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Using the methods of similarity and dimensional theory, a system of equations of electrothermo-
mechanics of electricity-nonconductive bodies that are in external time-periodic magnetic field
with bias is reduced to a dimensionless form. A quantative analysis of characteristic dimensionless
criteria for 200 HH ferrite is carried out. The effects for which characteristic dimensionless
parameters are less than 1 % are neglected. A simplified system of equations of the model to find
the magnetic field, temperature, displacements and mechanical stresses in ferrite bodies is obtained.
A quasistatic approximation of equations of electrodynamics, known in literature, is substantiated.
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Introduction. This article is a continuation of the work [1], including the formulation
of the problem, notations, definitions and basic relations. We mention only the main
differences in ferrite bodies and external influences.

We assume that the body is exposed to an external electromagnetic field (EMF),
given by the vector of magnetic field on the surface of the body

[:[(ex")(r,t)z1:10(771)+[:11(’71)C05(mt)’ (1)

where I:IO (171) and H, (171) are the value of constant field and amplitude of time-

harmonic magnetic field; 7 is the radius-vector of the surface point; v is frequency,
t is time.

1. Mathematical model of magnetothermomechanics in its native frame of reference

We assume that in the body there are no extraneous charges and currents. We confine oursel-
ves to the study of nonconducting (ferrite) bodies with small coefficient of conductivity
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(k = (10’3 —10’14) A/ (BM)) , which is negligible compared to the electroconducting

bodies and therefore we do not take into account the conduction currents and the
resulting free electric charge (i.e. ¢'=0, j'=0) [2, 3].

In electrical devices and equipment the systems of coils, through which the time-
variable (harmonic circularly polarized) currents pass, perpendicular to the external
magnetic field, are commonly used. Under such conditions there occurs ferromagnetic
resonance — intense absorption of electromagnetic energy by the body at certain fre-
quencies of magnetic field. Therefore, in the systems such as magnetic circuits magne-
tostatic waves arise. In this case, the vector of magnetic field strength and the vector of
magnetization as well realize oscillations, which are described by equation of gyro-
magnetic oscillations in the Hilbert form or in the Landau-Lifshitz form [4-6]
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where M'= ‘ M" is the module of vector M'; v, = g,uqe,/(2m,) is magnetomecha-

nical (gyromagnetic ) relation; g, is Lande factor; e, and m,, respectively, the charge
and mass of an electron; o is a loss parameter.
From equation (2), as a result, the relation follows [4, 5]
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=0 or M'=M+ V-ExM, 3)

which means that the length of the magnetization vector at its random changes (oscil-
lations) remains fixed. If the material is magnetized to saturation, then M =M, where

M is the saturation magnetization. Note that in the derivation of relation (3) the for-

mula (23) from work [1] is used.
Maxwell’s equations (7) [1] can be reduced to a system of equations for function

H or E . For this purpose we act by the rotor operation on the first equation of system (7)
using the second equation of the system and the formula of vector analysis

V x (? X d ) = §(§ -d ) —Ad, we obtain the following equation for the magnetic field
strength

i erfer B € 0 (= =,
ANH —V(V-H)zc—ZatT(H +M), 4)

A similar equation we obtain for the electric field strength

i Sifer fn € O (s o
AH —V(V-H)zc—ZatT(H +M'). (5)
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2. The initial system of equations of magnetothermomechanics
in dimensionless form

We pass to the dimensionless form of writing the equations of magnetothermomecha-
nics, that is the proposed functions Z we present in the form (30) [1]. In this case the
non-zero initial values have besides the density of the body p, and absolute temperatu-

re T, still further characteristics of stable magnetic field: I:IO — the strength of given
magnetic field; M ¢ — the vector of saturation magnetization (characteristics of the
material), and the magnitude of the magnetic field induction as well

By =u,(Hy+Ms). (6)
Thus, we assume that the vectors M and H, are parallel, i.e. [4, 6]

MSXI:IOEO or A;[Slerl, (7)
where y =M /H, is magnetic susceptibility.

Different from zero in the initial state will be also the Maxwell tension tensor

]’5()=I:IO®§O+WOIA, wozuo(Mé—Hg). ®)

All other values, that are discussed in this paper, are absent in the initial state.
Since A =0 and, normalizing, it can not be used, then the appropriate values we
propose as follows

B =u,H,, M,=H,, E=p,0lH, D =¢olH/c, O=p,o0H,

I, = Homlelz/Kv £ = “ole/lv R =0,=N,=p,H;,

G =ep,0PH2[*, e =Co/2, u, =1Co/2, v,=wlCo/2. )
Here Co is the Kaulinha second parameter , defined in [1].

Given the choice of definitions [4], we write the system of equations of magneto-

thermomechanics [1] in dimensionless values.
General relations of electrodynamics

OE! -, - - OB!

VixH.=¢, o V.-B,=0, V., E,=- ot V.-E. =0,

B/=H.+M., D.=E., E.=E,+Cov,xB./2,

H!=H!-¢,Cov,xE,[2, M.=M,+¢,Cov,xE./2. (10)
Equations of gyromagnetic oscillations

mdx* =ySI:IOx(A;Ii—xI:Il)—ySHIZV[;xI:Ii+()Zc\flc,0(xlrlo+H1]\7I£)><d2/i* . (1D
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Equations for the magnetic (4) and electric (5) fields strength

ry! ' (7! rr! d2 rr! vai Il dzE’*: 1 dM»:
Al *—V*(V*. *):ng(H*+M*), AE =¢, — +V. x o (12)
Heat release
1| A, _ N -, dM! -, dH!
L L v B (Lo v L (13)
2| H, drt dt dt

Definition of ponderomotive force

F'=(1=1/e)e, | (E.-V.) B+ E'x(V. - E) |+

1 1

X Vi ! | D' X 5 v, N D' €6 ' (5 .
+|:(?HO +M*J-v*i|B* +(FHO +M*JX(V* XB*)+7COV* (VO GO) . (14)
Relation between ponderomotive force and Maxwell tension tensor

-, »  dG,

. L B .
F!=V,-P -¢, , GI=E'x|——+B']|. (15)
dt Mo H,

Expressions for Maxwell tension tensor

. - - (H B - .
Pl=¢ E/® £+(—°+H;J®( 0 +B£J+wil,

H, Mo 1,
2 _
S, H. -
W=t Ly M| - S| |- 2o (B (16)
2|\ H, H, 2¢
Ponderomotive force moment
_ - H -
No=| L i+l |x| 20 L (17)
Hl Hl

Balance mass relation (the second formula (34) [1]) will not change and for mo-
mentum (the third formula (34) [1]) it is necessary to change dimensionless parameter
g, for g,. The expressions for total time derivative and definition of deformation

tensor according to Cauchy will not change as well. The Duhamel-Neumann law will
take the form

o \Y% .
Gy =6 + L e —¢. T |I. (18)
1-2v,

Heat conduction equation
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C dT. 1+v de.
AT, +0.=Pe |1+Lp, |—+ P e (1+e, T.)—==
0 ( 2deT —2v, r(trerd)
C, \drL. do.
= Pe 1+—O « |—— + & l1+¢ T.|—. 19
c( ZdeT T( Te )d‘t (19)

The formula for difference between the specific heat capacities at constant pres-
sure and displacements will not change.

In formulas (10)-(19) the following notations are introduced: &, =¢&(w// c)2 is
the parameter characterizing displacement currents for nonelectroconducting bodies;
g, =0l / D, is the coefficient characterizing contribution of temperature stresses in com-

parison with the mechanical ones; D, = (1 -2v, ) K / (ocT E p) is the heat diffusion coef-
ficient; D, =«xT, / (uo le) ,ep=a, Ty, &,=0l / D, are characteristic coefficients.
The rest dimensionless values are such as in [1].

A 200HH ferrite film (nickel-zinc spinel) of thickness /=2-10" (initial tempe-
rature 7; =300K) is considered, the characteristics of which are as follows [7-10]

po=48-10"kg/m*, E =12-10"N/m*, v,=0,27, a,=L1-10°K",

k=4,19W/(m-K), C,=7121/(kg-K), e,=1,6-10""C, m,=9,1-107" kg,

ey =8,854-10"" C*/(N-m’), 1, =4m-107N/A%, ¢=3-10"m/s, &=10.

It is also assumed that

o, =001, g,=2, H,=2-100A/m, H,=0,22-10°A/m,

Mg =1,65-10°A/m, B,=2,32T, y=8,25.

Then

v=2,21-10°A/C, o, =v5H,=4,42-10"Hz, H, =1,94-10° A/m,

¢,=3137,3m/s, D_=1,46-10°m?/s, &.=3,3-10",

AC=3,95](kg-K), AC/C,=5,54-10", C,=708,05]/(kg K),

a,=1,226-10°m?/s, a,=1,232-10"m>/s.

The rest values are found for resonance frequency ®,,, given thickness / and
magnetic field strength H;. In addition we have obtained

Co=1,29-10"7, ¢,=8,69-10°, &, =7,37-10", & =3,97-10,

e, =1,21-10", D, =2,4-10'm?/s, Pe_ =1,442-10", Pe,=1,435-10".

Thus, as in [1], in dimensionless system of equations (10)-(19) we will drop the
parameters less than 1 % in comparison with a unit. This means that such parameters
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as Co, ¢, and &, and g,, we will neglect. That is, in this case we will neglect

the effect of electric field on factors of EMF action, and hence on the thermoelastic
state of ferrite films, as well as EMF pulse density. Moreover, these equations for
the electric field intensity (the third and fourth equation in system (10)) can be left. As
in [1] we do not consider bias currents in the equations of electrodynamics and
the impact of mobility of the environment on the thermoelastic processes, and besides
we assume that p =p,, the definition of the Cauchy strain we take linear. Then sub-
stantial difference between substantive and local derivatives disappears. In the equation
of heat conduction the heat release due to deformation is neglected (&, =0), that is
influence of mechanical processes on the thermal ones and difference between the spe-
cific heat capacities at constant pressure and deformation as well.

It is necessary to consider the parameter option ¢ : the contribution of inertia

forces in thermoelastic state is essential as compared with the forces of electromagnetic
origin. The parameter €_ characterizing the effect of temperature on the mechanical
state, as well as the Pecle number ( Pe, = Pe, = Pe ), which describes the dynamics
of temperature elevation in the heat conduction equation, are essential.

3. Mathematical model of magnetothermomechanics in the laboratory system

We write the simplified input system of dimensional equations of magnetothermo-
mechanics in the case if you can ignore the above criteria.
Input relations of electrodynamics

=0, VB0, M__y ixi+ i
ot M ot
V-E=—p,0M Jot, V-E=0. (20)

Factors of magnetic field action

Balance relations

d 0 % = o . 1= -
p=py. == Oa—;‘zv-(cw), e:E(V®u+u®v). (22)
Duhamel-Neumann law
n E . .
c=(1+Vp)('1_2vp){(1—2vp)e+[vpe—(1+vp)aT(T—TO)]I}. (23)
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The heat conduction equation

AT+Q=16—T

. 24
K a ot @4)

Conclusions. The input system of equations of magnetothermomechanics is reduced to
simplified equations of electrodynamics (20), the factors of magnetic field action (21),
and thermoelasticity (22)-(24).

Note that although the electric field has virtually no effect on the thermoelastic
state of ferrite bodies it can be determined from the last two equations of system (20).
The first two equations of (20) will be a quasi-static approximation of electrodynamics
known in literature [4-6, 11, 12].

At the same time, such a simplified system of equations of magnetothermome-
chanics (20)-(24) allons to adopt such a scheme of its solution, which consists of three
phases:

. at the first phase in the ferrite body from of the first three equations of (20) we
find the magnetic field,

. from the system of equations (21) we find the factors of magnetic fields action
(heat release, ponderomotive force and moment of force, and Maxwell tension
tensor);

. at the third stage from the system of equations (22)-(24) we find the temperature
fields, displacements and stresses that occur in the ferrite bodies at the given
external action [1].

Remarks. In electrical engineering stronger magnetic fields up to H,, ~ 10" A/m are

used. But even for them the Kaulinha parameter is very small (Co = 2,65-107 <107%)
and it is always negligible, as well as the processes associated with it. This means that,
unlike in [1] the influence of the environment mobility on thermomechanical behavior
of ferrite bodies can always be neglected.

These studies can be carried out not only for thin films, but also for ordinary bo-
dies when considering such phenomena as ultrasonic heating of dielectrics. The upper

limit of the ultrasound frequencies is ®~10"Hz and, respectively, as the characteris-
tic size of the body we can take /= 1. Then, ¢, ~ 10", and hence it cannot be neg-
lected, that is, it is necessary to consider the bias currents and contribution of electric
fields in the factors of EMF action. The product g,Co ~10’, and thus it must be consi-
dered as well. The rest of the parameters €,, Pe, &, and &, will only increase their

value, but they, as well as the processes for which they are responsible, were already
taken into account.

We write again the input dimensional system of equations of magnetothermo-
elasticity for this case. Here only those equations that are not in the system (20)-(24)
are neglected.
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General relations of electrodynamics

ﬁxﬁzsosaﬁ/at, I:I'zlrl—sosﬁxE, M'=M+80817XE,

a_z—ySM'><H'+OL—S'><a —=— “/52 M'><H'+OL—S,M'><(M'><H') . (25
ot M’ ot 1+
Factors of EMF action
Q:ﬂ H' %_ Vi 6i ,
2 ot ot

PocysEQE A @B+ w T, w0l (26)

=
~
(3]
/l\
T
N
(3]
| —
|
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(=}
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=

Thus, at high frequencies and large sizes one must use the system of equations of

electrodynamics (25)-(26) and thermoelasticity (20)-(24).
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HdocnigxeHHA MarHiTotTepMomMexaHiYHUX npoueciB
y chepMTOBMX TiNax B 30BHiLUHLOMY NepioanYHOMY
3a YacoM MarHiTHoOMy noni 3 nigMarHiyyBaHHAM

Onekcanap Naykesun4, Muxanno Conogsik, Poctucnas Tepneubkui, JlloboB MaeBcbka

Buxopucmosyrouu memoou meopii nodibnocmi ma po3mMIpHOCMEN, CUCTHEM) DIGHAHb eleKmpo-
MepMOMexaHiku HeeneKmponpogioHux hepumosux mii, wo 3HAX00AMbCs 8 308HIUHbOMY Nepio-
OUUHOMY 3 YACOM MASHIMHOMY MO 3 NIOMACSHIYYBAHHSAM, 36€0€H0 00 Oe3po3mipHoi ¢opmu. IIpo-
6€0€HO KINbKICHUL aHani3 xapakmepuux Oe3posmiprux xkpumepiie ons ¢epumy 200 HH. Hexmy-
embcs ehexmamu, Ons AKUX XAPAKMEPHI Oe3pOo3MIpHI napamempu MeHwi 3a 0OUH 6i0COMOK.
3anucano cnpoweny cucmemy pigHAHb MOOeNi 0Nl 3HAXOOJNCEHHSI MACHIMHO20 NOA, MeMnepa-
mypu, nepemiuyens [ MEXaHiYHuxX Hanpydicens y pepumosux minax. O6IpyHmosane gioome 6 nime-
pamypi Keazicmamuure HAOIUNCEHHSL PIBHAHb e/IeKIMPOOUHAMIKU.

UccnepoBaHue MarHMToTepmMomMexaHn4eCKux npoueccoB
B (beppMTOBbIX Tenax no BHewWHeM nepmnoaonNvyeckom
no BpemMeéHn MmarHuTHOM norJsfe ¢ nogmMmarHM4MBaHmem

AnekcaHgp MaukeBud, Muxaun Conogsk, Poctucnas Tepnieukui, Jiobos "aeBckas

96

Hcnonv3ys memoost meopuu nododus u pasmepHocmet, CUCmeMa YPAGHEHUIl 31eKmpomepMo-
MEXAHUKU HeINEeKMPONPOBOOHBIX (heppUmMoBbIX mejl, HaX00AWUXCSL 60 GHEUIHEM NePUOOUYECKOM
nO 8PeMEHU MAZHUMHOM NOie C NOOMASHUYUBAHUEM, npusedeHa 6 bespasmepHotl gopme. IIpose-
OeH KOIUYECMBEHHbII aHANU3 XAPAKMEPHbIX Oe3pasmepHuix Kpumepueg ons geppuma 200HH.
Tpenebpecaemces s¢hpexmamu, Onsi KOMOPLIX XAPAKMeEPHbLE OE3PAMEPHBLE NAPAMEMPbL MEHbULE
00H020 NPOYeHmMA. 3anucano YnpoweHHYO CUCmeMy YPAGHEHULl MOOenu Olsi HAXOHCOeHUs Mae-
HUMHO2O NOJIsL, MEMNEPAMYpbl, NepeMeujeHuil U MEXAHUYECKUX HANPSICEHU 6 (eppumosbix
menax. OBOCHOBAHO U3BECMIHOE 8 Jumepamype Kea3uCmAmuiecKoe NpubiudiceHue ypagHeHull
271EKMPOOUHAMUK.
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