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Annotation. The paper considers an approach to the construction of fuzzy structured numerical sets based on the 

formation of a fuzzy original of a special type with subsequent replication on the number axis. The constructive 

principle of fuzzy original formalization is to define a fuzzy triangular number with the appropriate support. A variant 

of the formation of fuzzy numerical sets, formalizing the "fast" and "slow" passage of time, is proposed. The developed 

technique allows us to propose a solution to the problem associated with the formalization of the subjective perception 

of the time reference in processes involving a person, to obtain results and evaluate the impact of fuzzy description and 

taking into account the dynamics of the time reference on the solution of various optimization problems. A general 

approach to the formation and solution of fuzzy linear optimization problems is considered, the transition from fuzzy to 

parametric formulation in the Bellman-Zade form is described. Examples of the use of fuzzy flow of time for different 

statements of tasks that arise when determining the order of the set of tasks within a given time interval with or without 

additional restrictions on the execution process are considered. An approach is proposed for the correction of the initial 

time distribution plans, taking into account different rates of time counting. A mathematical model of the fuzzy 

traveling salesman problem is formulated as a problem of finding a route to visit a given number of cities without 

repetitions with a minimum travel time with time parameters specified as right fuzzy numbers, the support value in 

which depends on various external conditions and factors. The results of calculations of solutions of fuzzy optimization 

problems are obtained. The influence of the speed of the passage of time on the solution of the considered optimization 

problems is determined. 

 

Keywords:  triangle numbers, time passage formalization, fuzzy optimal tasks. 
 

 

Introduction  

The behavior of people significantly 

depends on their emotional state. Emotions in 

human organisms perform the function of a 

local control criterion, set by some objective 

function, depending on specific factors 

influencing emotions. Emotions can “trigger” 

behavior corresponding to a particular 

situation, which is not necessarily optimal, 

but allows avoiding (perhaps with losses) 

significant consequences of exceeding some 

important (for example, temporal) resource 

[1]. 

On the other hand, it should be noted 

that the goal of building and developing set-

theoretic approaches in the field of modeling 

human behavior has always been the desire to 

adapt mathematical models to real life, to be 

able to organically combine the potential of 

computational methods with the specifics of 

human thinking [2]. Such tasks are typical for 

the implementation of artificial intelligence 

methods and algorithms, for the development 

of decision support tools, for solving resource 

allocation problems taking into account the 

influence of the human factor, and the like. 

As mentioned above, one of the 

important resources considered in processes 

involving a person is time. The concept of the 

magnitude of the time interval is necessary to 

describe the time intervals, the exact limits of 

which in this case may not be known until a 

specific state of the process occurs. As a 

consequence, each period of time is 

determined by some interval, the boundaries 

of which are currently not defined, but can be 

described approximately taking into account 

the characteristics of the flow of time. This is 
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possible provided that information about the 

boundaries of the guaranteed placement of a 

given interval on the time scale is considered 

available, and the boundaries of the interval 

can be specified over time. The measurement 

of time intervals can also be represented in the 

form of linguistic terms that determine the 

speed of the time resource, for example, a 

quick response, a normal time count or a long 

wait. Accordingly, when solving problems in 

which there is a need to implement verbal 

terms to describe the time reference, one 

should take into account the uneven flow of 

time. It is also obvious that the perception of 

the rate of time reference in various processes 

involving a person is significantly influenced 

by emotions. 

One of the approaches for formalizing 

the representation of time intervals that 

determine different rates of time counting is 

the construction of time interval boundaries of 

two types: exact and guaranteed, for which 

special predicates are used [3]. In [4], an 

attempt was made to describe the flow of time 

in the form of fuzzy quantities of a special 

type. The representation of fuzzy terms is 

determined using specific membership 

functions of some fuzzy numbers, which are 

built on the basis of a body of knowledge 

obtained from the repository or on the basis of 

the results of expert information processing. 

 
Purpose of the study 

Among the tasks in which, in order to 

find an optimal or effective solution, it is 

necessary to take into account the factors 

influencing the emotional state of a person, 

and, as a result, the rate of perception of the 

time reference, it is necessary to single out the 

tasks of resource allocation, scheduling, 

planning, etc. In this paper, we propose to 

consider further detailing the methodology for 

formalizing the process of time flow based on 

fuzzy numbers and its application in solving 

individual fuzzy optimization problems of 

time distribution, taking into account the 

uncertainty associated with the influence of 

non-uniform rates of time counting. 
  

Main materials 

1. Formalization of structured fuzzy 

numbers to describe the timing. 

Definition 1[5]. A fuzzy set A
~

 in the 

universal space Х is a collection of pairs of 

the form ))}(,{( ~ xx
A

 , where Xx , :)(~ x
A

  

]1,0[→X  is the membership function of the 

fuzzy set A
~

. 

The value of the membership function 

)(~ x
A

  for an arbitrary element Xx  

determines the degree of membership x  to 

the fuzzy set A
~

. If a subset of real numbers 
1RX   is considered as a universal space X , 

the fuzzy set A
~

 contains a collection of pairs 

composed of two scalar values 1Rx  and 

)(~ x
A

  . 

Definition 2 [6]. A fuzzy triangular 

number b
~

 is an ordered triple of numbers 

)},,{(
~

cbab = , cba  , for which the 

membership function )(~ x
b

  is defined in the 

form: 

         bax
ab

ax
x

b
,,)(~ 

−

−
= ;   

 cbx
bc

xc
x

b
,,)(~ 

−

−
= ;  (1) 

           caxx
b

,,0)(~ =  .  

A fuzzy triangular number of the form 

(а, b, b), called a left fuzzy triangular number 

[6], is determined by the membership function 

of the form 

         axx
A

= ,0)(~ ;  

  bax
ab

ax
x

A
,,)(~ 

−

−
= ;  (2) 

           bxx
A

= ,1)(~ ,  

and the fuzzy triangular number of the form 

(b, b, c), called the right fuzzy triangular 

number, is the membership function 

       bxx
A

= ,1)(~ ; 

 cbx
bc

xc
x

A
,,)(~ 

−

−
= ;  (3) 

       cxx
A

= ,0)(~ .  

For a fuzzy number  b
~

, the support 

supp b
~

= 0)(: ~  xXx
b

  is an interval [6]. 

In this case, for a fuzzy triangular number  

),,(
~

cbab = , the support will be an interval 

( )ca, , for a right fuzzy triangular number - an 
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interval  )cb, , for a left fuzzy triangular 

number - an interval ( ba, . 

Over fuzzy sets, all operations are 

defined that are characteristic of the 

traditional theory of exact sets, but, of course, 

with their own specifics, given by the very 

essence of fuzzy sets. Operations of 

intersection, union, complement and others 

for fuzzy sets are determined by known 

relations [5], but cannot fully provide a 

number of useful properties of fuzzy numbers 

that generalize and extend operations with 

ordinary (clear) numbers. 

Definition 3. An arbitrary fuzzy 

 triangular number ( )vuE ,
~

, whose support is 

a numerical interval ( )vu, , vu  , will be 

called a fuzzy original. 

A fuzzy original ( vuE ,
~

 will be called 

left if the support of the corresponding fuzzy 

number is given by an interval ( vu, , and a 

fuzzy original   )vuE ,
~

will be called right if 

the support is given by an interval  )vu, . 

Obviously, an arbitrary right fuzzy 

triangular number (b, b, c) can be considered 

as a right fuzzy original with the 

corresponding values cvbu == ,  , and a left 

fuzzy triangular number (a, b, b) as a left 

fuzzy original with bvau == , . 

If we assume 1,0 == vu , then the fuzzy 

original ( ) EE
~

1,0
~

=  will be called the fuzzy 

single original, and, accordingly, ( 1,0
~
E  - the 

left fuzzy single original,  )1,0
~
E  - the right 

fuzzy single original. The fuzzy original 

( )vE ,0
~

,  0v , with support ( )v,0  will be 

called initial. 

The name of the introduced concept is 

explained by the fact that with the help of a 

given fuzzy original one can formulate a 

fuzzy set of a special type with some 

characteristic properties. 

Definition 4. A fuzzy numerical number 

R
~
( )ts,  with a support given by a numerical 

interval ),( ts , ts  , is a replication of a fuzzy 

original (or a fuzzy replication) ),(
~

vuE , 

vu  , if the condition stuv −=−  is true. 

It should be noted that the membership 

function defined on the fuzzy original does 

not necessarily coincide with the replication 

membership function R
~
( )ts, . In this case 

1=− st , the set R
~
( )ts,  is a replication of a 

fuzzy single original. 

Definition 5. A fuzzy number 


n

i

iii tsRR
1

),(
~~

=

= , where ),(
~

iii tsR , ni ,1= , are 

replications of a fuzzy original ),(
~

vuE , 

vu  , with supports specified by numerical 

intervals ),( ii ts , ni ,1= , =
=


n

i

ii ts
1

),( , will 

be called an n-dimensional replication of a 

fuzzy original ),(
~

vuE . 

The multiplicity of replication can be 

infinite, according to which such a replication 

will be called the replication of a fuzzy 

original of infinite multiplicity.  

Definition 6. Fuzzy numerical set  


n

i

iii ssRR
1

1),(
~~

=

+= , where ),(
~

1+iii ssR , ni ,1= , 

is replications of a fuzzy original ),(
~

vuE , 

vu  , with supports specified by numerical 

intervals ),( 1+ii ss , ni ,1= , will be called n-

dimensional sequential replication of a fuzzy 

original ),(
~

vuE . 

Similarly, we can consider the case of 

replications, for which the values of the 

membership functions of elements of the 

fuzzy original are completely preserved. 

Definition 7. A fuzzy replication 

C
~

),( ts , ts  , of a given original ),(
~

vuE , 

vu  , is called a copy if the condition 

)()( ~~ xy
EC

 =  is satisfied for all += ux ,  

+= sy ,   0 , stuv −=−= . 

Definition 8. Fuzzy replication 

C
~


n

i

iC
1

~

=

= ),( ii ts , where ),,(
~

iii tsC ni ,1=  , are 

copies of fuzzy original ),(
~

vuE , vu  , with 

supports given by numerical intervals ),( ii ts , 

ni ,1= , =
=


n

i

ii ts
1

),( , will be called an n-

dimensional copy of the fuzzy original 

),(
~

vuE . 

Definition 9. Fuzzy replication 
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 C
~

),(
~

1

1

+

=

= ii

n

i

i ssC , where ),(
~

1+iii ssC ,  

ni ,1= , is copies of the fuzzy original 

),(
~

vuE , vu  , with supports specified by 

numerical intervals ),( 1+ii ss , ni ,1= , will be 

called an n-dimensional sequential copy of 

the fuzzy original ),(
~

vuE . 

As in the case of replications of infinite 

multiplicity, copies will be called copies of 

the fuzzy original of infinite multiplicity. It is 

also clear that the definitions of right and left 

replications and copies of the fuzzy original 

will be similar. 

We use formalized fuzzy structured 

numerical sets to describe the uncertainty in 

the measurement of the time count. The 

duration of time intervals, presented in 

linguistic form, is a reflection of the subject's 

assessment of the time interval, taking into 

account the emotional impact of specific 

conditions associated with the mode of 

observing time. It is known that the lack of 

time that occurs in situations with prompt 

decision-making, speed testing, competitions 

with a time limit, leads to "acceleration" of 

the flow of time. Accordingly, in the presence 

of an excess of time and the absence of 

"consumed" processes (under the conditions 

of waiting for events, prolonged inactivity, 

etc.), the passage of time slows down. In other 

words, the measurement of the time reference 

in different situations is determined by a 

subjective assessment, which can be 

described by a fuzzy triangular value. 

Suppose that the measurement of time 

occurs through intervals of the same duration 

(such intervals can be considered any unit of 

time, for example, 1 second, 1 day or 1 year, 

depending on the pace of the process). To 

monitor the fuzzy time count, we will 

intuitively estimate the interval remaining 

until the end of each time interval. In this 

case, the “fast” flow of a unit of time can be 

given by a right fuzzy triangular number with 

a support whose length is less than the 

duration of the time interval, and “slow” - by 

a fuzzy number of the same type with a 

support whose length is greater than the 

duration of the interval. Obviously, if time 

flows in a natural way, then the value of the 

support of this fuzzy number coincides in 

length with the value of a unit time interval. 

Thus, having a sample of the time 

interval measurement reference in the form of 

the right initial original ),0[
~

vE , it is possible 

to determine a fuzzy n-dimensional sequential 

copy based on it, which will describe the 

changes in time over a given time interval. 

Let ),0[
~

Q

Q vE  be a right fuzzy original 

in the form of a triangular number with a 

linear descending membership function that 

defines a “fast” unit time interval ( 1Qv ), 

and ),0[
~

D

D vE  - a similar fuzzy original that 

defines a “slow” unit interval ( 1Dv  ). Let's 

define
QC

~


Q

Q

Q

n

i

Q

iC
1

~

=

= ),[ 1+QQ ii ss  - a fuzzy Qn -

fold sequential copy of the original 

),0[
~

Q

Q vE , which describes a "fast" change in 

time over a period ),[ 11 +Qnss , and 

DC
~


D

D

D

n

i

D

iC
1

~

=

= ),[ 1+++ DQDQ inin ss  - a fuzzy Dn  -

fold sequential copy of the original 

),0[
~

D

D vE , which determines a "slow" change 

in time over an interval ),[ 11 +++ DQQ nnn ss . Here 

),[
~

1+QQQ ii

Q

i ssC , QQ ni ,1= , ),[
~

1+++ DQDQD inin

D

i ssC , 

DD ni ,1= , are copies of right fuzzy originals 

),0[
~

Q

Q vE  and ),0[
~

D

D vE , respectively, with 

supports given numerical intervals of given 

length Qv  and Dv  . 

Then a fuzzy numerical set of the form 
QC

~


DC
~

 will describe the countdown of 

time on the interval ],[ 11 ++ DQ nnss . This 

countdown consists of two phases: the fast 

time change phase on ],[ 11 +Qnss  and the slow 

time change phase on ],[ 11 +++ DQQ nnn ss . It is 

obvious that by changing the nature of the 

time counting on the intervals and combining 

the obtained fuzzy copies, it is possible to 

build a fuzzy number that reflects the fuzzy 

perception of the flow of time on an arbitrary 

time interval. In addition, the resulting fuzzy 

numerical set can be supplemented with a 
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copy of a single original E
~

 that determines 

the natural time reference. 

It should be noted that "fast" or "slow" 

timing is typical not only for human 

perception, but also for various processes in 

technical systems. The speed of operation of a 

technical device is often determined by the 

frequency (number per unit of time) of clock 

pulses applied to the input. Increasing or 

decreasing the frequency within the allowable 

interval allows you to do the same job faster 

or slower. In other words, the clock frequency 

actually determines the "fast" and "slow" 

passage of time. Thus, this once again 

confirms that a fuzzy estimate of the rate of 

change of the time count can be obtained on 

the basis of the basic fuzzy original describing 

the verbal term "remainder until the end of a 

unit of time". 
 

2. Fuzzy optimization problems and 

methods for their solution. 

Let us consider the problem of 

formalizing the influence of the subjective 

perception of the time reference in processes 

involving a person using the example of 

mathematical programming problems with 

parametric uncertainty. 

Recall a typical formulation of a linear 

programming problem. Suppose that within 

the framework of a certain production 

process, it is planned to release various 

products in the amount of nxx ,...,1  . Denote 

by jc  the expected profit per unit of sold 

products of the type njj ,1, = . For the 

production of any products are used the 

resources mbb ,...,1  - the production capacities 

of the company, and the unit costs of the i-th 

resource mi ,1= , in the production of a unit 

of output of type j, nj ,1=  are ija  units. It is 

necessary to find such a rational plan for the 

production of products of each type that 

provides the maximum profit for the 

manufacturer. The mathematical model of this 

problem with fixed known values of the 

parameters jc , ija , nj ,1= , mi ,1= , is similar 

to the standard linear programming problem 

of the form [7]:  

max   
=

n

j

jj xc
1

   (4) 

with constraints 


=


n

j

ijij bxa
1

,    mi ,1= ,    (5) 

       nRxx  ;0 . 

If the set of feasible solutions defined 

by the system of constraints is complete or 

enumerated, then we obtain a class of discrete 

linear programming problems [7], which 

includes a Boolean programming problem of 

the form (4), (5) with additional constraints 

on variables in the form  }1,0{=jx , nj ,1= . 

One of the most well-known problems 

of Boolean programming is the knapsack 

problem, the content of which is the optimal 

placement of a set of a given number of 

objects in a knapsack of a given capacity, 

provided that two parameters are given for 

each of them - volume and value. 

Suppose that  V is the volume of the 

knapsack, each of the n items has a volume 

jv  and value jc , nj ,1= , and all 

characteristics are given by positive numbers. 

One of the deliverables of the knapsack 

problem is to determine the set of items 

placed in the knapsack, the total value of 

which is maximum, taking into account the 

constraint on the size of the knapsack [7], 

which is written as: 


=

n

j

jj xc
1

max    (6) 


=


n

j

jj Vxv
1

,   (7) 

where }1,0{=jx , nj ,1= . 

In practice, the parameters of 

optimization problems are often not known, 

or only intervals of possible values can be 

determined for them. Problems of this type 

are called problems with multivalued 

coefficients. In this case, the specification and 

refinement of the parameters of mathematical 

models is possible based on the description of 

the coefficients in the form of fuzzy numbers. 

Additional information is introduced into the 

model by means of membership functions of 

fuzzy values. These functions can be 

considered as a way for an expert to 
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approximate an informal representation of the 

real value of a particular parameter. The value 

of membership functions is the weight 

coefficients that experts assign to different 

possible values of each parameter of the 

problem. 

Let us consider the formalization of 

such a refinement using the example of 

setting a general fuzzy mathematical 

programming problem [8], similar to a similar 

standard linear programming problem of the 

form (4), (5). In this case, it is considered that 

a linear objective function of the form 

max~

1

→
=

n

j

jj xc ,   (8) 

in which the values of the coefficients jc~  are 

presented in the form of fuzzy numbers and 

the constraint is given 


=


n

j

ijij bxa
1

~~ ,    mi ,1= ,  njx j ,1,0 =  , 

where the values of the coefficients ija~ , ib
~

 are 

also described in the form of the 

corresponding fuzzy numbers. It is necessary 

to make a rational choice of a solution 
nRx , that, in a certain sense, maximizes 

the given fuzzy linear form (8). 

The general formulation of the fuzzy 

optimization problem makes it possible to 

determine its individual variants, which are 

characterized by the presence of uncertainty 

only in part of the parameters. In the case of a 

fuzzy problem of linear mathematical 

programming with fuzzy technological 

coefficients, we obtain the problem of 

optimizing the objective function (7) under 

the condition 


=


n

j

ijij bxa
1

~ , mi ,1= ,     (9) 

        
nRxx  ;0 . 

Here ija~ , mi ,1= , nj ,1= , are techno-

logical coefficients of the problem, given in 

the form of right fuzzy numbers  

( ija , ija , ijij da + ), mi ,1= , nj ,1= , with 

membership functions: 









+

+−+

=

=

,,0

,,/)(

,,1

)(

ijijij

ijijijijijij

ij

a

asmadas

dasadsda

as

s
ij



 

      mi ,1= nj ,1= ,    (10) 

where 0ijd , mi ,1= nj ,1= . 

To find solutions to the fuzzy problem 

(4), (9)-(10), it is necessary to carry out its 

defuzzification. To do this, we calculate the 

optimal values of the levels of the objective 

function (1) lZ  and uZ  by solving  two linear 

programming problems [7]  

lZ = 
x

max  
=

n

j

jj xc
1

, 


=


n

j

ijij bxa
1

, mi ,1= nRxx  ;0 , 

and 

uZ = 
x

max  
=

n

j

jj xc
1

, 


=

+
n

j

ijijij bxda
1

)( , mi ,1= nRxx  ;0 . 

Assuming that both problems have a 

solution, we obtain that the optimal value of 

the objective function (4) will lie between the 

values lZ  and uZ   and when placing 

technological coefficients between the values 

ija   and   ijij da + , mi ,1= , nj ,1= . 

Let  L = ),min( ul ZZ , U = ),max( ul ZZ . 

The calculated values L  and U  will be, 

respectively, the lower and upper limits of the 

optimal values of the objective function. 

The fuzzy value of optimal values (let 

us denote it as G
~

), given in space nR , is 

described by the membership function of the 

form 

















−−



=







=

==

=

,,0

,),/()(

,,1

)(

1

11

1

~

Uxc

UxcLLUxcU

Lxc

x

n

j

jj

n

j

jj

n

j

jj

n

j

jj

G


      (11) 

Fuzzy constraints ( iF
~

, mi ,1= ) from (9) 

are determined by the membership functions 
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



















+



+=

−+



=










=

=

=

=

=

,)(,0

,0,0

,)(,

)(

,,1

)(

1

1

1

1

1

~

i

n

j

jijij

ikikijij

i

n

j

jijijn

j

jij

n

j

jijij

i

n

j

jij

F

bxda

dkd

bxayfor

xd

yxda

bxa

x
i






 

         ,0ijd mi ,1= , nj ,1= .      (12) 

Using the definition of a fuzzy solution 

as understood by Belman-Zade [6], we 

rewrite the fuzzy linear programming problem 

(4), (9)-(10) in the form of a crisp 

optimization problem 

                
x

max  

 
,,1,)(

,)(

~

~

nix

x

iF

G

=






  .0x  (13) 

Substituting (11) and (12) into (13), we 

write the final form of the problem 

               
x

max  

,,1,)(

,)(

1

1

mibxda

ULUxc

i

n

j

jijij

n

j

jj

=+

−+





=

=





   (14) 

   .10,0  x  

It is necessary to designate that the 

subdivision of the problem (14) is to take care 

of the production jx , ,,1 nj = , and that is 

not ocular. In this way, in order to solve the 

problem (14), it is necessary to develop 

methods that are recognized for the search for 

the solution of non-broad optimization 

problems. 
 

3. The fuzzy problem about the 

knapsack as a way to find the optimal 

distribution of the clock resource with the 

fuzzy terms of the implementation 

(implementation). 

One of the most important optimization 

tasks, which allows fuzzy formulation on the 

basis of fuzzy technological coefficients, is 

the task of distributing the hourly resource, 

which can be formalized in a look at the tasks 

about the knapsack. 

Let's assume that it is necessary to 

complete N tasks iZ , Ni ,1= , each of which 

are characterized by a time of performance iT , 

Ni ,1= . It is possible that for switching from 

the one task to another, a necessary time 

interval (time of changeover) ,ij  Ni ,1= , 

Nj ,1= , ji  . It is important that the 

performance of tasks is carried out by one 

performer, and the time for performance of all 

tasks  is surrounded by a certain value T , 

TT
N

i

i 
=1

.  

Let the variance of the skin problem be 

assessed according to the number of balls ,iB  

Ni ,1= . For the purpose of working to 

achieve the highest possible score for the 

mind, so that the intervals of an hour for 

reworking the job are not insured, we can 

formulate the task of the most efficient hourly 

resource for looking at the task of a knapsack 

max
1

→=
=

N

i

ii xBW ,   (15) 

   TxT i

N

i

i 
=1

,   (16) 

}1,0{ix , Ni ,1= . 

Here }1,0{ix , Ni ,1= , - boolean 

variables whose single values correspond to 

the performance of the task, and zero - its 

non-performance.  

For the formalization of the fuzzy 

problem, we will take into account the time 

resource, that the terms of completion tasks 

are only approximate. Let's write down the 

parameters of the hour, which is necessary for 

the work to be carried out at the sight of fuzzy 

triangle numbers  ),,(
~

iiiii TTTT += , Ni ,1= , 

де 0 i , Ni ,1= , - allowable delays in 

work carried out, depending on the conditions 

of the task. 

Similarly, the fuzzy problem of the 

most efficient choice of the hourly resource 

can be written down in a seemingly fuzzy task 

about a knapsack with an objective function 
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(15) and formally written down as an 

exchange 

TxT i

N

i

i 
=1

~
,   (17) 

}1,0{ix , Ni ,1= , 

with fuzzy defined terms, the calculation of 

fuzzy numbers (interpretation of unevenness 

(17) transfers, so that the addition of that 

pairing of fuzzy numbers is carried out 

according to the given rules for fuzzy 

quantities [5]). 

The problem is formulated as a problem 

of mathematical programming with fuzzy 

technological coefficients. The best sum score 

is assigned to the value oW = ),( 00 xW  of 

goal function (15) on the optimal fuzzy 

solution ),( 00 x  of the Bellman-Zadeh 

optimization problem (14). 

If you want to pay an hour for a 

changeover when switching from one job to 

another, the order of work becomes 

important. It is necessary to bring to the point 

of necessity the development of combinatorial 

optimization methods. The solution to the 

problem of optimal timing T  will be the 

permutation of task numbers ),...,( 1 mppp = , 

Nm  , Npi ,1 , mi ,1= , as it determines 

the sequence of the task to work and as a 

solution to the problem of optimization, 

similar to (15), (17): 

max
1

→=
=

m

i

pp ii
yBW ,  (18) 

TxT
N

i

N

ij
j

ijiji +
=


=1 1

)
~

(  ,  (19) 

where }1,0{ijx - variables characterizing the 

order of work execution (with a single value, 

work  i  is performed immediately before 

work  j , in other cases - 0), jiNji = ,,1, , 



 =

=
,,0

,1,1

otherwise

xif
y

ij

i , mi ,1= . 

Examples of the above formulations are 

the usual situations of students' knowledge 

assessment based on the results of test tasks in 

different disciplines on module tests or final 

semester tests and exams, during which it is 

necessary to complete a number of tasks with 

an established time schedule for each of them 

and for the total number of tasks. in general. 

It is also clear that the formulation of 

the task of distributing a time resource with 

fuzzy deadlines is associated not only with the 

impossibility of estimating the time of work, 

but also with an attempt to take into account 

the influence of subjective factors of 

perception of the time count on the speed of 

task completion. 

It is also clear that the formulation of 

the task of distributing a time resource with 

fuzzy deadlines is associated not only with the 

impossibility of estimating the time of work, 

but also with an attempt to take into account 

the influence of subjective factors of 

perception of the time count on the speed of 

task completion. 

Assuming further that the state of the 

executor (subject or object) can affect the 

performance of tasks of a certain set of works 

(for example, the timely completion of 

individual tasks has a positive effect, and 

failure to complete or delay the completion of 

work slows down the solution of the entire set 

of tasks), optimization problems arise for the 

effective use of time in the form T  (15), (16); 

(15), (17) and (18), (19) taking into account 

the fuzzy timing of the deadlines for the 

implementation of individual tasks. 

Let us consider that the “fast” passage 

of time unit on the i -th interval, Ni ,1= , is 

described by the right fuzzy triangle number 

),0[
~

i

Q vE , Ni ,1= , with the support, the 

length of some less for the trivality of the 

single hour interval ( 1iv  ), and the “slow” 

passage – by the fuzzy triangle number 

),0[
~

i

D vE , Ni ,1= , with the support, the 

length of what more for the triviality of a unit 

interval ( 1iv  ). The aging of the dermal task 

is carried out in a special mode, which is not 

changed by the length of the hourly interval 

of the specific task. 

Let the solution of the problem of 

optimal use of time (15)-(16); (15), (17) or 

(15)-(19) be obtained by permuting from task 

numbers ),...,( 1 mppp = , Nm  , Npi ,1 , 

mi ,1= , the elements of which specify the 

sequence of work execution. Then the values 
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ipT , Npi ,1 , mi ,1= , determine the nominal 

(planned) execution time of each task, and the 

values 
iii pp

r

p vTT *= , Npi ,1 , mi ,1= , at the 

same time will set the time actually spent on 

the execution of the current task, taking into 

account its “fast” or “slow” execution. 

For such minds, it was understood that 

the result of the "quick" task completion is the 

rest of the time, which can be further used to 

solve other tasks, nd the "slow" execution, on 

the contrary, leads to a shortage of time, the 

coverage of which must be carried out at the 

expense of time resources allocated for the 

execution of further tasks. Such a correction 

of the execution time can lead to a change in 

the solutions obtained in solving optimization 

problems: a task that is not included in the 

original plan may be attached to the list, or 

there will not be enough time from the 

available actual resource  T  to complete the 

entire plan obtained. 

To simulate and demonstrate the 

influence of time dynamics on the solution of 

the problem of optimal use of time  T , a 

number of numerical experiments were 

carried out. Formalization of the fuzzy 

assessment was carried out according to a 

simplified scheme. The result of the execution 

or failure of the current task was modeled 

randomly. At the same time, the fulfillment of 

the task “slowed down” the rate of decrease in 

the hour, and the failure to fulfill it, on the 

contrary, “accelerated” it. The change in 

speed during the calculation process was 

fixed as a modification of the time T  

allocated for the execution of all tasks: the 

value increased in proportion to the time of 

the current task completed (the effect of 

slowing down the rate of time flow) and 

decreased - if the current task was not 

completed (the effect of acceleration). 

The results of numerical distributions of 

the time resource are obtained when 

performing a set of tasks for the case of fuzzy 

terms for their implementation [9]. 
 

4. Statement of the traveling salesman 

problem (TSP, Traveling Salesman Problem). 

Let's assume that he is a representative 

of a trading company, who wants to propagate 

or reconsider the presence of his company's 

goods at the points of sale of the actual stock 

of a particular region. The route of yoga 

traffic is to blame for the revenge of the 

points, which are registered at the head, 

moreover, it is necessary to see the leather at 

the points no more than once. It’s more 

expensive to pick up a lot of time, so it’s 

logical that a representative wants to lay down 

his route in such a rank, so that he’ll stand, 

like it’s necessary to repair it, it will be 

minimal (as a criterion, you can also look at 

the sign of a path of minimal mileage or by 

passing expenses). The search for such a route 

is the main task in solving the traveling 

traveling problem [7]. 

The Traveler Problem is a 

combinatorial problem, for which one can use 

methods of mathematical programming.  To 

reduce the problem to a general form, we 

number the cities by numbers (1, 2, 3, ..., n), 

and describe the traveling salesman's route by 

a cyclic permutation of numbers, moreover all 

,
 

),,...,,( 121 jjjjt n= , are different numbers. 

The number repeated from the beginning to 

the end indicates that the permutation is 

cyclic.  

The set of cities can be considered as 

the vertices of some graph with given 

distances (or travel time) between all pairs of 

vertices ijc  that form the matrix С=( ijc ), 

i,j= n,1 . We assume that this matrix is 

symmetric. The formal problem then is to find 

the shortest route (in time or length) that goes 

through each city and ends at the starting 

point. In this formulation, the problem is 

called the closed traveling salesman problem 

(TSP), which is a well-known mathematical 

integer programming problem. 

         The mathematical statement of the TSP 

problem. 

Let I={1,...,п} be the set of vertex 

indices of the problem graph. The objective 

function is the total time of the route, 

including all the vertices of the task graph. 

The parameters of the problem are the 

elements of the matrix С=( ijc ), i, j I . 

The variables of the problem are the 

elements of the binary matrix of transitions 

between the vertices X = }{ ijx , i, j I , which 

are equal to 1 if there is an edge( ji vv , ) in the 
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constructed route for the task, 0 otherwise 

[10]. The optimal route is the shortest route in 

terms of time: 

min
,

→=  
 Ii ijIj

ijij xcE  (20) 

with constraints 

              

1
,

=
 ijIj

ijx , i I , 

      1
,

=
 ijIi

ijx ,  j I ,  (21) 

1−+− nnxvv ijji , nji 1 . 

The last inequality ensures the 

connectivity of the vertex traversal route; it 

cannot consist of two or more unconnected 

parts. 

Algorithms that allow solving the 

problem of finding the optimal route can be 

divided into exact and heuristic. For small 

problems (for example, for the purpose of 

primary design of a small transport network), 

it is advisable to use exact algorithms, since 

their implementation requires high computing 

power, which cannot be said about real 

problems: for them, as a rule, it is necessary 

to use heuristic algorithms. One of these 

methods is the simulated annealing method 

[11]. 

Mathematical model of fuzzy problem 

TSP. 

We will assume that the movement 

along each of the stages of the path under 

normal conditions can be carried out in time 

0ijb , nji ,1, = . Suppose that each stage of 

the travel path can be divided into separate 

sections (for example, ascent, descent, road 

repair section, etc.), the number of which is 

denoted by 0ijd , nji ,1, = . It is known 

that, under normal conditions, movements in 

these areas are carried out in time  0ijkb , 

ijdk ,1= , nji ,1, = . 

Taking into account information about 

the state of the paths between individual 

points of the transport network at the 

beginning of solving the traveling salesman 

problem, we estimate the travel time for all 

sections, which can be less (the section is 

overcome faster) 0ijkb , 

ijdk ,1= , nji ,1, = ,or more (delays are 

possible) 0ijkb , ijdk ,1= , nji ,1, = , of 

usual time. 

It is clear that the shortest time 0ijkb , 

ijdk ,1= , nji ,1, = , must be limited by the 

rules and possibilities of movement, and the 

longest time 0ijkb , ijdk ,1= , nji ,1, = , is 

considered to be finite (i.e., the option of a 

complete stop is not considered). 

Under such conditions, the time of 

movement along individual sections of the 

path can be described by fuzzy triangular 

numbers ),,(
~

ijkijkijkijk bbbb = , ijdk ,1= , 

nji ,1, = , and the parameters of the problem 

specified by the elements of the matrix 

С=( ijc~ ), nji ,1, = , are fuzzy triangular 

numbers  ijc~ = ijb
~

= ),,( ijijij bbb ,  
=

=
ijd

k
ijkij bb

1

, 


=

=
ijd

k
ijkij bb

1

, 
=

=
ijd

k
ijkij bb

1

, nji ,1, = , with 

linear membership functions of the form (1).  

The objective function of the traveling 

salesman problem takes the form 

min~

,

→=  
 Ii ijIj

ijij xcE ,      (22) 

and the problem, together with constraints 

(21), is a fuzzy optimization problem [8], 

which can be solved using the annealing 

simulation method. 

To implement the technique for solving 

the fuzzy traveling salesman problem, we use 

an approach based on the use of level sets [8]. 

To do this, we are looking for two separate 

solutions that correspond to the smallest and 

largest values of the sets of the level of fuzzy 

parameters specified by the matrix C. The 

reliability level of the fuzzy solution is 

determined by the value that specifies the 

assessment of the level of influence of various 

factors on the duration of the route sections. 

This approach allows for any fuzzy numbers,  

ijc~ , nji ,1, = , to construct slices that are 

given in the form of time intervals necessary 

to overcome each of the stages of the 

traveling salesman's route. 

Applying the simulated annealing 

method for the extreme values of these 

intervals, we solve the traveling salesman 
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problems in the best and worst case of travel 

time along the route. Under such 

circumstances, we obtain a time interval that 

gives an estimate of the values of the criterion 

function (22) for the selected parameter . The 

minimum value will determine the time under 

ideal traffic conditions, the maximum - taking 

into account the greatest influence of factors 

that worsen the duration of the passage of 

route sections. 

Different results of calculations 

obtained by solving the traveling salesman 

problem for different values of the parameter 

are obtained [12]. 
 

Conclusions and discussions 

The article presents a constructive 

method for constructing a fuzzy set that 

describes changes in the speed (rate) of the 

passage of time. To formalize the fuzzy 

estimate of the time reference, the concept of 

triangular fuzzy numbers with a linear 

membership function is used. The approach is 

logically and mathematically justified. 

Optimization problems are formulated and 

investigated that operate with a time resource, 

the solution of which depends on taking into 

account the speed of counting time. The 

application of this approach allows us to solve 

practical problems of time resource allocation, 

taking into account the impact of the 

performance or non-performance of 

individual tasks on the search for effective 

solutions to problems. 

The annealing simulation method is 

considered for solving the fuzzy traveling 

salesman problem, which is formulated as the 

problem of finding a route to visit a given 

number of cities without repetitions with a 

minimum travel time. The content of the 

annealing simulation method is presented, the 

method formalization algorithm is described. 

A fuzzy traveling salesman problem is 

formulated, in which the time parameters of 

movement between cities are given in the 

form of right fuzzy numbers, the carrier value 

in which depends on various external 

conditions and factors. The results of 

calculations for solving the traveling salesman 

problem in clear and fuzzy forms with 

different parameters of slices of fuzzy 

numbers are presented. 

Further study of the topic under 

consideration is connected with the analysis 

of fuzzy optimization problems, the area of 

feasible solutions in which is described by a 

fuzzy set of indices, with the development of 

the heuristics of the greedy scheme for the 

approximate solution of problems of efficient 

use of time resources and with the study of 

the possibility of generalizing the description 

of fuzzy time counting using other 

formalization methods. 
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