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A problem on determining the electromagnetic field parameters in an electroconductive nonferro-
magnetic layer subjected to bilateral induction heating is formulated. The coupled problem for
three areas was reduced to the boundary value problem for the layer, a solution of which is ob-
tained for the given time-harmonic inductor current. The energy and power factors of the action of
the field on the body are written down.
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Introduction. In many branches of industry for heat treatment of parts with complex
shape or structural elements, the non-contact method of heating the products made of
electroconductive materials by electric currents, induced by alternating magnetic field
of inductor, is often used. Various issues of industrial application of induction heating
as well as calculation and design of inductive plants were described in full in [1-7].

Induction heating is carried out as follows. Electroconductive (made of metal or
graphite) billet (preferably a cylindrical rod) is placed in inductor in the form of a coil
with current (solenoid) (Fig. 1). Through its wires (most often copper) using a special
generator the powerful currents of certain frequencies (from ten Hz to several MHz)
are conducted, whereupon around the inductor electromagnetic field (EMF) arises. If
the length of the solenoid is much longer than its diameter, the field inside the coil is
practically homogeneous and directed along the main axis. EMF induces in the billet
eddy currents, which warm it up under the action of Joule heat.

The system "inductor-billet" is a transformer without a core, in which the induc-
tor is the primary winding and the billet is a short closed secondary winding. The mag-
netic flux between the windings closes by air. At high frequency the eddy currents are
displaced by a magnetic field created by them in thin surface layers of the billet, whe-
reupon their density increases dramatically and the billet warms up. The layers of ma-
terial located below the surfaces warm up due to thermal conductivity.

The structural elements are very often in the form of plates which are modeled
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by the layers. Such issues are investigated in [8-10], where electroconductive bodies
subjected to unilateral induction heating are considered. Fig. 1 illustrates the presence
of a magnetic field everywhere around the lateral surface. If imaginary to deform (to
stretch) the cross-section of the rod, turning it into the plate, the magnetic field will be
on both sides of the plate (Fig. 2). Therefore it would be logical to consider a bilateral
induction heating. Further the plate we shall model as a layer. So, the problem of elect-
rodynamics for a layer subjected to bilateral induction heating is formulated.

1. Formulation of the problem

The electroconductive layer of thickness [, referred to the dimensionless rectangular coor-
dinate system (x, y,z) (Fig. 3), is considered. The layer is contained in inductor, that is
modeled by two infinitely thin current-carrying planes parallel to the layer’s surfaces,
which are located at the distance z, from the layer’s surfaces. The index & =(1,2) deno-

tes the corresponding half-spaces over and under the layer. Their physical characteristics
are accepted in vacuum approximation. The electric current densities in the upper and lo-
wer plates of inductor have non-zero x -components only, that are defined in this way:

'il)(z,t)zjoj(t)S(z—zo—1), jiz)(z,t):—joj(z)5(2+zo). @)
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Here j, is the amplitude of external current density; j (t) is the function which

describes its change with time ¢; 8(2) is Dirac delta-function [11]. Such currents
pattern induces nonzero y-components of magnetic field strength in the body

H=H (z,1),as well as in vacuum HW® = Hﬁk) (z,t), and also x-components of elecric

field strength £=E, (z,t) in the body and E ) = ¥ (z,¢) in vacuum, respectively. In
future the subscripts « x » and « y » we shall omit.

For material medium the dependencies between the conduction current density j
and the electric field strength £ (Ohm’s law), and also between the magnetic flux density

B and the elecric field induction D and corresponding magnetic A and elecric £ field
strengths are taken in the form

J=AE, B=p,uH, D =gk . 2)

Here A is electric conductivity; pu and € are relative magnetic and dielectric permittivities
of medium; n, and g, are magnetic and dielectric constants.
For vacuum in the formulas (2) it is required to put

A=0, pu=1, e=1. 3)

EMF is considered as external action, which is manifested in the medium by the
energy and power impact factors. The problem about finding the magnetic and electric
field strengths in the layer, subjected to EMF, created by inductor and also the impact
factors of this field (Joule heat and ponderomotive force) is formulated.

From the system of equations of electrodynamics (Maxwell's equations [12-14])
for magnetic and electric field strengths in the layer we will have:

10H oF 10FE OH

————=ge—+AE, ——=—p,u—. 4
1oz o 1z "My @
Should be noted, that the system of equations (4) can be reduced to the equation for
magnetic or electric field strength

1 0°H en0’H oH 1 0’E _en0’E OE
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where ¢, = is the velocity of electromagnetic wave propagation in vacuum.

_
VEoHo

The system of equations of the type (4) for vacuum (for the half-spaces over and un-
der the layer, respectively) will read:

ton™ oY RO oE™) . or'). ©
[ oz O ot ] oz Y
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It can also be reduced to the equation on the H*) or E®:

LRHY 1 EHY 1% 1 ZEY 1 2EY g
P o & o lal P & Ma

™)

B

We shall assume, that at the initial moment of time ¢ =0 EMEF in the body and in
vacuum, and also the external electric currents are absent. Then the initial conditions will
be written in the form

J®(z,00=0, E®(z,00=0, HP(z,00=0, E(z,0)=0, H(z,0)=0. ®)

At the body-vacuum separation boundary the contact conditions are satisfied
[10, 15-17]:

E(L)=EY (1t),  H(L,6)=H"(1,1);

E(0,6)=EP(0,0),  H(0,6)=H"(0,¢). )

Herewith the surface charges and currents are not considered [10].
The conditions of radiation at infinity in the areas of vacuum will be [10, 17]:

i (k) (k)
- 16H (z,t)+L8H (z,t)}o’

z—)iw_l 62 CO 6t

1 0EW (2.1 OEW (2.1
fim | LOET(2:0) 1 (=) |, (10)
z—>to0 l 82 CO 6t

Should be noted, that the sign «+» under the symbol «lim» refers to the upper
(k =1) and the sign «—» — to the lower half-space (k =2).

The problem (1)-(10) allows to determine uniquely the EMF parameters both in the
body and in the areas of vacuum depending on the particular form of function j(z). This
problem can be reduced to a boundary-value problem only for a body with equivalent to
the original boundary conditions on its surfaces. We will perform this procedure for the
time-periodic function j(¢) =sinw?, where ®w=2mnv, v is frequency.

2. Temporal presentations of solutions

We shall assume, that in inductor flows a time-harmonic electric current. In this case,
the formulas (1) will have such form:

(1) _j io —i®
Jj (z,t)—z—(;_(e ‘—e ’)8(2—20—1),

-(2) _ ] i —i0,
j (z,t)——z—(;(e ‘—e ')5(Z+ZO), (11)
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where / is imaginary unit. The magnetic and electric field strengths in the layer as well as
in the areas of vacuum will be presented in a similar manner:

]l io ~ —io ] elz o elz o
H(Z’t)z%[h(z)e "+h(z)e t]’ E(th)zy{kﬂ('ao)sme t+k—§80)«€me Bt

EW (z,t)= 2i£0m[e(k) (z)e™ - & (z)eii“"J ) (12)
0

Here the tilde «~» over the quantity means its complex conjugate value. The
field’s normalization in the expressions (12) was selected so that their harmonics
would be dimensionless.

Substituting the representations (12) into relations (4), for harmonics of the magnetic
and electric field strengths we will obtain such ordinary differential equations:

dh(z de(z . .
- d(z )=e(z), d(z )Z—luou(“lso%ﬂ@lzhv (13)

which can be reduced to equations of the second order for functions /(z) and e(z):

=k2h(z), =k2e(z), (14)

where k* =2iy’ —epky, ky =(ol/c, )2 , k and k, are dimensionless wave electromag-

. : . . 1 1
netic numbers, concerning the medium and vacuum, respectively; y* = Ek [TNTTO)] 2 y= 3’

d is the relative penetration depth of EMF in the medium.

Similarly, from the system of equations (6) for vacuum, considering the representa-
tion (12), we will obtain such system of differential equations for harmonics of the magne-
tic and electric field strengths:

M (1)

_dh"(2) — eV (z)=id(z =z -1). de'”’(z) _i2h0 (),
dz
) (2)

_dh (Z) =e(2)(Z)+i5(Z+Zo)a de (Z) zkgh(Z)(Z)’ (15)
dz dz

which we will reduce to the uncoupled second order system of equations for functions
1 (z) and e®(z2):
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d3(z—zy 1) d’e®
k2O (2) =i (ZdZZO ) d Z,Zz(Z)+k§e(l)(z):ik026(z_zo_1)’

d*hV(z)
2

2,2 as(z+ 2,2)
42 Z ) k2 (2) =i (Z a) 4 ; 9 4 2@ (2) =-iki(z+2,). (16)
yA Z z

The contact conditions (9) will be such:

B =h), ()= EEC 0y

ig,
W0)=hD(0),  e(0)="FEE2 o) 17)
ig,m
and the conditions of radiation at infinity (10) will look as:
(1) (0]
tim| @ () | = tim| %) i 02y =0
20 dz 20 dz
(2) (2)
lim| =G |y HP(2) | = lim| — %), ike®(z) |=0. (18)
e dz 0 dz

Using the equations of electrodynamics for the body (13) and vacuum (15), the con-
tact conditions (17) can be expressed in the terms of the magnetic field strength only

O]
(1) =KV (1), dh(1) _ A +iggeo dh (1)

dz igy® dz
(2)
h(O) _ h(z) (0) ’ dh(O) A+ 1808(1) dh (0) (19)
dz igy® dz
or in the terms of the electric field strength only
. . 1
e(1)= A +igy80 ) 1), de(1) _ n(A+ig,em) de! (1) ;
ig)® dz ig)® dz
j A+i 2
o(0) = LD g de) R+ iogee) deO(0) 20)

ig)® dz ig)® dz

Thus, the problem of electrodynamics (11)-(18) has been reduced to the determination
of EMF’s parameters in the body from the equations (14) and in vacuum from the
equations (16) taking into account the contact conditions (17) and the conditions of radia-
tion at infinity (18). We shall reduce it to the boundary-value problem only for a body with
equivalent to the original boundary conditions on its surfaces. To obtain such conditions we
shall find first the solutions of the system of equations (16), using the method of variation
of constants. Herewith, as in [18], it is possible to proceed from the known properties of
Dirac delta-function [19, 20]:
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0, x, &[a;b];
b
If(x)S(x—xO)dxz %f(xo), Xo=avx,=b; (21)
’ f(x), xelabl;

X

[7(8)8'(E=x,)de==1"(x,)S, (x=%,), x >a; (22)

a

S+(x—x0)={

In this paper another approach was used — the approximation of Dirac delta-

0, x<x,; ,
L xeZ; S+(x—x0)=8(x—x0). (23)

function by continuously differentiable function [11]:

S(x) = lim

el ey

Then the general solutions of system (16) will be such:

A0 (z)= {Al + Lefik(’(zoﬂ) lim arctga(z -z, — 1)}6“‘02 +

TT o—>00

+{A2 + Mo jim arctgo(z —z, — 1):'6”{02 ,

TT o—>00

TT o—>00

e (z)= {BI + ﬁefik(’(zoﬂ) lim arctga(z -z, — 1)}5"02 +

+{B2 _k_Oeiko(zo+1) lim arctga(z - z, _1)}1'/(02;

27 o>

TT o—>00

) (z)= {Cl _%eikozo lim arctga(z + ZO)}eﬂ‘OZ +

I . i
+{C2 ——¢ 00 |im arctga(z+zo)}e oz

TT o—>00

e (Z) = {Dl _ﬁeikozo lim arctga(z + ZO)}MOZ N

271 o—0

+ {DZ + ﬁefikozo lim arctga(z + z, )} e o7 (25)

TT o—>00

Substituting the expressions (25) in the corresponding conditions of radiation at infi-

nity (18), we shall find the constants of integration:
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Taking into account the expressions (26) the formulas (25) will read:

A (z)=Aye ™ —ieik()(z*zofl) +%cos ko(z—z,—1)limarctga(z —z, —1),

o—>0

Y (z)=B,e ™ - Z—Oeik()(zzol) + %sinko (z—z,—1)limarctga(z—z, —1);
T

o—00

ie) (z)= C e _ée—iko(erZO) _icosko(z +2z,) limarctga(z +2z,),

TC o—>0
) (z) =D, + %Oe”‘ozo - %sinko (z + Zo)ii_lgo arctga(z + ZO) . 27

The values of functions (27) and their derivatives we find on the surfaces z =0 and
z =1 and substitute in the contact conditions (19) and (20). We obtain the system of eight
algebraic equations, from which we exclude the constants of integration. Herewith the con-
tact conditions (19) and (20) we reduce to the boundary conditions on the layer’s surfaces
for magnetic

cdh(l) wdn(0)
h(1) + 223 iomikono h(0)==Z21 — _jpmikozo o)
()+k dz ze ’ ( ) k dz ° @8)
or electric field strength
. N . o
e(l)_Lde_()zfeﬂkozo , e(o)_,_Lde_(o):_ﬁeﬂkozo ) (29)
nk, dz x uk, dz K

Here x = L L= l \/5 1s characteristic size.
(A+iggem)l ° A\ h,

Should be noted, that the boundary conditions (29) for electric field strength can be
obtained from the conditions (28), using herewith the equation (13).

Thus, the coupled problem for three areas was reduced to the boundary-value problem
for a layer only, which is described by equations (14) and boundary conditions (28) and (29).

Knowing the parameters of magnetic field in the area of layer, we shall write the
impact factors of EMF — the power of Joule heat QO and the density of ponderomotive

force F [21, 22]:
Q=M\E*, F=\uuEH . (30)

Substituting the representation (12) for magnetic and electric field strengths in the
formulas (30), we shall obtain such temporal representation for the impact factors of EMF
on the body:

y(z,0)=y(z)+w, (z)ezi‘”’ +, (z)eiZi‘”’, (31)
where y={0,F}; y(z) is the quantity, averaged over the period of the EMF’s oscilla-

tions; \, (z) is its second harmonic.
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We shall provide the specific expressions for the Joule heat and the ponderomotive
force, written in the terms of harmonics of magnetic and electric field strengths:
— the averaged components:

My

2(7»2 +8(2)82032)
Ho“kjgl , - ) ~

———————| (A +igyem)h +(A—ig,em)h ; 32

T g R+ (iego)i@e@ ] G2

— the harmonic components:

5 2 n ijgl
0,(2)=——"——=¢(2), F(@=—F7"—""—
’ 4(h+ isosm)2 ? 4(h+ige0)

0(z)= e(2)é(z),

F(z)=

h(z)e(z) . (33)

Conclusions. In this paper the expedience of formulation the problem about the bilate-
ral induction heating of nonferromagnetic electroconductive bodies was substantiated.
As an example, the problem of determining the characteristics of EMF and its impact
factors in a nonferromagnetic electroconductive layer was considered. The layer is con-
tained in inductor, that is modeled by two infinitely thin current-carrying planes para-
llel to the layer’s surfaces with a given density of time-sinusoidal electric current. The
equations of electrodynamics to determine the magnetic and electric field strengths in
the area of layer and in the corresponding half-spaces over and under the layer, and al-
so the initial, contact (at the interface of media) conditions and the conditions of radia-
tion at infinity were written down. The coupled problem for three areas was reduced to
the boundary-value problem for a layer only with the equivalent to the original boundary
conditions on its surfaces. The results of the work will be used for finding the thermoelastic
state’s parameters of nonferromagnetic layer subjected to bilateral induction heating.
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lNMpo nocTtaHOBKY 3apavi enekrpoaMHamMiku Ansa HedpepomarHiTHOro
wapy 3a ABOCTOPOHHLOIO iHAYKLUiINHOro HarpiBaHHA

OnekcaHap Maykesuy, Muxainno Conogsk, PomaH IBackko

3pobneno nocmarosky 3a0aui npo BUHAUEHHS NAPAMEMPIE eNeKMPOMACHIMHO20 NOJSL 8 eLeKMPO-
NPOGIOHOMY HepepOMACHIMHOMY Wapi 3a 080CMOPOHHBLO20 THOYKYIUHO20 HaepieanHs. 36 ’s3amny
3a0auy 018 mpbox obnacmeil 36e0eH0 00 Kpatlogoi 3a0ayi Ons wapy, po3e 130K AK0i OmMpuUMaHo
07151 340aHO20 2APMOHIYHO20 3d YACOM CIMPYMY THOYKMOPA. 3aNUCAHO eHepeemuyHi Mma CUL06I YUH-
HuKu Oii nona Ha mino.

O nocTtaHOBKe 3aiauu INEeKTPoAUHaAMUKUN AnA HedheppOMarHUTHOro
CIoA Npy ABYCTOPOHHEM UHAYKLUMOHHOM HarpeBe

Anekcangp Maykesud, Muxaunn Conogsk, PomaH MBackko

Ocywecmenena nocmanogka 3a0adu 06 onpeoereHuu Napamempos SNeKmpoMASHUNHO20 OIS 6
NEKMPONPOBOOHOM HEDEPPOMACHUMHOM CLOE NPU 08YCMOPOHHEM UHOVKYUOHHOM Hazpese. Cési-
3aHHAs 3a0a4a 0N mpex obaacmell ceedeHa K Kpaesot 3a0aue 0Jis ClL0sl, peuieHue KOmopou nojuy-
UeHO 05l 3A0AHHO20 2APMOHUYECKO20 80 8PEMEHU TMOKA UHOYKMOPA. 3anucanbl SHepeemuiecKue u
cunoevle axmopwvl 6030€licmeus nois Ha meio.
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