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KommakTHa crucTemMa HEpI1BHOCTEM IS
CTaHJAPTHUX FPaHUILIb Y T€OP1l TPaHULIb

The purpose of the paper is an alternative way of obtaining of the standard limits in the elementary theory of
limits. The approach uses two double inequalities xe ™ <sinx < xe* and xe ™ < shx < xe* and the limit
transition. The method is applied to both standard limits simultaneously, that makes the theory more
universal. Apart from that our theory gives many new representations of the standard limits (total number is 37).
Keywords: theory of limits, standard limits, function, sine, hyperbolic sine, method, inequalities,
standard limits, limit transition.

B paGote npemioxxeH eauHbI MOAXOA K CTaHAAPTHBIM MpejesaM B TeopuH npezaenos. [loaxon ocHOBaH Ha
MCTIOJIb30BAaHNAH JBOMHBIX HEPaBEHCTB xe¢ ~ <sinx < xe’ W xe ' < shx < xe' ¥ NpelelbHOM IIepexole B
HUX. MeTox mpuMeHVM K OOOWM CTaHOApTHBIM MpeneliaM OXHOBPEMEHHO, YTO 3HAYMTENBHO YTPOMIAET
o0mmenpuHATHIE TOAX0IbI. KpoMe TOTo, OTydeHbl HOBBIEC CIEACTBUS U3 CTAHIAPTHBIX MPEICIIOB.
KuroueBble ciioBa: Teopus TMpeiesioB, CTaHAAPTHBIE TMpelesbl, HepaBeHCTBO, (PYHKLMSA, CHUHYC,
rUnepooIMUeCcKUil CUHYC, IBOWHOE HEPABEHCTBO.

¥V po6oTi 3anponoHOBaHO MiAXij, AKkuit 3abe3nedye eTuHUA 3acid OTpUMaHHA CTaHIAPTHUX IPaHULb y Teopil
rpanuip. [linxin 3acHOBaHMM Ha BMKOPUCTaHHI HepiBHOCTel xe * <sinx < xe® Ta xe * <shx <xe" i
rpaHndHOMY Tiepexoai B HUX. Ilifxim mOCTaTHBO MPOCTHf y BUKOPUCTaHHI. €IMHA CHCTeMa HepiBHOCTE
3a0e3nevye OfHOYaCHe OTPUMAaHHA (OPMYIN MEpIIOro, IPYroro CTaHAAPTHUX IPaHULb i, NPAKTUYHO, BCIX
HacliAKiB 3 HUX. Binblm Toro, Teopis MPUBOAUTH A0 BEJIUKOI KiJIbKOCTI HOBUX HACHiJAKIB i3 CTaHOApTHHUX
TpaHuLlp.

KurouoBi cjioBa: Teopisi rpaHMilb, CTaHJAAPTHI TPaHUI, QYHKISA, CHHYC, TiNepOoNiYHUNA CUHYC,
HEePIBHICTh, TPAHUYHUI Mepexif.
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Introduction

The standards limits in mathematical analysis are known as the first and second
fundamental (standard) limits. They are used mainly for the determination of derivatives of
the elementary functions sinx,cosx,e”,a”. Thus it is built the standard table of derivatives
in differential calculus [1], [2]. The standard limits are used practically in all branches of
mathematics, also for calculation of an entire class of limits.

Each of the fundamental limits is proved by two different ways. The first standard
limit is based on a limit procedure in the trigonometric circle. For the second limit it is
used Newton’s binomial. Each of the approaches is effective and attractive. Nevertheless
they are not universal [1], [2].

Meanwhile there are universal methods for an obtaining of the limits. For example,
the first and second limits can be connected one with another by Euler’s formula [3].

The next universal method of proof is based on the undetermined coefficient method

which allows find limits by the standard expansion of the functions sinx and e [4].

At last there are the approaches that like to the proposal method in the paper. They
are based also on inequalities and the limiting in the inequalities. Such methods have some
disadvantages that are connected with difficulties of the proof of the inequalities. This is
one of the serious disadvantages of the theory.

According to the logic of our consideration the inequalities must be proved by
elementary mathematical methods. Other words, the proof must be performed without
using of a derivative concept.

We found a simple method to proof the standard limits. This method is based on a
specified inequality system and a limiting in the system. The approach may be applied to
both limits simultaneously. The proof of each inequality is simple and clear. Besides from
the inequalities we have got new important corollaries from the second standard limit.

1 The basic theorem of the method
The main theorem that we use in our theory is well-known theorem about a function
f(x) which is enclosed between two given functions f,(x) and f,(x) [5], [6].
Theorem. If in any vicinity of the point x, a function f(x) is satisfied to the inequalities
Ahx) < f(x) < f1(x) M

and lim f,(x)= lim f,(x) =a then the limit lim f(x) exists and it is equal toa.

It is clear, if the function f(x) is continuous at x =x,, then a = f(x,).

The inequalities (1) have a very important property of symmetry, if all functions of
the inequalities are odd. We will replace in the inequalities x to —x

— LX) <-f(X)<-£,(x)= [0 2 F(x) 2 f1(x).
The sings of the inequalities (1) have changed.
If the functions are even

K S f(E0) S [0 = A0S f(x) < f(x)
The sings of the inequalities (1) have not changed.
Corollary. If in the inequalities (1) f/(x)=xg(x), fi(x)=x@(x) and at x,=0

ling g(x)= linol(p(x) =1,1.e.

xg(x) < f(x) <xp(x), 2
then lim@ =1.
x—0 X
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We will use the corollary for proof of the standard limits. Besides we will need in the
generalization of the corollary. If ling g(ax) = linol p(ax) =1 and

axg(ox) < f(ox) < axp(ow), 3)
then there lirrol f(ax)=oa forany o #0.

2 The basic Inequalities for standard limits

The trigonometric and hyperbolic sine functions are satisfied to the inequalities (Fig.1).

“4)

xe " <sinx < xe”,

xe ¥ <sinhx < xe”.

f(x) =xe *
@ st
g(x)

-u[x} o

5= 2(x) = sinfx)

. ux) = sinh{x)

f[.x}— o5t wix) = xe ¥

Figure 1— The graphs of the functions of the inequalities (4)

Dividing the inequalities at x >0 we get
_x _Sinx
e < <e",
X
_, _sinhx
e’ < <e".
X

We take a limit at x - 0. Accounting that linge’x =lime* =1 we find according to the

X x—0

corollary
mS0% o1, [ SOOY (5)
=0 x x—0 X
The first formula is called the first standard (fundamental) limit, the second
represents one of the options of the second standard limit.
The formulas (5) are obtained by the assumption of x — +0 although they are

written for an arbitrary x — 0 . Evidently the equalities (5) do not change at x —> —0. It is

clear from that all functions are between of the functions xe ™ and xe®. The functions
sinx and shx are odd. Therefore for the negative values of x we have
ot sinx SN sinhx

X X

The figure (Fig. 1) demonstrates the inequalities (4) geometrically. You can see how

the inequalities (2) are changed when the point x changes the sign. All graphs of the
functions of the inequalities (4) are enclosed by the graphs only two functions xe * and

xe* (Fig. 1.). It means that the limits (5) do not depend on x — +0 or x > —0.
You can see from the figure also how instead of inequalities (4) we may work with
the inequalities

>¢" . Taking the limit at x — —0 we have the equalities (5) again.
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xe " <sinx <sinh x < xe”, (6)
from which also the limits (5) are followed. Here we have one more thing. The inequalities (4)

need to proof of four inequalities but the inequalities (6) only of three. For this reason the
inequalities (6) are more favorable. The proof of the inequalities is given in the appendix.

3 Corollaries from the fundamental limits

The corollaries of the fist fundamental limit are well-known and they are described in
many books. We represent the corollaries in the table (Tab. 1) without of a detailed proof.

Table 1 — The corollaries from the first and second fundamental limits

. . . .. sinx . . .. sinhx
First standard limit lim =1 Second standard limit lim =1
x—0 X x—0 X
Replacement or Replacement or changin
changing of the Result p . ging Result
. of the variable
variable
X = arcsin y Jim 2eSY g x=asinhy lim asinh x =1
x—0 X x—0 X
sinx sinh x
tanx = ; tan x tanh x = ; tanh x
coSX lim =1 coshx lim =1
limcosx =1 =0 X limcoshx =1 0 X
x—0 x—0
arctan x T atanhx )
Xx =arctan y lim =1 x =atanh y ,333 x -
x—0 X

In the table the corollaries from the second limit are represented also. They look like
the corresponding corollaries from the first limit. These corollaries are new. Therefore we
will consider the proof of the corollaries in details:

tanh x sinhx . 1

lim =lim lim =1, where lim =1.
x—0 X x—0 X x—0 COSh X x—0 COth
. .. .. sinhx . .
In the limit 111101 =1 we substitute x =sinh y. Then, y—>0 at x >0 and we
X—> x
have lim 3% _ Jim— Y _1/jim S0
x—0 X y—0 Sll’lhy 0y
.. .. tanhx
In the equality hn(} =1 we replacex =tanh y. Then y >0 at x > 0, we get
X x
lim BY Vg 20Y
x>0 X y—0 tanhy =0y
. . __sinhx . .
To find the connection of hn(} =1 with the known corollaries from the second
X x
fundamental limit we may do it at least two ways. For example, we can use the definition
of the function sinhx=*—%—: lim sinh x =llim ¢ e =llim e -l —llim e -1 .In
X x—0 X 2 x—0 X 2 x—0 X 2 x—0 X
.. . e -1 . e’ —1
the second limit we replace x by — y. As a result we have 11113 = —hng . From
x> X y—> y

where
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lim 302 _ iy & 1 %
x—0 X =0 x
. . I, x+1
The second way is based on the representation atanhx = Elnl_ [5].
lim atanhx _ llimlln x+1 _ llim In(1+ x) —llim In(1-x) .
x>0 X 2x:x0x 1—x 2 x>0 X 2 x>0 X
In the last equality we replace x > —y , we get linOlM = —lingM . From where
X—> X y—> y
lim© tanh x Mim ln(l + x). )
x—0 X x—0 X

New representation of second fundamental limit we will find from the representation

asinhx = ln(x+\/x2 +1) [5].

1 /x
hmasmhx = limlln(x+\/ x? +1)= 1in31n(x+\/ x2 +1) =1. Where from

x—0 X x>0 x

tim infe -+ Vi 1 )=1, timfr 1) = 9)

x>0 x

In the last equality we replace x=1/y, we get

1in{1+— “’62“} —e. (10)

X—>0

X

The formulas (9) and (10) are new in mathematical analysis.
Other corollaries from the second fundamental limit follow by corresponding
substitutions in the formulas (7) and (8). The results are represented in the tab 2.

sinhx

Table 2 — The corollaries from the second fundamental limit lin01 1
X—> x
An option of the Substitution or transformation Corollary
second standard limit
sinhx . e"—e*
lim = lim =
=0 X x=>0 2x Coet -1
inh W e
lim 22X = lim & lim— =1 =X
x>0 X =0 2x x>0¢F
. e —e " X _ g%
sinhx = lim & =1
=0 2x
X
lim<—1 =1 x=In(1+x) lim 2040
x=0 x x—=0 X
lim In(1+x)""* =1 lim(1+x)"* =e
x—0 x—0
lim A+ limIn(l+x)"* =1, x=1/y lim(1+1/x)" =e
0 X x—0 X—®o
x—>xlna limwzlna
x—0 X
Hmwzlna limIn(l+xIna)'* =Ina lim(1+xIna)’* =a
x—=0 x x—0 x—=0
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lim(l+xlna)’* =a x=1/y lim(1+1/xlna)* =a
x—0 X—>00

Jim 100X atanhx =+ 1n 1 lim Lo
=0 X 1-x x>0x l—x
1 +1 1/x 1/x
lim—In"— =2 mnm(x+q =2 lm(x+q e
x—0 x —-X x—0 1-x =0\ 1—x
x=1/y 1m(x+1j _
x—o\ x—1
1/x 1/x 1/x
. 1 1 .
lim In| xl =2 lim loga(ij =2 lim log,, ! =2log, e
=0 \l1—x x—=0log, e 1-x x—0
lim lo x_+1 1/X—Z x=1/ lim lo X+l x—2lo e
x—=0log, e B l1-x ’ d e B4 x-1) B
lim asmhx:I asinhx=ln(x+\/x2+1) limlln(x+\/x2+1)=1
x—0 X x—=0 x
1/x
lmrlm(x+Vx2+1)=l nmh{x+vx2+1}”=1 nm(x+vx2+1j =e
x—0 x x—0 x—0
1/x 1+'\/ 2+1 )
lim(x+\/x2+1j =e x=1/y lim ; =e
x—0 x> x
limlln(x+\/x2+1)=1 lim loga(x+Vx2+l)=l limlloga(x+x/x2+1)=logae
X0 X x>0 xlog, e x>0 X
. tanh e —e™” X -x
Jim 20X _ tanhx=5—"¢ limt€=¢
X e +e x>0x ¥ 4o

3 The elementary generalization of the theory

The system of the inequalities (6) can be generalized by the replacement x -« -x.
For definiteness we put « >0, although the theory will be fair for any « :# 0

xe ' <sinax < axe™,

axe ™ <sinhax < axe®.

(11)

Applying the corollary from the theorem (3) to the inequality (11), accounting that

lime ™ =lime* =1, we have
x—0 x—0

. sinox sinh ax
lim =
x—0 X

lim
x—>0 X

:a,

=.

(12)

The first formula can be called the fist general fundamental limit, the second is an
option of the second general limit. Using the results of the table 1 we get immediately

. sinax . arcsinax . tanax
lim =a, lim——=¢, lim =
x—0 X x—0 X x—0 X

. sinhox . asinhax . tanhox
lim =a, lIlm——=¢a, lm——=
x—0 X x—0 X x—0 X

_a’

. arctanox
lim————=

x—>0 X ’

L(13)

atanhax

a, llm———=«

x—0 X

For the second limit we choose & =1na. Then we will get new equalities (Tab. 3).
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Table 3 — The corollaries from the limit ling Ina
X—> x
An option of the second Substitution or Corollar
standard limit transformation y
_ —X
lim sh(Ina-x) Cim &
x—0 X x—0 2x li Clx -1 1
- im =lna
limM=Q’, a=Ina = lim—— llmizlna w0x
-0 X =0 2x x0g"
ox _ —ax X _ —X
she =% ¢ ,a=Ina fim & =lIna
2 x—=0 2x
X
im@ = e x=log, (1+x) lim 1084
=0 X x>0 X
limwza arthw=llnax+l, a=Ina limllnwzﬂna
x>0 x 2 l-ox x>0x l-x-lna
1/x 1/x
limllnwzﬂna lim In x-Ina+l =2-lna lim X-na+l =’
x=0x l-x-lna x—0 l1-x-Ina -0\ 1—x-Ina
x=1/y lim(x“naj =d?
. x-Ina+1 Vx x>0\ x—Ina
lim1 =2-lna "
x>0 \1l-x-Ina . x-Ina+1)" x-Ina+1 Ve
lim: lo =2-Ina limlog,| ——— | =2
x0log e 1-x-Ina x>0 l-x-Ina
x-Ina+1 M Ina+x)\"
lim log, =2 x=1/y lim log, =2
x—0 I-x-Ina X0 x-Ina
arshx = ln(zxx+\/x2a2 +1) 5 lin})lln(x-lncﬁ\/x2 In? a+1j =
x—=0x
lim arshox a=Ina =Ina
5 1/x 1/x
x_) X lin(l)ln(ax+\/x2a2+l) =a, lin})(x-lna+\/x21n2a+lj =
X X
a=Ina =a
1/x X
lim| x-Ina+vx*In>a+1 = -1/ . | Ina+vVx*+In’a
x>0 x=1y lim| ————— | =a
X—>00| X
=a
1/x . [
limly x-Ing+x*Ifa+1| = lim: 10&1(”111‘1'*‘ I’ a+1j= limllogu(x-lnaﬂ/x2 In’ a+1j=
x=0 0 xlog,e x>0 x
=Ina =Ilna=1/log,e =1
. th(xx X _ —X X _ —X
lim—— =& =" a=Ina limt =% g
0 x e+ >0x g +at

APPENDIX 1. The proof of the inequalities (4) x>0

xe " <sinx < xe",
xe " <sinhx < xe”.

To the first inequality we apply the well-known inequalitysinx <x. Then
sinx < x < xe". The last inequality is obvious because x < xe* = e* >1.
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For proving the inequality xe ™ <sinx we replace x by —x. we have
—xe' < sin(— x). We use the property sin(— x)= —sinx. Multiplying the inequality
—xe’ <—sinx by the factor —1 we have the previous inequality sinx < xe".

To the second inequality (4) we apply the inequality e® —1> x. The second inequality
(4) is proved like the first, only instead of the inequality sinx<x we will use the
inequality e* —1>x.

X =X

) e’ —e _
51nhx=TSxex:>2xe W<ox<er 1.

we have the obvious inequality 2xe™ <2x=>e¢ " <1. For the proving of the inequality
sinhx <xe* we replace x by —x. We have sinh(—x)<-xe ™. We use the property

sinh(— x)=—sinh x . Multiplying the inequality —sinhx <—xe™* by the factor —1 we return

to the proved inequality sinhx > xe ™.
APPENDIX 2. The proof of the inequalities sinx <sinh x.
We replace the left part of the inequality by a value x that is more then sinx, we get

x <sinhx or 2x<e'—e . We rewrite the inequality in the form e** —2xe*—1>0. The

roots of the equation are e* =x++/x’+1. The negative root we omit because e*>0.
Geometrically we have a parabola y =e** —2xe* —1 respect to e*. The parabola is touched
the axis x only at the point x =0, the branches of the parabola are directed up, i.e. y >0.

Therefore the inequality e** —2xe* —1>0 is fulfilled for any x.
2

Corollary. e* 21+x+%. Here it is used the inequality v1+x> <I1+x°/2 which is

checked by raising both parts of the inequality into square.
Results

1) It is developed a new effective method of the proof of the first and second fundamental
limits in the classical limit theory.

2) The approach generalizes usual theory of the fundamental limits and from our point of
view the theory is more simple and effective.

3) The approach is generalized that leads to many equivalent forms of the limits (from the
first limit we have got 3 corollaries, from the second limits 34). The most of them are
new.

4) The proposed method improves the classical theory of the fundamental limits.
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