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The purpose of the paper is an alternative way of obtaining of the fundamental limits in the elementary theory
of limits. The approach uses two double inequalities. The method is applied to the both limits simultaneously,
that makes the theory universal. Proof of the limits is quite new and original. Apart from that our theory gives
many new representations of the limits (total 37).
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B pa60Te pEaAJIOKCH eI[HHBIﬁ noaxod K (l)yHZ[aMeHTaJ'H)HBIM npeaciaMm B TCOpUM NPCACIOB. HOI[XOI[
OCHOBAaH Ha HCIIOJIb30BaHUH ﬂBOﬁHLIX HEPABCHCTB U NPCACJIbHOM IICPEXOJC B HHUX. MCTO)I MNPpUMEHUM K
obouM (byHZ[aMeHTaJ'H)HI)IM npeaciaM OJHOBPEMCHHO, YTO 3HAYUTCILHO YHPOIIACT O6H_IerI/IH$ITI>Ie noa-
xompl. JlokasatenbcTBa OOOHMX TPENENIOB JAHO B OJHOM CTWJIC M HOCHUT OPUTHHAIBHBEIA Xapaktep. Kpome
TOT' 0, IMOJTYYCHBI HOBBIC CIICICTBUA U3 (byHI[aMeHTaJ'H)HLIX IpeaciioB.

KaroueBsble ciioBa: MeTo/MKa, TEOPHUS MPEILIIOB, PYHIaMEHTAIBHBIC ITPE/IEIIbl, HEPABEHCTBO,
(GyHKLUS, CHHYC, THIIEpOOINYECKUN CHHYC, ABOIHOE HEPaBEHCTBRO.

MerToro CTaTTi € MiaXif, sKui 3a0e3redye €MUHIIN CIoCiO OTpUMaHHS (PYHIAMEHTATEHUX TPAHHIb Y TEOpil TPAHMUIIb.
ITinxin 3acHOBaHMI HA BUKOPHCTAHHI HEPIBHOCTEH 1 TpaHMYHOMY Tiepexozi B Hux. [inxin mocraTHbo npocTuit y
BUKOpHUCTaHHI. €JIMHA CHCTeMa HEpiBHOCTEH 3a0e3medye OmHOYACHEe OTPUMAHHS (GOpMYJ MEpIIOro Ta IPYroro
TPaHMIIb 1, TPAaKTUYHO, BCIX HACII/IKIB 3 HUX. BB TOTO, TEOpist PU3BOAMTH JI0 BETMKOI KiJIBKOCTI HOBUX HACHI/IKIB.
Karouogi ciioBa: Meronuka, Teopist rpaHuilb, PyHIaMEHTAIbHI TPaHUIll, PyHKIlisA, CHHYC,
rinepOoTiYHII CHHYC, HEPIBHICTh, TPAHUYHUH Mepexif.

Introduction

The fundamental limits in mathematical analysis are known as the first and second
fundamental ("wonderful”) limits. They are used mainly for the determination of derivati-
ves of the elementary functions such as sinx,cosx,e”,a” and so on [1], [2]. The fundamen-
tal limits (we shall call simply limits) are used practically in all branches of mathematics,
also for a calculation of the entire class of limits.
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Each of the limits is proved by two different ways. The first limit is based on a limit
procedure in the trigonometric circle. Newton’s binomial is used for the second limit. Each
of the approaches is effective and attractive. Nevertheless these approaches are not
universal [1], [2].

However there are universal methods for the limits. For example, the first and second
limits can be connected one with another by Euler’s formula [3].

The next universal proof method is based on the so-called undetermined coefficient
method which allows finding limits by the standard expansion of the functions sin x and e*[4].

At last there are approaches that look alike as the method in this paper. They are also
based on inequalities and application limits to them. Such methods have some
disadvantages and there is some difficulty in the proof of the inequalities. This is the main
serious disadvantage of such approaches [6].

The inequalities must be proved by elementary mathematical methods. Other words,
the proof must be performed without using of a derivative concept.

We found a simple method to prove such limits. For this we used a deep analogy
between the trigonometric and hyperbolic functions from one side and the classical proof
method of the first limit from another side. Such way has occurred effective and helpful.

1 An auxiliary theorem of the method

The theorem that we shall use in our theory is well-known theorem about a function
f(x) which is placed between two given functions f,(x) and f,(x) [4].

Theorem. If the function f(x) satisfies in a vicinity of the point x, to the inequalities

S < f(x) < f1(x) (1)
and lim f/(x)=lim f,(x)=a then the limit lim f(x) exists and it is equal toa.

It is clear also, if the function f(x) is continuous at x =x, thena = f(x,).

The inequalities (1) have a very important property of symmetry if all functions of
the inequalities are odd. If to replace in the inequalities x by —x

—HO) =)< =)= f1(0) 2 f(x) 2 f,(x) .

The sings of the inequalities (1) have changed.
If the functions are even

HE) S (=)< f(=0) = [(0) < f ()< fr(x)

The sings of the inequalities (1) does not change.
We shall use the theorem for a proof of the limits in the next item.

2 Inequalities for the fundamental limits

It is well-known the inequalities for the first fundamental limit follow from the
trigonometric circle (Fig. 1)

sin x < x < tanx. (2)

The inequalities are obvious for big values of x>0 (Fig.2). It follows from a
behavior of the graphs of the functions (2) at big values of x . This fact will be used later
for a proof the inequalities for any values of x, including small values of x.
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The proof will be done by the controversy method.

B

AN %]2 : ?S:n X

¢ BC - tanx

Figure 1 — The geometrical proof of the inequalities sin x < x < tanx.
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The first inequality sin x < x will be proved if the equation sin x = x has the unique
solution x, =0. This follows directly from the figure (Fig. 2). Assume that there is a root

x, #0 of the equation sin x = x. Execute some elementary transformations to confirm our

assumption.

: . X X X X X
SInX =X =>28In —€0S — =X =>SINn —COS — = -
2 2 2 2 2

X XX
We assumed that the equation sin_cos_ =7 has a non-zero root x . Therefore we

. . X X . .
may to account the equality sin—2=-=2 in the last equation. In the result we get the
2 2

. X . . . .
equation cos?" =1. From here x, =0 is an unique root of the equationsin x = x.

A A .
y y=tan x Y y=sinhx

y=sin X y = tanh x

0 1 0 1

Figure 2 — The trigonometric and hyperbolic functions demonstrate the inequalities

sinx<x<tanx and tanhx < x <sinh x

The second inequality x <tanx is proved as well as the previous inequality. In that

case again we assume that there is a root x, # 0 but now of the equation x =tanx,

X X X
2sin —cos — tan— 1
>x= 2 2 Y2 -
cosx 2 X _in?® 2 a2 ™

x=tanx=> x =

The last equation is satisfied with only the root x=0.

«IITyyHuii iHTENTEKT» 2014 Ne 2

11




Mironenko L.P.
1M

The inequality (2) has proved complitly.

The first limit follows from the inequalities (w2) and the theorem. For this the
inequality (2) has to be divided by sin x >0 and limited at x — +0.
sinxéxésm—x:lé'iéi:cosxésm—xélz lim cosx < lim > <1= lim 0% =1,

CcoSx Smx COSx X >0 >0 x >0 x
The method works for the hyperbolic functions. As a result we shall get one of a form of
the second limit. For this consider inequalities like to the inequalities (2) (Fig. 2)

tanh x < x <sinh x. 3)
Repeat the method as well as in the case of the first limit. Now use the formulas

sinh x = 2sinh gcoshg , coshx = cosh? % +sinh? % . For example,

sinhx:x:>2sinh£cosh£:x:>sinh£cosh£:£:>cosh£:1:>x:0.
2 2 2 2 2 2

The inequality (3) divide by sinh x>0, account also tanhx =sinh x/coshx. We
have

1 < X <1:>1Ss1nhx

coshx sinhx X

<coshx.

Taking into account also that lim coshx =1, we have in the limit at x — 0,

x—0

. sinh x
lim =

x—0 X

1. 4)

This is one of the representations of the second fundamental limit.

The formulas (2) and (4) were received at x — +0, but they are written for arbitrary
x—0. It is cleared they do not change at x — —0. In that case all functions in the
inequalities (2) and (3) are odd, therefore for negative x we have

tanh(—x) < —x <sinh(—x) = —tanh x < —x < —sinh x = sinh x < x < tanhx.
Now show how to come from the form (4) to the standard form of the second limit.

: . . . ) ) e'—e
Let us rewrite the limit (r4) according to the definition of the function sinh x = 5
. e —e” . e e —e’ 1. e -1 e -1
hme ¢ zlzlmie ¢ :l:>11m—,11me =1=1lim =1.
=0 2x x—0 g* 2x =0 ¥ x>0 2y =0 x

The last limit is known well [1-3]. It represents one of the corollaries from the
second limit. Other forms of the second limit follow from this and they are described in
many handbooks.

The corollaries of the fist fundamental limit are well-known and they are described in
literature. We restrict ourselves only new corollaries (Tab. 1).
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Table 1 — The corollaries from the first and second fundamental limits.

First standard limit Jim >0 = Second standard limit lim sinh x =1
-0 x x—0 X
Replacement or changing of Result Replacement or changing of the Result
the variable variable
X =arcsin y lim arcsinx _ 1 x=asinhy lim asinhx _ !
x—0 X x—0 X
i . . tan inhx .. . tanhx
tanx = S0 ,limcosx =1 lim 2% tanh x = X ,limcoshx =1 lim =1
cosx x>0 x>0 x cosh x x>0 x—0 X
X =arctan y . arctanx x=atanhy . _atanhx
lim——— =1 lim——= =1
x—0 X x—0 X
Results

1. It is developed a new effective method of the proof of the first and second

fundamental limits in the classical limit theory.

2. The approach generalizes usual theory of the fundamental limits and from our

point of view the theory is more universal.

3. The approach is generalized that leads to many equivalent forms of the limits

(from the first limit we have got 3 corollaries, from the second limits 34). The most of
them are new.

4. The proposed method essentially improves the classical limit theory.
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RESUME
L.P. Mironenko
A New Approach to the Fundamental Limitsin the Theory of Limits

Background: there is a deep analogy between the trigonometric and hyperbolic functions.
The fist fundamental limit is connected with trigonometry. It should expect an universal
method of a proof of the both fundamental limits. We found such way by using the method
of the proof from a controversy.

Materials and methods: it is used so-called the method of a proof from a controversy.
Besides in the paper we apply usual properties of limits such as taking a limit in
inequalities, some methods of elementary mathematics.

Results: it is developed a new effective method of a proof of the first and second
fundamental limits in the classical limit theory. The approach generalizes usual theory.
From our point of view the theory is more simple and effective. The approach is more
general then existing that we have got many equivalent forms of the limits (from the first
limit 3 corollaries, from the second limits 34). The most of them are new. The proposed
method essentially improves the classical fundamental limit theory.

Conclusion: it is found more effective method of a proof of two fundamental limits in the
theory of limits. The method is universal and very simple. The result can be used by
professors for students for a studying of the limit theory in colleges and universities.

The paper is received by the edititorial 05.04.2014.
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