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In this article we review the methods of power summation of factors. The degree of factors which
are arbitrary powers of summation indices are considered. We show that using the Poisson-Abel
method only those series can be summarized the order of member increase of which is
proportional to the exponent depending on the summation index. At the same time the Gauss-
Weierstrass method and other power factors methods can be also applied to the series the terms of
which increase in proportion to the exponential dependence of the indices summation.
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Introduction. The systems of the functions, biorthogonal on closed lines in mono-
connected domains in the complex plane determine bases in spaces of analytic
functions in these areas [1-3]. The presentation of the functions by series by systems of
polynomials and other systems of functions were investigated using contour integrals
and conformal mappings in works [3-5]. In the works [6-8] biorthogonal systems of the
functions are used for constructing solutions of plane and spatial boundary value
problems for the Helmholtz equation.

1. Biorthogonal functions of the system. Let:
W=¢(Z)=¢O(Z—Zo) (1)

be conformal mapping of mono-connected domain D of extended complex plane z in
the circle K : |w| < 1of complex plane w ;(D(ZO) =0; (0'(20) =1; z= h(w)— inverse

mapping; border L = 0D is displayed on the circle C :|w| =1.
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The system of the functions YW (i and conjugate (associated) with it system
y n=0 jug

{1/ w }::0 is biorthogonal on a closed conour:

1 w'
| = 7= ()
27TlC Wm

r

Here C, :|w| =r, 0<r<1. The system {w”}is a basis in a broad sense [3, p.

612] in the space of functions which are analytic in a circle K : |w| < 1. And the system

{1/ me} is a basis in the space of functions, which are analytic outside the circle

K.
Substituting the expression of the mapping WZ(D(Z) in the orthogonality
condition (2), we obtain such two relations:

1 n (o'(z) 1 d (p"“(z) 1
— ————dz=0,,; — | — dz=9,,, 3
27 L{(o (Z)(om+l(z) SO dz o+l ") ?= O ©)
where L, < D is a prototype of a circle C,. by the mapping (1).
We introduce the systems of the functions
=" @ { @)= L) zen @
" n=0 & n+1ldz n=0

Functions g, (z) i g, (z) are analytical in the neighborhood of the pointz,. As a

result of analyticity of the function (o(z)inD and their expansion in Taylor’s series are
possible in the neighborhood of this point. Appropriate conjugates to (4) systems of the

functions {a)m (z -z, )}Z:o , {a); (Z -2z, )}:=0 in accordance with (3), we can select by

principal parts of Laurent series in the neighborhood of the pointz; function
go’(z)go'("”l)(z) =0, (z-z,)+g,(z-z,). Function

go"('"”)(z) =0 (z-z,)+g.(z-z2,), where g (Z - Z; ) g;l (Z — ZO) are the
right of the expansis of the functions.
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Theorem 1. Let w= qo(z) be conformal mapping (1) i |Z—ZO|<lis the largest

circle in which Taylor’s series of this function convergent, and which is in the domain
D . Then the systems of the functions (4) bases in the space £, ,0<r </, functions

which are analyticin the circle |Z - Zo| <r.

Proof. Consider the function

where & = z — z. It is heand univalent in the domain |§| > [ and satisfies conditions

F(o)=o00, lim F(&)/&=1. Let w(&)is univalent function in the fdomain|€§| >1 i
Z—>0

1//(00): 1. Then, by Theorem 10 [3. Art. 616] system of polynomials { Pn (5 )};,.O:o is

basisin E,,r >/, where p, (5 )are the main parts of the Laurent’ series of functions
FM(E)F(E)
y(¢)

are functions @, (é )

in the vicinity of the infinitely far point. Conjugates to these polynomials

_ v
F"(g)’

basis in £  functions, which are analytic in the field of |§| > p, p = /and equal to

0

1S

=0,1,.... Also, the system functions {aN),n (Z)}

m=0

00

zero at infinitely remote point, and { Pn (5 )}n:O is conjugate to it system of functions.

Biorthogonality conditions are:

S [ (EHE =6

‘é‘zr'Zr

Transform these conditions using the mapping & =/ / (z - ZO) :

1 ~ [ [ ldz
2—711 Wy, z-z4 Pn z -2z (Z_Z )2:511"’!
rt 0 ‘

+ . . . .
Here I'" : |z - Zo| = [/r'is circle oriented counterclockwise.

)
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The system of the functions {M} is basis in the space of functions
Z—= 2
Ipa(l/(z = 2))

is its conjugate system
Z—= 2

which are analytic in a circle |Z - Zo| </land {

of polynomials in negative powers of the variable,
oull=20)__vlle=20) _ nyol-n)

-z ZF"V(z-z)) ! z ’

where F'(f) = F'(Z/(Z -z, )) = (Z_Z(Z;Z—)(ZZQ))’(Z); F[g(z)] is the main part of the

Laurent series g(z) in the neighborhood of point Zz .

z—2z (z-20)p'(2)

If you choose w(1/(z —zy)) = o) and w(l/(z-2zy))= W , then

from (5), we obtain the conditions of biorthogonality respectively for the first and
second functions (4) and coupled to them functions of the systems:

= (ZZ/(—Z Z:) 2l FLf’f’*(lz()z) <0(Z)«//2(17 (ZZO— Z0 ))} ) F{w”;(lz()z)} |

e it )

Thus, if the function f (z) is analytic in the circle |Z — Z()| <[, it decomposes

wn(Z_ZO)

WZ(Z—ZO)

inside the circle in a uniformly convergent series in the systems (4),

f(2)=2a,8,(2). f(2)=2 a,8,(2). -zl <r <t ®)
n=0 n=0

1 1
wherea, =—— If(éz)a’n(i—zo)déz; b”zz_m' If(i)a’;(i—zo)dé’-
‘é—zo‘zr'ér ‘é—zo‘zr'ér
Theorem 2.The system of the functions (4) are the bases in the space of functions,
which are analytical in the domain D .
Proof. We show that the series (8) converge uniformly in any field D' < D, if the

function f (z) is analytic in D . Since (1) represents the domain D on the unit circle,
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then any point z € D'is on line Lp , which is a prototype of a circle |W| = p < 1. Then,

we have the estimates for functionsof systems(4):

z)| =[o(z)]" =p".

g (2)=o(=) [0 (2)| < 40" € Ly, ©)

where A —max|(p X

zeL
LetL, be a prototype of a circle |W| = 0y > p<p,<l,

F= max| f )| 4,= n”‘1ax h wl. We transform the expression for the coefficients of
zeL, w P

the series (8) taking into considerating that the integral along the contour L - D

from the function, which is analyt1c in the dornam D 1s equal Zero:

S (&)de de: 1 F(h(w))dw
Jee ZO)dg_ / ”“ T om J n+)1)d
iy " .
@il -z =L [ LEME_ L SOk
\é\ Ly e, P ) 2@l W
and find the assessment:
! £ ()] _
|a |< _[ T n ;
27[\W\ Po v 1 ol
h d F.
|bn|s% | [/ ((w ]LHW)" W FAy "
wW=po [ Po

Estimating the sum of series (8) with the estimates (9), (10) and inequality p < p, we

see that these series convergence in the domain D' < D -

[ry 32 240

PoO—P

n

< < P Fpy x
<F | ===

gan"gn(zﬂ ngo(po] P n_on n(Z

and analytic sums of series in this domain. Since the circle |Z| <[ also belongs to the

domain D , sums of the series (8) continue analytically the function f (Z)in the domain.
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Example 1. Let domain D be the half-plane Imz > 0. Conformal mapping of
the domain D on the unit circle K :|w|<1 and inverse mapping functions are given
by the functions [9]

2z—z Ii+w
Z—_

2Z+l _2i—w‘ (11)

At the same time, points z=+1/2,z =0, z =00 match point w==*1, w=—i, w=i
and the limit L = 0D, which is the axis =1.

We introduce in accordance with a first relation (3) the system of the functions

0

gn(z):i"(zz_i_} ,zeD. (12)

2z+1

Functions gn(z) are analytic in the neighborhood of the point z, :i/2. The

functions (p’(z)/(pm+1(z) == 4im_1(22 - i)m_l/(Zz - i)m+1 have the poles of the
order m + 1in this point.
First, we find the decomposition of the function g, (z)into Maclaurin series,

which converges in the circle |Z —if 2| <1/2, which belongs to the domain D,

\N+k
goz)=1,,(z)= ”(2_1/2] Zz"c"+k l(z—é) nzl. (13)

z+i/2 =0

Now, we construct the system of functions, which is conjugate to (12) and (13). First,
we find the expansion of the function

/(pmJrl =4i m+1(2z+zm 1/ 2z — m+1 into a Laurent series in the

nelghborhood of the point zy =i/2,

4; m+1(2Z+l) m—1 ; (m+1) 1, k - ; m—1-k
(3) Bee(g)

(22 _ l)m+l
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Hence, we find the main part of the Laurent series of this function

=[]

2
—m+1 ) m—1  m—1 L N—k-2
oy (z)=" 2 _(Zi/zl){ngl ~ ,Z‘)Ck_llk ’”“(z —%}  m=1. (14)

Note that only the number of the zero member of the original system has the
correct part. The systems of the functions (13) and (14) are biorthogonal on any circle

encompassing the point z = i / 2 and lying in a domain D . According to Theorem 1, the
system of the series sums (13) is a basis in the space of analytic functions in a
circle |z - i/2| <1/2, and by Theorem 2, the system (12) is basis in the space of the

functions, which areanalytic in the halfplane Imz > 0.
Note that the sum of the series

ngogm (2o (1) = 2tz_ 4 i (22 - i}'" (2t +iy"!

i o\ 2z+i (2t—i)m+1 -

. o0 AN\m A\m
_ 2 .+4i(2z—zj 1 22(22 zj (2t+lj
2t —1i 2z+1 (2t—i) o\ 2z +1 2t—1i
2 1 2z—i 1

:2z—i+(2t—i) -z t—z

converges uniformly with respect toz in domain D, with abroad L, (prototype of

circle |w| =r,0<r<1)forany te L,. Then, for the function, which is analytic in the

halfplane Im z > 0 we obtain an expansion of the function

1 Hdt 1
flz)=— /() = Zangn(z), wherea, :—.J.f(t)a)n(t)dt.

27 -z - 27
Lr n=0 Lr

Example 2. If we have the real part of the function on axis Ox ,which is
analytic in the halfplane Im z > 0, then according to Schwartz formula [9, p. 219], we
have
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o0
1 u . . . .
:_I +Cl', where C is real constant; u(t) is piecewise
i) t—z
—00

continuous function, u t) = 0(1/ |t|a) at |t| —>o, a>0.

Then, for the coefficients of the expansion functions f (z)by the system
{gn (z)}, we obtain formula

=1 [u(thoo1h a, - L [ultho, ()

Example 3. We find the decomposition by the system (12) of the
function f (z), which is analytic in the half-plane Imz > 0, its real part takes values

= l/(t2 + hz),O < h < o on the real axis. By formulas (15) and (16) we find the
expansion of the function and its coefficients

)= ] ”ft_)ft= : %SZ’(?‘ 2
—®o Im#, <0~k =—hi(t“+h )( Z)
B Z+hl ,;
" 1 1 1
where ao:E_L(t2+h2Xz—i/2 dZ——2Z;:€Shl (t +h2X l/2 h(h+l/2)’
1 i (e+i2)"” 1 i (+if2)"
:_-J 2 2 it =2 res —— Py
m_w(z +h ) (1-i/2) z=—hi(h +1 ) (r-i/2)
—i"(h-1/2)""
h(h+1/2)"™"

Thus, we have
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P T _i(h—l/2)"_1(2z—i}"

hi(z + ki) h(h+1/2) h(h+1/2) 1\ 2z +i

n=l1

If h=1/2, then f(z)= _ﬁ = 2g,(2) + 2ig (2).

2. The Dirichlet problem for the Helmholtz equation.

Let us find a solution to this problem in a mono-connected domainD .
Let:w=(o(z)be conformal mapping (1). We write the Helmholtz equation using
variables w, W :

2
48U
owow

wherek =const, U =U (u,v)=U(w, W )is a real function.

The solution of this equation in the circle K : |w| <1 can be written as [6, 8]

U=Re) c,wW"J, (wiv) (16)

m=0

B

o N\ 2n
where J;(WW)ZJ;ZQWF): Z Zn(+ml) |W|
n=02 (

¢, are arbitrary constants.

n+m)!n!’ "

Functions J,,, (WW), if k¥ >0 are directly expressed in terms of Bessel functions of
2
m th order, J (wf) = ol 2 [wf?).

We now turn to the new variables z = h(w) zZ= ]’T(W) As qo’(z);é 0, zeD,
we obtain the equation:

4

U v v
e +q0(z)§0 (Z)U—O. (17)

The solutions of equation (17) we obtain from (16) by replacing the
variables w = (o(z), W= (3(2):
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Uz.2)=Re Yo" (M (0 (2). 1s)

m=0

Let us find the solution of equation (17) in the domain D on condition

Ulz,z), =ult).reL, (19)

where u(t)is the real part of a function which splits into evenly convergent series of the
first system (4),

= S a,g,(2). zeD. 20)

From this condition it follows [9, p. 192] the analycity of function f (z) in

domain D and its continuity at the boundary of the area.
The solution of the problem we search as a sum of a series (18). Coefficients of
this series we find from the conditions (9). Substituting formula (18) i (20) with the

boundary condition depending g, (Z) =" (Z), (0(t)(3(t) = (o(t)z‘ =1 ,(o(t) =V ,

0 <y <27m, we obtain the equation :
0 . 0 .
e, (1)=>a,e"”
n=0 n=0
Hence, we find ¢, = q,, / J ; (l) and write down the solution of the problem :

V., (0(2)p(2)). @1

nlJ )

Uniform convergence of the series (21) in the domain D follows from the
limitation of the functions.J) ((0(2)6(2)), as 03|(p(zl£1,zeD and uniform

convergence of the series (20).
Example 4. We write the solution of equation (17) in the domain D on condition

U(Z,E}LzRegn(t),teL. (22)
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From the expressions (19) and (21) we find:

where J() ((p(z)@(z)) =Jy (](p(zj) is Bessel function of zero order.

3. NeumannproblemfortheHelmholtzequation.

Let us find the solution of equation (17) in the domain D on condition

8U(Z,E)
on |

=f(t), teL, (23)

Where 8/ On is derivative in the direction of the normal to the curve L . We assume
that the boundary function is represented as

1) Reé";_f),

where F' (Z) is analytic function in the domain D and its expansion in a uniformly

convergent series of the system {(0” (Z)}jzo looks as:

Flz)= i()dnqo"(z)

24)

First, we find the derivative of the function F’ (Z) in a direction of the normal

tol,: z= h(w), r = const (the prototype of the circumference |w| =r, 0<r<l).

Considering the formula 8nqo(z) = —i@,qo(z) ,P = |go(z], h’(w)(o’(z) =1,w=re',

where 0, = 0/07 is derivative in a direction of tangent to L,. , we find:
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M: it/ (z) Oz _ _i(])’(z)éwz _ d)'(z)h

(n)e _ o
h

on ot 8,7 ‘(w)  |r(w)
1 w02
- SO
() 7o ()
0 2 '
—((P ==(pp Jo'(z) = 2#C) (09)
10} r |(p(zx . (25)
Considering first the formula (24), we obtain the derivative of /' (Z) :
&) _ )2 _ Y PRI EIole) _ oF(e)lpe)ole)
on on |h WX (z) |(p )| op |¢>(z
Which takes the following form on the contour L due to conditions |(D(ZX‘L =1:
| 2Jo(2)0,F (), (26)
The boundary condition (22) in view of formula (25) can be written as:
oU\z,z )
# o ([ Relp(o, F(0)].c < L. o)
L

Now, we build the solution (17), (26). Function, whose real partis the solution
of equation (17), U(Z, E) =Re CD(Z, E), we look as the sum of a series:

Zcm(/’ ( ZW)

The derivative of this function in the direction of the normals to L,., we obtain using
formulas (24) as:

0,006.2)= 2] S0 @t o0) 0915160

Substituting this expression into the condition (26) in view of the expansion (23),
we find:
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01RO (09)- 00V 00 - 01 R Smd 1070,

m=1

tel

or
Re ZCmeimW[mJ; (l)—J;Hl(l)]: Re Y md,e™V .
m=0 m=1

Hence, we findc,, =md,, / [mJ . (l) S S (I)J and write down the solution of the
problem

U2)=Re S " o)1 (o)), 08)

m:lm‘];l (1)_ Im+1 (1)

The uniform convergence of the series (27) in domain D should be with limited

functions J ;, (|(0|2) and the uniform convergence of (23) in this domain.
Example 5. Let us find the solution of the problem (17), (26) for the case of
function F’ (z) = qo(z) and correspondingly, f (t) = |(p'(t1(p(t). Then, from (27), we

obtain:

Uez)=— o) Reo(s).

s 0)-J50)

If(p(z) =1/z= rle7V and correspondingly, f(t) =cosy , we have

_ 1 cosy .« 1 cosy 1
U(e.2) = 7L :—JIH
-0 {p*) A1)-70) e
The resulting representation is a solution of the corresponding problem (17),
(26) in a plane with a circular hole.

Conclusion. Essential in the construction of bases in spaces of analytic
functions is domain which is simply connected, which defines the functions and
representations in explicit form of the conformal mappings of domains in the circle.
For the construction of solutions of the boundary value problems are used rather strict
condition for the uniform convergence of the corresponding series on the boundary of
the domain. These conditions can besimplified by consideration the generalized
solutions of the problems.
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Cuctemu cteneHiB KOHPOPMHUX BigoOpakeHb
i OiopToroHanbHi A0 HUX cucTeMmn hyHKL N

["anuHa IBacuk

Buxopucmosyrouu kongopmui 6idobpascentss 00HO38's13HUX obnacmell Ha Kpye, no6y008aHo
bazucu 6 npocmopax @yuxyitl, anarimuuwHux 6 yux oobnacmsax. Muocourenu Dabepa Oiopmo-
2OHANBHI 3 OasucHumu QyHKyismu. I pyHmyouucs Ha po3xkiadax aHarimuyHux QyHKyit 6 paou,
noby008aro po36 A3KU SPAHUYHUX 3a0au 015 pieHsauHs [ envmeonvya, epaHuyHi 3HAYEHHS AKUX
30i2arOMbCs 3 2PAHUMHUMU 3HAYEHHIMU YUX (YHKYILL.

CucrtemMbl cteneHen KOHPOPMHbIX OTOOpaXKeHUN
M bMopTOroHanbHble C HAMU cUCTEMBbI (PYHKLUN

["anunHa MBacblk
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Hcnonvsya konghopmmvie omobpadicenusi 00HOCEA3HBIX 00nacmell Ha Kpys, NOCMpPoeHbl Oa3Uchl 8
npocmMpancmeax QyHKyull, amanumudeckux 6 smux obracmsax. Muocounenv: ®@abepa 6uopmo-
2oHanbHbl ¢ Oazuchvimu Qynkyuamu. OCHOBLIBAACH HA PA3IONCEHUAX AHATUMUYECKUX DYHKYUL 8
PAO0bL, NOCMPOEHbL peuleHsl SPaHUYHBIX 3a0ay 05 ypagnenus I enbmeonvya, epanuynvle 3HaueHus
KOMOPbIX COBNAOAIOM € SPAHUYHBIMU 3HAYEHUSMU IMUX QYHKYUIL
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