(8)=2 uy6;(8), =12, (5
=1
6(8)=2t9,(8), i=12, (6)
=1
where w;, l; are the unknown coefficients, { el .

Let us substitute (5), (6) into the integral equation (1) and apply Galerkin
method. Taking into account boundary conditions on the outer boundary of Q,, we

obtain system of linear equations with respect to u;; and 7.

As the basis system, bubble functions are chosen [1].
As for the solution of the system of equations (2) in Q, finite element method

with bubble basis functions, is used. On each element these basis functions are of the form

D)5, ()=,

0
2/-1 ¢ .
®; ()= [ Padr, j=23...
-1
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Fig. 2. Example of body with cover

where & e [—1,1] is the local coordinate, obtained by mapping each element onto the
interval [—1,1] ; P(¢) are the Legendre polynomials.
The approximate solutions in Q, and Q, are combined via iterative domain

decomposition method, Dirichlet-Neumann algorithm [8], where the unknown displa-
cement on the interface is given by the relation

u**! =uk+GSZ_1(G—Suk),

where S =S5, +S, is the Steklov-Poincare operator; S, and S, are Steklov-Poincare
operators corresponding to the domains €, and €,; G is the right side of Steklov-
Poincare equation Su=G; 0<0<0,,. .

5. Numerical experiments

Let Q, be a rectangle with x” =0,05; xf =1,05; xJ =0,05; x5 =0,55. To the top of
the concrete body contained in Q, a thin steel cover of thickness 4 = 0,05 is attached
that occupies Q, (Fig. 2). For the main body we take the following physical parame-
ters: v=0,33; £=25000 MPa. They correspond to concrete, for the shell we change
the material (see Table). Three materials are taken for the shell: concrete, aluminium
(E=70000 MPa, v=0,33) and steel (£ =200000 MPa, v=0,33). The body with cover
is fixed from both sides, from the bottom it is subjected to the load of p = 1 MPa, the
top boundary is traction-free.

Table
Displacements of the middle of the interface (point A) along x, axis, E-05
Concrete Aluminium Steel
h=0,05 3,10 2,81 2,57
h=0,02 3,29 3,12 2,97
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We use 96 equal linear boundary elements (for the main body) and 32 finite
elements (for the shell) in our simulations.

In Table we show the displacements in the middle of the interface (at point A (see
Fig. 2)) along x, direction. It is clear, that at point A the displacement in x, direction
achieves its maximum among the whole interface. From Table we conclude that as the
shell gets thinner, the displacements along the interface increase. On the other hand,
the increase in Young’s modulus of the shell results in the drop of the displacement.

Parameter 0 in the domain decomposition is chosen empirically. If we fix the
parameters of the main body and vary the thickness and Young’s modulus of the shell
E, , then with the increase of E, 6 should be increased. On the other hand, when &

gets smaller, 6 should be decreased. In the case of # = 0,02 and steel shell we take
6=0,00225.

The above example was analyzed using domain decomposition approach and the
results on the boundary common to both bodies were compared to COMSOL and FEMAP
packages for modelling PDE’s. All three solutions for both of the displacements are
very close to each other, but COMSOL package produces a non-smooth solution for
the stresses, for example for von-Mises stress in the case of significantly different phy-
sical parameters for the main body and the shell (for example with steel cover).

We remark, that actually for the domain decomposition algorithm, it is completely
enough to know only displacements on the boundary, since the problem afterwards can
easily be split into two independent problems that can be solved by any suitable method.

Conclusions. The Domain Decomposition algorithm presented in this article gives
good approximation for the solution on the interface of the problem for the body with
covers. Moreover, it allows us to use completely different models as well as approxi-
mations in the main body and its cover.
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UYucnoBun aHani3 pisHomacwTabHoi 3agavi
AN NPYXHOro Tifla 3 TOHKUM NOKPUTTAM

Irop Makap, Apema Casyna, AHgpin Ctarap

YV cmammi poszensnymo mooenn, sKka ONUCYE HANPYIHCEHO-0ePOPMOBAHUI CMAH 080BUMIPHO2O
HEOOHOPIOH020 NPYICHO2O MiNAd 3 MOHKUM NOKpUmmsAM. g 4uciogozo pose’s3anus 3a0adi
3aNPONOHOBAHO MemOo0, KU NOASA2AE Yy NOEOHAHHI MEMOOy SPAHUYHUX eNeMeHmie i Memooy
CKIHYEHHUX e/IeMeHmi8 3a O0NOMO20t0 OeKoMno3uyii ooracmetl. ucnosi pesyibmamu nokazyome,
wo yeil nioxio epekmusHULl OISl 3HAXOOICEHHS HANPYIHCEHO-0eh)OPMOBAHO20 CIMAHY M i3 MOH-
KUM NOKPUMMSM.

UYucneHHbIN aHanNM3 pasHomacluTabHoOM 3aga4vun
ANA ynpyroro tefia ¢ TOHKMM NOKPbITUEM

Uropb Makap, Apema Casyna, AHgpuin CTsrap

B cmamve paccmompena mooens, Onucbl8arowas HaAnPI’CeHHO-0eqhOPMUPOBAHHOE COCMOSHUE 08Y-
MEPHO2O HEOOHOPOOHO20 YNPY2020 Meid ¢ MOHKUM NOKpblmuem. [[isi YUCIeHHO20 peueHus 3a0adu
NPEONONCEHO UCNONB3068AMb MEMOO, CYMb KOMOPO20 COCMOUM 8 00beOUHEHUU MEMOI08 SPAHUY-
HbIX U KOHEUHBIX DAEMEHMO8 C NOMOWbI0 O0eKomnosuyuu ooracmeil. Jucnenuvle pe3yibmanmoi
NOKA3bI8AIOM IPHEKMUBHOCI NPUMEHEHUS OAHHO20 Memo0ad OJisl peueHUst 3a0ay HAXOHCOeHUs
HANPSIHICEHHO-0epopMUPYeMo20 COCMOsIHUSL Mell C MOHKUM ROKPbIMUEM.

Otpumano 11.04.12

55



