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In this paper the sensitivity analysis of solutions of the problems of heterodiffusion of admixture in
two-dimensional multiphase media with respect to perturbation of medium parameters is conside-
red. Based on a semi-discrete Galerkin approximation and the finite element method the initial-
boundary value problem is reduced to the initial value problem for a system of ordinary differen-
tial equations concerning node values of the admixture concentration. The equations of sensitivity
in differential, variational and finite-element formulations are obtained. The results of some nume-
rical experiments for heterodiffusion of admixture (pollutant) in a layer of soil which occupied
rectangular domain in case of thermodynamic equilibrium among state of admixture in water
adsorbed on soil skeleton and in soil skeleton are presented. The influence of small changes of
model parameters on distribution of the admixture concentration is analyzed.

Keywords: sensitivity analysis, direct differentiation method, heterodiffusion,
two-dimensional multiphase medium, Galerkin semidiscrete approximation,
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Introduction. During the research of complex systems it is important to investigate the
changing effect of various system parameters in regards to the system response. In broad
sense sensitivity analysis (SA) consists in calculation of relative changes of output charac-
teristic of the system which is the result of small change of system parameters. As a result
of SA, the derivatives of the system characteristic with respect to system parameters
(i.e., sensitivity coefficients) are obtained. SA is an essential tool for gradient-based
optimization method for solving optimal control problems. Several methods are avai-
lable for response sensitivity computation, including the finite difference method (FDM),
the adjoint method (AM), and the direct differentiation method (DDM). These methods
can be derived in continuous and discrete formulation. Different aspects of SA methods
can be found in e.g., Haug et al. [1], Marchuk [2], Keulen et al. [3], Choi and Kim [4],
Harashchenko and Shvets [5], Peter and Dwight [6]. SA is now recognized as an integ-
ral part of the modelling process.

In this paper the SA is used for evaluation of the solution sensitivity of
admixture heterodiffusion problems with respect to perturbation of medium
parameters. Mass transfer of admixture in nonhomogeneous multiphase media
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(heterodiffusive process) is modeled by system of parabolic equations. Constitutive
relationships of the model for heterodiffusion in two ways with traps in one of them
were first developed by Chaplia and Chernukha [7]. Based on analytical representation
of the solution (usually in form of trigonometric series) Chaplia and Chernukha [8]
have obtained numerical results for set of heterodiffusive processes in one- and two-
dimensional multiphase media. Note, that with using analytical approach some diffi-
culties can be faced when characteristics of media vary with time and space; and also
in the case of irregular shape of region. Application of numerical methods makes it
possible to find out the solution in these cases. Shcherbata [9] applied variational
approach and FEM for solving of one-dimensional heterodiffusion problems with vari-
able with time and space characteristics of media. Savula and Shcherbata [10] applied
FDM and DDM in continuous and discrete formulation for SA of solutions of one-
dimensional heterodiffusion problem with respect to perturbation of medium parame-
ters. In this paper FDM and DDM are developed for SA of solutions of two-dimensional
heterodiffusion problem.

1. Mathematical model of heterodiffusive process

Consider a multiphase medium (for example, a layer of soil) in domain Q. with boun-
dary T

volume element of waterlogged medium (solid solution) contains parts of admixture,
which can be in three different phases of media: in water, in adsorbed water on soil
skeleton and in soil skeleton.

Q,=Q UT,, x=(x,x,)eQ,, Q, eR’. Suppose that physically small

X

Denote c¢(x,?) =[c1 (x,1),...,¢p, (x,z‘)]T the concentration of admixture (pollutant)

at the point of medium x at time ¢, t€Q, = (to,te] , where m is the number of the phase
of medium, in which admixture is contained. Concentration ¢(x,?) is composed by the
concentration of admixture in different phases (in water, in adsorbed water on soil skele-
ton and in soil skeleton). In the case of invariable total density of medium, the heterodif-

fusive process of admixture is modeled by the system of partial differential equations
of parabolic type, proposed by Chaplia and Chernukha [7]

m m
%zV-(ZD[chjJ+Zk[jcj+ L (0,)eQ=Q xQ,, i=1lm, (1
j=1 j=1

where f;(x,t), i= L_m are the intensity of internal sources of pollutant, D, i, j =1,m are

diffusion coefficients and k., i, j = I,_m are coefficients of rate of transition of admixture

[j B
from one phase to other. Here is used the following notation of the operator
V :Vg(x)=grad(g(x)), V-r(x)=div(r(x)); g(x), r(x) are scalar and vector functions
of spatial coordinates respectively.

Equations (1) are added with the initial condition
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ci(x,to)zcol.(x), i=1,m, xeﬁx, 2)

and boundary conditions

n-(ZD[chjJ+Z(x[j(x,t)cj=B[(x,t), (x,t)el', I'=T xQ,, i=1,m, (3)

J=1 J=1

where n is the outward unit normal.

In general, three different phases of the medium (m = 3) can contain admixture.
Note that in the case of thermodynamic equilibrium among state of admixture in dif-
ferent phases, it is possible to define effective total concentrations. Therefore, the
mathematical model (1)-(3) of heterodiffusive process can consist of two (m =2) or
even one (m = 1) equation, see Chaplia and Chernukha [7].

Solution ¢(x,?) depends on the value of coefficients of equations (1)-(3). Let denote

. . . T T
a vector of coefficients of diffusion and mass transfer as u = [ug,uﬁ} = [ul,...,ui)] ,

T T T T -
uDz[uDl,...,qu]] =[D11,...,Dmm] »“Kz[”m»---aul%] =[k11,...,kmm] ,D=DP1+D;.
The influence of the proposed above vector on the solution c(x,7) has been analyzed

through this paper. To emphasize the dependency of any variable on u, let point to
such variable with subscript u.
Let us create the following matrices and vectors

p=[D;] . K=[k] . Ve=[Ve..Ve,]'.

m m
Lye=Agc+Ke, Ae=[AynAn] s Ay =V-(ZD~V0J+Z/€~C- i=1m,

f:[fi""’f;n]T’ ¢ :[COI’”’COm]T’ q=|:a[j:|:l._ s B:[Blﬂ'"vBm]Ta

m m
T )
B,c=[Byy,.. By ] B[u=n-(ZDUchJ+ZOL[j(x,t)c/, i=lm.
= =

Taking into account introduced above matrices and vectors, the initial-boundary value
problem (IBVP) (1)-(3) can be written in matrix form

oc

L Lerf, (n)eQ, 4
o u® (x,0) 4)
c(x,ty)=¢, x€Q,, (%)
B,c=8, (x,)el. (6)
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2. Variational formulation of the problem. Galerkin semidiscrete approximation
and finite element method (FEM)

Let us define the following spaces of functions

VO={V(x)=[v1(x),...,vm(x)]T: v () €W (Q,), i=1,m},
V= {V(x,t) =@y (1) Vi L, (Q:V,), i= m} .
Based on variational approach for solving initial-boundary value problems described

by Savula [11], Zienkiewicz et al. [12], the IBVP (4)-(6) can be written in variational
form: find the function ¢ € V, which satisfies the variational equations

m(%,vj+au(c,v)=l(v) VveV,, (7)
m(e(x,t5) —¢o(x),v)=0. (8)
Proper bilinear and linear forms can be written as following

a,(e,v)= j (DVc)T VvdQ - j (Kc)T vdQ + I(ac)T vdr,

Q. Q. r
m(e,v) = chde, I(v) = jfTde +jpTvdr.
Q Q r

X X

To evaluate an approximate solution of the variational problem (7), (8), apply
Galerkin discretization procedure and finite element method. Let us choose a sequence

of finite dimensional subspaces V, €V with basis (pl(x)=[(p”(x),...,(plm(x)]T,...,

Q,(x)= [(pnl(x),...,(pnm (x)]T in space of feasible functions V.
Expand the solution of the problem (7), (8) in the same basis V,

c(x,0) 2 &(x,1)=D.6,(x)C; (1), 9)
Jj=1

~ T . .
where C;(t)=| C;(0),...C, (1) ], C,i(1)eCV(Q,), j=ln,i=1m are unknown
functions of time coordinate, @;(x) is matrix composed of basis functions
®ji> i=Lm, (pj(x):diag[q)jla'"v(pjm]‘

Domain Q_ is approximated with a union of triangles. As basis functions conti-

nuous piecewise linear functions are selected, see Savula [11], Zienkiewicz et al. [12].
Following the Galerkin method, let us substitute ¢ in equations (7), (8) with the

approximate solution (9), and instead of v put sequentially basic functions ¢;, j=1n.
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Asresult we obtain initial value problem for ordinary differential equations (ODE)
in regards to vector-function C(¢)

M%+ ACH)=F@1), teQ,, (10)

MC(t,)=P. (11)

The unknown vector-function C(¢) contains the values of the approximate solution
C @, )= 1,n at the mesh points. The matrices A, , M and vectors F, P are assembled of
the matrices and vectors of finite elements. In matrix notation, we have to solve the linear,

large and sparse ODE system. Crank-Nicholson scheme is used to solve problem (10)-(11),
see Savula [11], Zienkiewicz et al. [12].

3. Sensitivity analysis

Let us derive the sensitivity of the solution ¢(x,#) with respect to change of elements of
matrices D and K. The solution ¢(x,#) sensitivity of the governing equation can be obtai-

ned by FDMs and DDMs. Overall finite difference consists of repeated execution of the
analysis code and the use of a finite difference formula to obtain the derivative. For-
ward or backward differences are the most popular, see Keulen et al. [3]. However,
FDM is high costly because the IBVP must be computed for two or more values of
each parameter. Note that finite difference derivatives can suffer from truncation errors
with large step size and also from errors when the step size is too small.

The DDMs solve the governing equations of considered process for the sensitivi-
ties. The sensitivity equations are obtained by differentiation (discrete or continuous)
of the governing equation. In this study, sensitivity equations are obtained in differen-
tial, variational and finite-element forms.

3.1. Sensitivity analysis for the initial-boundary value problem. Let us increment
(variation) vector u with du, u" =u+8u. Matrices D and K get the increment D

and 8K respectively, DY =D +8D , K" =K + 8K . Define first-order variations of
the solution c¢(x,?), operator of governing equations L, and operator of boundary

conditions B, in direction du based on definition of directional derivative

Se=c,du= dc(x,t,u+18u)| , € =(c;] yeens €l ) =[§—c,... ﬁ} ,
P u,

2
dt |r=0 6u1~]
dL c dB c
Ljc=L/cdu=—w"u = B c=Bcdu=—2mu
dt =0 dt =0
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Matrices of derivative L, ¢, B'c consist of p columns. Each of them is derived by dif-
ferentiation of operators Ly, B, with respect to component u,, p = E of model para-

meters vector u

Nce, p=Lp,

V4

" ’ ’ ’ _
L c—(Lulc,...,Lui}c), Lupc_

oK p
¢, p:p1+13pv
8up

P

A oe=|A A A ¢=V 3 aD"fv -1 ~1
u}c— lul,c"“’ mupca P} l»up(:— . 25 Cj i m = ,m, p— ’pl N

3
oD, _—
y —
Bu,e= n‘(zl‘éupv%} pia i=lm.
=

Bye=(B),c....B ¢, B;I)cz[Blvul)c, B c},

i,

Ov p=p1+17ﬁ’

As a result of differentiation of the equation (4), initial condition (5) and boundary
condition (6) with respect to vector u, we obtain the following initial-boundary value

problem for each of column ¢, , p= E of derivative matrix ¢,
P

oc,

Ly, +L 6 (1) €Q=0,xQ,. (12)
c;p (x.15)=0, xeQ,, (13)
Bllc;p = _B;ffp c’ (x’ t) € r N (14)

Problems (12)-(14) have the same structure as original problem (4)-(6). Therefore for
solving them we can apply developed variational method and FEM.

3.2. Variational formulation of sensitivity analysis problem. Variational sensitivity
equations can be derived by formally differentiation of the variation governing
equations (7)-(8) with respect to vector u, interchanging the order of the differentiation
and using the change rule. As result we obtain the following variational equations for

sensitivity vectors ¢, , p=1Lp
4

oc),
| =y |+a, (¢, v)=-a, (€v)  WveV,, (15)

e T Xe T
a, (¢,v)= I(;TDVCJ Vvdx - I{S_KCJ vdx, m(c;p (x,to),v) =0. (16)

p Xo uﬁ
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Sensitivity equations (12)-(14) i (15),(16) are derived according to continuum
approach. Sensitivity equations (15), (16) can be solved by the same FEM that is used for
solving original variational problem (7), (8).

3.3. Finite element response sensitivity analysis. In the case of discrete approach,
sensitivity equations are derived by differentiation of finite element equations (10), (11).

Denote C, derivative matrix of node admixture concentration C with respect to
parameters vector u. As result of differentiation of the equations (10), (11) with respect
to u we derived for sensitivity matrix the following initial problem C;l for matrix
ordinary differential equation

B ), teQ,, (17)
du
MC;, (1)) =0. (18)

M

oCy () ~
é‘t +A,C,(1)=-

Matrix of derivates C{l consists of p columns (p is the length of the vector u)

= Tae 2 aC  aC
C, = [Cul e J - {671%} .

Sensitivity matrices C|, are evaluated as result of solution of initial value problem for
each of columns

oc, (1 . 3
- +AuC; (t)z_aAu C(t)a pzlaﬁa tEQ[a (19)
o ’ ou,
ME, (1p)=0. (20)

Matrices of derivates are 0A, / Ou,, are assembled of the matrices derivates of

finite elements. Note that sensitivity equations (19)-(20) can be obtain as a result of appli-
cation of FEM to variational equations (15), (16). However, continuum SA approach gives
an opportunity to substantiate the existence of the derivative ¢/, . Apart from that, for sol-
ving of continuum sensitivity equations other methods can be applied, which differ from
those applied for solving the original problem.

4. Numerical results

In this section we present results of some numerical experiments of hederodiffusion of
admixture (pollutant) in a layer of soil which occupies rectangular domain. Assume
that thermodynamic equilibrium among state of admixture in water adsorbed on soil
skeleton and in soil skeleton exists. In this case, a number of governing equations (1)-(3)
is equal to two (m = 2), see Chaplia and Chernukha [7].
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As proposed in above mentioned work, let convert governing equations (1)-(3)
to dimensionless form using substitution of variables t=k,t, &; = (k2 / D, )l/ 2 x,i=12,
E= (él,éz). As a result of such replacement, domain €, boundary I' . and Q, are
transformed to €, I'; and Q = (t9,7, ] respectively. Matrices D and K take the fol-

lowing forms

1 4, -a 1
D: N K= .
d, d a -1

Denote diffusion and mass transfer coefficients as a vector u =[d,d1,d2,a]T.

We research the sensitivity of concentrations c¢;, ¢, with respect to these coefficients.
Assume that diffusion coefficients and mass transfer coefficients are constants in a
domain over the period of time Q_.

Let present the boundary I'; as a union of tree parts, Fé—;:Uf:lF[&,
[ =[BC], Ty, =(4B]JU(CD], T'y; =(DE)U[EF]U(F4), Fig. 1. Define boundary

condition in the following form

q(&t)=ac, ¢(&1)=>1-a),, &ely,

cl(é,r)zo, cz(f‘,,r)zo, é’;el“zg,
o8] dc,
on ’ on ’ s¢ 3%

Permanent source of admixture is located on the boundary T’ . It means that on
[ there is defined the total concentration c,: ¢ (&,1)=ac,, ¢,(&1)=(-a)c,.

Parameter o (0 <a <1) defines a part of admixture, which penetrates from surface of soil
into water and is adsorbed on soil skeleton. There is no admixture on the other upper
surface 1“2;; of soil. On the surface of the boundary Fy;, the mass isolation boundary

conditions are specified. The are no internal sources of pollutant in soil,
fi(&1)=0,i=12, (§1)e Q. xQ_. At the initial time t,, contentions of admixture
equal zero: ¢;(&,79)=0, i=1,2.

We present the result of numerical simulation for the following values of model
parameters: d=0,1; d;=0,05; d,=0,05; a=10; A4(0,0); B(2,0);,; C(4,0); D(6,0);
E(6,—10); F(- 10, 0); ¢,=1; 1= 0; 1, = 1000; a. = 1.

Distribution of total concentration C(&,t,)=¢,(&,7,)+¢c,(&,7,) of admixture
at time t, is shown in Fig. 2. The concentration of admixture is increasing in small
part inside of the domain close to source of admixture (boundary I'\;) and slightly

variable in other part of domain.
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Figures 3-6 show distribution of sensitivity of total concentration 0C/du; = dc, /Ou; +

+0c, [ou; , i =1,4 in section €, =3 at different points of time. Curves 1-4 display
sensitivity 0C/du; at points of time t=10, t=100, 1=500, t1=1000.
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Thus, as we expected, absolute values of the concentration sensitivity with
respect to different model parameters increase in time and achieve steady state. Figu-
res 3-6 show that the increase of parameters’ values d, d; lead to the decrease of total

concentration C. Increasing parameters’ values d,, a lead to decreasing of total con-

centration C. Similar effects of small changes of model parameters on distribution of
the admixture concentration were obtained by Savula and Shcherbata [10] for one-
dimensional heterodiffusion problem.

Conclusions. The sensitivity analysis of solutions of the problems of heterodiffusion
of admixture in two-dimensional bodies with respect to perturbation of medium para-
meters is considered. Based on a semi-discrete Galerkin approximation and the finite
element method, the initial-boundary value problem is reduced to the initial value
problem for a system of ordinary differential equations concerning node values of the
admixture concentration. Based on FDM and DDM, the equations of sensitivity in dif-
ferential, variational and finite-element formulations are obtained. The results of nume-
rical experiments for a layer of soil of rectangular shape are presented and the
influence of small changes of model parameters on distribution of the admixture
concentration is analyzed.
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AHani3 yytTnuMBoOCTiI po3B’A3KIiB 3a4a4 ABOBUMipHOI retepoandysii

AOMILUKOBOI pe4OBMHU CTOCOBHO 3MiH NapamMeTpiB cepenoBua

Apema Cayna, ManuHa Lep6ata, Muxanno Lepbatui

V yiti pobomi posensHymo uymaugicmo po3s si3kie 3a0au eemepoou)ysii oMilKo8oi peuosuru 8 060-
BUMIPHUX MINAX CMOCOBHO MAIUX 3MiH napamempie cepedosuwd. 13 GuKOpUCMaHHAM HANIGOUCK-
pemnux anpokcumayivi I anbopkina ma memooy CKiHUeHHUX eleMeHmie nouamKo8o-Kpaiogy 3a0ayy
eemepoouqhysii 36edeno 00 3adaui Kowii 0na cucmemu 36unatinux ougepenyianbHux pieHsaHb wooo
8Y31108UX 3HAYEHb KOHYeHmpayit domiwku. Ompumano PieHAHHA YWYMaUGOCHi 6 OUpepeHyiarbHoMY,
sapiayiiinomy ma CKiH4eHHO-eneMeMeHMmHOMY opmyntosannsax. Hasedeni pezynomamu uuciogux
excnepumenmie 0s 3a0ay 2emepoouqhy3ii 0oMiuKo8ol peuosunu (3a6pyoHI08aya) y wapi [pyHmy,
AKULL 34MAE NPAMOKYMHY 001acmb, 0 BUNAOKY MEPMOOUHAMIYHOL PIBHOBA2U MIIC WaApOM 800U,
aocopboeanoi Ha ckenemi Ipymmy, ma ckeiemom Ipyumy. IIpoananizoeano enaug manux 3miH

napamempie Mooeni Ha po3noOil KOHYeHmpayii OOMIUKOB0I peuosUHU.

AHanns3 4YyBCTBUTENIbLHOCTU peLUeHU 3aaay ABYMEpPHOM
retepoancddy3Mm npMMecHoOro BellecTsa OTHOCUTENBLHO
M3MEeHeHU NnapamMeTpoB cpenbl

Apema Casyna, MNanuHa Wepbata, Muxaun Lepbatbin

B oannoti pabome paccmompeno wyecmeumenbHOCH b peuleHutl 3a0ay 2emepooughgysuu npumecrHozo
6euecmed 8 OBYMEpHbIX Meiax ONMHOCUMENbHO USMEHEHUAM napamempos cpedvl. C ucnonv3osa-
HUeM NOLYOUCKDEMHbIX annpoxcumayuti T anépruna u mMemood KOHEUHbIX SNEMEHMO8 HAYAIbHO-
Kpaegyio 3a0auy eemepoough@ysuu ceedero k 3aoaue Kowu 0ns cucmemvl 0ObIKHO8EHHBIX OUGhpe-
DEHYUATILHBIX YPAGHEHUI OMHOCUMEbHO Y3108bIX 3HAYEeHUll KoHyenmpayuti npumecu. TTonyuenvl
VDABHEHUsL 4YECMEUMENTbHOCHIU 6 OUDPEPEHYUATLHOU, 8APUAYUOHHOU U KOHEUHO-INEMEHMHOL
nocmarogkax. [Ipugedenvl pesynvmanmvl YUCTEHHBIX IKCHEPUMERMOE OJis 3a0ay 2emepooudysuu
NPUMECHO20 8eUeCmea 6 Cloe NOUBbL, 3AHUMAIOWEl NPAMOY20IbHYI0 001acmb, Ol Cyuds mep-
MOOUHAMUYECKO20 PABHOBECUSL MENHCOY C0eM B00bl, AOCOPOUPOBAHHOM HA CKEleme NoUBbl, U CKe-
emom nougsl. TIpoaHanu3upPOBAHO GIUAHUE MATBIX USMEHEHUL NAPAMEMPO8 MOOeNU HA pacnpede-

JleHue Konueumpauuﬁ npumecHo2o sewyecmed.

Otpumano 06.06.14
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