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Êëþ÷åâûå ñëîâà: ñòîõàñòè÷åñêîå äèôôåðåíöèàëüíî-ôóíêöèîíàëüíîå óðàâíåíèå

ñî âñåé ïðåäûñòîðèåé, ïðîñòðàíñòâî Ñêîðîõîäà, ïóàññîíîâñêàÿ ìåðà, âèíåðîâ-

ñêèé ïðîöåññ.

Ïóñòü R n — n–èçìåðèìîå äåéñòâèòåëüíîå åâêëèäîâîå ïðîñòðàíñòâî è 1� � �p ,

Õ — ïðîñòðàíñòâî ïðåäûñòîðèè, ò.å. ïðîñòðàíñòâî R Dn p� � , ãäå D p
� — ïðîñòðà-

íñòâî Ñêîðîõîäà [8] ëîêàëüíî îãðàíè÷åíûõ íåïðåðûâíûõ ñïðàâà, èìåþùèõ ëå-

âîñòîðîííèå ïðåäåëû ôóíêöèé �:R R n� � òàêèõ, ÷òî

| ( )| ( )� �s s dsp

0

�

� � �. (1)

Íîðìà â ïðîñòðàíñòâå X ââîäèòñÿ ñëåäóþùèì îáðàçîì:

| | | | (| ( )| | ( )| ( ) ) (| ( )| | | | |� � � � � �X
p p ps s ds p	 � 	 �

�
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�
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Îïðåäåëåíèå 1. Ôóíêöèÿ �:R R� �� íàçûâàåòñÿ ôóíêöèåé ñãëàæèâàþùåãî

äåéñòâèÿ, åñëè îíà óäîâëåòâîðÿåò òàêèì óñëîâèÿì:

1) � ñóììèðóåìà â R � ;

2) äëÿ z 
 0 ñïðàâåäëèâû íåðàâåíñòâà;

3) K z ess
s z

s
K

s R

( )
( )

( )
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� � �

� �
sup

�

�
, K z ess

s

s zs R

( )
( )
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�
� �

� �
sup

�

�
; (3)

4) � îãðàíè÷åíà â R � ;

5) � � 0 ñòðîãî ïîëîæèòåëüíà íà s� �( , )0 ;

6) s s�( ) � 0 ïðè s � �.

Åñëè x R R n: � (èëè x a R n: ( , )
� � ) èçìåðèìà, åå èñòîðèÿ äî ìîìåíòà t ÿâëÿ-

åòñÿ ôóíêöèåé x s x t s s Rt ( ) ( ),	 
 � � .

Îïðåäåëåíèå 2. Ôóíêöèÿ x a R n: ( , ]
� � íàçûâàåòñÿ äîïóñòèìîé ïî îòíîøå-

íèþ ê Õ, åñëè x Xt � ïðè t a� .

Ïóñòü íà âåðîÿòíîñòíîì ïðîñòðàíñòâå ( , , )� F P ñ ïîòîêîì �-àëãåáð { }F tt , 
 0

çàäàíû ñîãëàñîâàííûå ñ ïîòîêîì Ft n-èçìåðèìûé âèíåðîâñêèé ïðîöåññ

{ ( ), } ,w t F Rt
n� t R� � , è íåçàâèñèìàÿ îò íåãî öåíòðèðîâàííàÿ ïóàññîíîâñêàÿ ìåðà

{ }~( , ) ( , ) ( )� � � � �d dt d dt t d	 
 � íà ( , )�� �� �R � � , äëÿ êîòîðîé E{ }=~ ( )� �2 d dt�
� �( )d dt� , ãäå � — íåêîòîðàÿ �-êîíå÷íàÿ ìåðà íà Z.

Ïóñòü ïðè t0 0
 ïîäìíîæåñòâî � t0
— ïðîñòðàíñòâî èçìåðèìûõ ñëó÷àéíûõ

ïðîöåññîâ �( ),t t t� 0 , òàêèõ, ÷òî �t
X0 � ñ âåðîÿòíîñòüþ 1, è òàêèõ, ÷òî ïðè êàæ-
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äîì t �( )t íå çàâèñèò îò ïðèðîñòîâ âèíåðîâñêîãî ïðîöåññà è öåíòðèðîâàííîé ïóàñ-

ñîíîâñêîé ìåðû:

{ ( ) ( ), }w s w t s t
 
0 0 , { }~( , ) ~( , ), ,� �s A t A s t A
 
 �0 0 � .

Îáîçíà÷èì �t x s s t
0 0	 ��{ }( ) | �-àëãåáðó ïîäìíîæåñòâ èç � t0

, a � �t t tF	 �
0

, Ft

— ìèíèìàëüíûé ïîòîê, ïîðîæäåííûé âåëè÷èíàìè { }.w s d ds s t( ), ~( , ),� � �
Îáîçíà÷èì � t t R, � � , íàèìåíüøóþ �-àëãåáðó ïîäìíîæåñòâ èç Õ, ñîäåðæà-

ùóþ âñå ìíîæåñòà âèäà { }� �( ), ( ) , , ,� � � 
 �s s t t t� �0 �, à � t
 îáîçíà÷àåò �
�s t

t�

íàèìåíüøóþ �-àëãåáðó ïîäìíîæåñòâ X , ñîäåðæàùóþ âñå �-àëãåáðû � s ïðè s t� .

Êðîìå òîãî, ïóñòü çàäàíû:

1) âåêòîðíîçíà÷íûé ôóíêöèîíàë { }a t R X R n( , ) :� � � èçìåðèìûé îòíîñèòåëü-

íî � � �� � �( )t t0
, ïðè êàæäîì t R� � èçìåðèìûé îòíîñèòåëüíî � �t t0

� 
 , ïðè

êàæäîì �� X ëîêàëüíî îãðàíè÷åííûé ïî t;

2) ìàòðè÷íîçíà÷íûé ôóíêöèîíàë { }b t R X M Rn
n n( , ) : ( )� � � èçìåðèìûé îòíî-

ñèòåëüíî � � �� � �( )t t0
, ïðè êàæäîì t R� � èçìåðèìûé îòíîñèòåëüíî � �t t0

� 
 ,

ïðè êàæäîì �� X ëîêàëüíî îãðàíè÷åííûé ïî t;

3) âåêòîðíîçíà÷íûé ôóíêöèîíàë { }c t R X R n( , , ) :� � � � �� èçìåðèìûé îòíî-

ñèòåëüíî � � � �� � � �( )t t0
, ïðè êàæäîì t R� � èçìåðèìûé îòíîñèòåëüíî

� � �t t0
� �
 è òàêîé, ÷òî èíòåãðàë | ( , , )| ( )c t d� � �2 �

�
� ïðè êàæäîì �� X âûñòóïà-

åò ëîêàëüíî îãðàíè÷åííîé ôóíêöèåé ïåðåìåííîé t.

Ðàññìîòðèì íà ( , , )� F P ñòîõàñòè÷åñêîå äèôôåðåíöèàëüíî-ôóíêöèîíàëüíîå

óðàâíåíèå

dx t a t x dt b t x dw t c t x d dt tt t t( ) ( , ) ( , ) ( ) ( , , )~( , )� � � �
 � � � 
� t0 ;

�

(4)

xt
t

0

0� � . (5)

Ñ÷èòàåì, ÷òî îòðåçîê íà÷àëüíîé ôóíêöèè â (4) ïðèíàäëåæèò � t0
.

Â óðàâíåíèè (4) çàïèñü xt
 ïîä÷åðêèâàåò, ÷òî ôóíêöèîíàë c t xt( , , )
 � íå äîë-

æåí çàâèñåòü îò x t( ) , à ìîæåò çàâèñåòü òîëüêî îò x s( ) ïðè s t� . Äàëåå äëÿ óïðîùå-

íèÿ çàïèñåé çíàê «–» áóäåì îïóñêàòü, ò.å. çàïèñûâàòü c t xt( , , )� .

Âûðàæåíèå (4) çàïèøåì â èíòåãðàëüíîé ôîðìå

x t t a s x ds b s x dw s c s xs s

t

t
s( ) ( ) ( , ) ( , ) ( ) ( , , )~(� � � ��� � �0

0

d ds t t T

t

t

t

t

�, ); [ , ].���� 0

00 �

(6)

Ñïðàâåäëèâà ñëåäóþùàÿ ëåììà [19].

Ëåììà 1. Ïóñòü ïðè t t
 0 { }x( )� � �t t tF	 �
0

— ïðîãðåñèâíî-èçìåðèìûé, áåç

ðàçðûâîâ âòîðîãî ðîäà, íåïðåðûâíûé ñïðàâà ïðîöåññ. Ïðåäïîëaãàåì, ÷òî ôóíêöèÿ

x X
t0 ( , )� �� ñ âåðîÿòíîñòüþ 1.

Òîãäà ïðè t t
 0 ïðîöåññ x Xt � ñ âåðîÿòíîñòüþ 1 è xt – �t -ïðîãðåcñèâíî-èçìåðè-

ìûé, áåç ðàçðûâîâ âòîðîãî ðîäà è íåïðåðûâíûé ñïðàâà.

Îïðåäåëåíèå 3. Ñòîõàñòè÷åñêèé ïðîöåññ { }x t x t t T( ) ( , ), ( , ]	 � 
�� íàçûâàåòñÿ

ñèëüíûì ðåøåíèåì óðàâíåíèÿ (6), åñëè x t( ) ïðîãðåññèâíî-èçìåðèìûé îòíîñèòåëüíî

�t ïðè t T� , îòðåçêè òðàåêòîðèé ïðîöåññà x Xt � ïðè t t T�[ , ]0 , x
t t0 0� � ïî÷òè íà-

âåðíîå è (6) ñïðàâåäëèâî ñ âåðîÿòíîñòüþ 1 äëÿ âñåõ t t T�[ , ]0 îäíîâðåìåííî. Åñëè
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äâà ñèëüíûõ ðåøåíèÿ ïî÷òè íàâåðíîå ñîâïàäàþò, òî îíè íàçûâàþòñÿ ñòîõàñòè÷åñêè

ýêâèâàëåíòíûìè. Áóäåì ãîâîðèòü, ÷òî óðàâíåíèå (4) èìååò ñèëüíîå ðåøåíèå ïðè

íà÷àëüíîì óñëîâèè (5), åñëè âñå ðåøåíèÿ (6) ñòîõàñòè÷åñêè ýêâèâàëåíòíû.

Äàëåå, äëÿ ôóíêöèé x R R n: � ââåäåì îáîçíà÷åíèå

| ( )| ( ) | ( )|*x t x st
t s t

� 	
� �

0

0

sup .

(èíîãäà t0 áóäåì îïóñêàòü, êîãäà ýòî íåñóùåñòâåííî). Ïðè äîêàçàòåëüñòâå

òåîðåìû ñóùåñòâîâàíèÿ è åäèíñòâåííîñòè ñèëüíîãî ðåøåíèÿ èñïîëüçóåì íåðàâå-

íñòâà Áóêõîëüäåðà [20]: äëÿ ïðîèçâîëüíîãî l �1 ñóùåñòâóþò ïîñòîÿííûå c cl l1 2,

òàêèå, ÷òî
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,

ïî÷òè íàâåðíîå. Òàêæå áóäåì èñïîëüçîâàòü êîíñòàíòû, êîòîðûå ïîÿâëÿþòñÿ â òà-

êèõ ýëåìåíòàðíûõ íåðàâåíñòâàõ [19]:
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l
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i
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1 1

0( ) | | , ,l

{ }a Ri � , m �1 2 3 4, , , ; k m
l
m l( ) � �
1 1.

Îáîçíà÷èì

R t x a s x ds b s x dw s c t xs

t

t
s

t

t
s( , ) ( , ) ( , ) ( ) ( , , )~(	 � �� �

0 0

� � d dt

t

t

�, ),

�
��

0


( ) ( ) ( ).t x t y t	 


Ëåììà 2. Ïóñòü: 1) ïðåäïîëîæèì, ÷òî èçìåðèìûå ôóíêöèîíàëû a b c, , îïðåäå-

ëåíû ñîîòâåòñâåííî íà R X� , R X� , R X� � � è óäîâëåòâîðÿþò óñëîâèþ Ëèïøèöà:

ñóùåñòâóåò ïîñòîÿííàÿ L òàêàÿ, ÷òî

| ( , ) ( , )| | ( , ) ( , )| | ( , , ) ( , , )a s x a s y b s x b s y c s x c s y
 � 
 � 
� � | ( ) ,�
�

zd L x y
X

� 
� (8)

äëÿ ïðîèçâîëüíûõ x y X, � ;

2) x y X, � 
 R t — ïðîãðåññèâíî-èçìåðèìûå ñëó÷àéíûå ïðîöåññû, áåç ðàçðû-

âîâ âòîðîãî ðîäà, äëÿ êîòîðûõ x y X
t t0 0, .�

Òîãäà � �l 1 ñïðàâåäëèâî íåðàâåíñòâî

E E{ } { }R x R y t K
t

l t

X
l( , ) ( , )| ( ) | | |*� 
 � � �
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0
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� � 
 �� ��K s ds s d dsl
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0 00
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 � � � � (9)
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� � 
� �K s ds s s d ds

t

t
p

t

s

t

l
p

3
2

0

2

0

2

E{( | ( )| ) ( ( | ( )| ( ) )
 
 � � �

0

2

t
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� ) },

ãäå K K1 3
 çàâèñÿò òîëüêî îò l p L t t, , , ( )
 0 è îãðàíè÷åíû ïðè t t T�[ , ]0 , òàêæå

K1 ÿâëÿåòñÿ o ( )1 ïðè t t� 0 .

Äîêàçàòåëüñòâî. Èñïîëüçóÿ íåðàâåíñòâà (7), (8), à òàêæå ýëåìåíòàðíûå íåðà-

âåíñòâà, ïîëó÷èì:
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 � � 
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t

l
l

l s( , ) ( , )| ( ) ( ) | ( ( , ) (*� 
 � � 
 


0

0
1 s y dss l
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s s

t

t
l

2
2

0

2( | ( , , ) ( , , )| ( ) )� � �

�

� }

� 
 � �
 ��k L t t ds c c dsl
l l s

l

l l
s

t

t

t

t
l

E{ }( ) ( )( )0
1

1 2

2

0

2

0


 
 . (10)

Èçâåñòíî, ÷òî 
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� �l
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Èíòåãðèðóÿ, èìååì
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Ïîäñòàâèâ ïîñëåäíèå äâå îöåíêè â (10), ïîëó÷èì (9), ïðè ýòîì

K k L K k t t c c k k t tl
l l

l l l

l l

1 0 1 2 0
2

2 2	 
 � � 
�
� 
( ( ) ( ) ( ) );

K k k L t t K c c L k k kl
l l

l l
l

l l

l

2 0
1

3 1 2
2

2� 
 � �

� �

( ) ; ( ) .

Äàëåå áóäåì èñïîëüçîâàòü ñëåäñòâèå ëåììû 2.

Ñëåäñòâèå. Ïðè âûïîëíåíèè óñëîâèé ëåììû 2 ñïðàâåäëèâî òàêîå íåðà-

âåíñòâî:

E E{| } {|R x R y t K M Et
t

l

t
t( , ) ( , )| ( ) ( )*� 
 � � %

&
'

(
)
*
� �

0

0

0
1 
 
 | ( )*

t
l t

0
}, (11)

ãäå K1 — òî æå, ÷òî è âûøå, à M çàâèñèò îò ( ), ,t t K K
 0 2 3 è M o
t
t

0
1� ( ) ïðè

t t+ 0 .

Äîêàçàòåëüñòâî. Îòìåòèì, ÷òî | ( )| ( ) | ( )|
 � � � � � 
 � �p

t

s

t

t

L
p

t

t

s d ds d

�

�

�
�

�

�

�
� ��� �

00

1

0

.

Ïîäñòàâèâ | ( )| | | ( )*
 
s tt�
0

ïðè t s t0 � � â íåðàâåíñòâî (9), ïîëó÷èì (11)

M K t t s d ds
t
t

t

s

t

t
l
p

0

00

2 0� 
 � 

�

�

�
�

�

�

�
�

�

 

!
!
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$��( ) ( )� � � $
$
�

�
�

�

�
�

�

�

�
� � 
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�

�

� ��K ds s d ds

t

t

t

s

t

t
l

p

3

0

2

0

2

0

� � �( )
�
�
�

�

�

�
�
�

�

 

!
!
!
!

"

#

$
$
$
$

�

l
2

� 
 � � 
 � �K t t K t t o
L L

l
p l l

p

2 0 3 01 1 1
1

2

1
( )( ) ( ) ( ) ( )� � ïðè t t� 0 ,

÷òî è äîêàçûâàåò ñëåäñòâèå 1.

Äîêàçàòåëüñòâî òåîðåìû ñóùåñòâîâàíèÿ è åäèíñòâåííîñòè ðåøåíèÿ ñòîõàñòè-

÷åñêîãî äèôôåðåíöèàëüíî-ôóíêöèîíàëüíîãî óðàâíåíèÿ (6) áàçèðóåòñÿ íà ìåòîäå

ïîñëåäîâàòåëüíûõ ïðèáëèæåíèé Ïèêàðà, êàê è â ñëó÷àå êëàññè÷åñêèõ ñòîõàñòè÷åñ-

êèõ óðàâíåíèé [1].

Íî, ó÷èòûâàÿ íîðìó (2) â ïðîñòðàíñòâå X , äîêàçàòåëüñòâî îòëè÷àåòñÿ îò äîêà-

çàòåëüñòâà â êëàññè÷åñêîì ïîíèìàíèè òåì, ÷òî, âîîáùå ãîâîðÿ, îöåíêè Ãðîíóîëëà

íå âûïîëíÿþòñÿ. Ïðè äîêàçàòåëüñòâå èñïîëüçóåòñÿ ëåììà 2 è âîçìîæíîñòü ïðîäîë-

æèòü ðåøåíèå, ïîñêîëüêó M
t
t

0
çàâèñèò îò ( )t t
 0 è íå çàâèñèò îò t0 .
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Òåîðåìà (ñóùåñòâîâàíèå è åäèíñòâåííîñòü ñèëüíîãî ðåøåíèÿ).

Ïóñòü:

1) ôóíêöèîíàëû a R X R b R X M R c R X Rn
n
n n n: , : ( ), :� � � � � � �� èçìåðè-

ìû ïî ñîâîêóïíîñòè ïåðåìåííûõ;

2) ñóùåñòâóåò ïîñòîÿííàÿ L � 0 òàêàÿ, ÷òî

| ( , ) ( , )| | ( , ) ( , )| | ( , , ) ( , , )a t x a t y b t x b t y c t x c t y
 � 
 � 
� � | ( )�
�

dz L x y
X� � 


ïðè ëþáîì x y X, � ;

3) | ( , )| | ( , )| | ( , , )| ( ) ( )a t x b t x c t x d L x
X

� � � �� � ��
�

1 � �t t T[ , ]0 è � �x y X, ;

4) , 
l 1 è x
 — ñëó÷àéíûé ïðîöåññ x X t
 �
0

òàêîé, ÷òî E x
t

X

l


 � �0 .

Òîãäà:

� ñóùåñòâóåò åäèíñòâåííîå ñèëüíîå ðåøåíèå { }x t t t T( ), [ , ]� 0 óðàâíåíèÿ (4) òà-

êîå, ÷òî

x x
t t0 0� 
 ; (12)

� äëÿ t t T�[ , ]0 è l �1 ñóùåñòâóåò l-ìîìåíò ðåøåíèÿ (4):

E | ( )| ( ) .*x t
t

l� � �
0

(13)

Äîêàçàòåëüñòâî. Ñóùåñòâîâàíèå. Îïðåäåëèì ïîñëåäîâàòåëüíîñòü { }x t nn ( ), 
 0

ñëåäóþùèì îáðàçîì:

x t x tn ( ) ( )� 
 ïðè t t� 0 � 
n 0,

x t x t0 0( ) ( )� 
 ïðè t t
 0 .

Ïðè n 
1, t t
 0 èìååì

x t x t a s x ds b s x dw sn n
s

t

t

n
s

t

t

( ) ( ) ( , ) ( , ) ( )� � � �
 
 
� �0 1 1

0 0

c s x d ds
n
s

t

t

( , , )~( , ),
�� 1

0

� � �

�

ãäå xn
s — êîíñòðóêöèÿ âèäà (6). Èç ýòîãî îïðåäåëåíèÿ, óñëîâèé íà êîýôôèöèåí-

òû è ëåììû 1 ñëåäóåò, ÷òî ôóíêöèè x t t tn ( ), 
 0 , ïðîãðåññèâíî-èçìåðèìû îòíî-

ñèòåëüíî �t , áåç ðàçðûâîâ âòîðîãî ðîäà è x Xn
t � ïðè t t
 0 .

Ñíà÷àëà ïîêàæåì ïî èíäóêöèè, ÷òî

E x tn
t

l�%
&
'

(
)
*

� �
0

*
( ) , t t T0 � � .

Äëÿ n � 0 èìååì x X
t

0
0 � è ïî óêàçàííîìó âûøå ïîñòðîåíèþ äëÿ t t T0 � � ïîëó÷èì

x c x c xt t t

0 0
0 0� � 
 ,

c — ïîñòîÿííàÿ, çàâèñÿùàÿ îò K , ïîýòîìó E Ex x T
t

l
t

X

l

0
0

0( ) ( )
*

�%
&
'

(
)
*

� %
&
'

(
)
*

� �
const .

Ïðåäïîëîæèì, ÷òî E x t t t Tn
t

l



�%

&
'

(
)
*

� � � �1 0
0

*
( ) , . Èñïîëüçóÿ ëåììó1, íåðàâåí-

ñòâà Áóêõîëüäåðà, íåðàâåíñòâà Ãåëüäåðà è óñëîâèå 3) òåîðåìû, ïîëó÷èì � � �t t T0 :
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E Ex t k x t t t an
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l

l
l l

t

t
�




%

&
'

(
)
*

� � 
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0

0

4
0 0

1
*

( )( ) ( )| ( ) | (| s x ds
n
s l, )|
 �

%
&
-

'-
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�
�
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�
�

�

�

�
� �
 
� | ( , )| ( ) | ( , , )|~(b s x dw s c s x d

n
s

t

t
l

n
s

1 1

0

� � �, )ds
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t
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��

�

�

�
�

�

�

�
�
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)
-

*
-

�
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� � 
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�k x t t t a s x ds
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l l
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s l
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( ) | ( )| ( ) | ( , )|4

0 0
1

1

0

E
-

�
�
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�
�

�

�

�
� �
 
�c b s x ds c c s xl n

s

t
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l n
s

l

1 1
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2 1
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| ( , )| | ( , , )� | ( )2
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�k x t t t L x ds L c
l

l l l
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s l
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l
( ) ( )| ( ) ( )4

0 0
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1 11
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E | ( )1
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0
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�
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�
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�
� �
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&
-
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� x ds
n
s s

t

t
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� �
�
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�
�
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�
�

(

)
-

*
-

�
 
�L c x ds k x tl
l n

s

t

t

l2 1
2

1 2

41

0

( ) (

/

( )E{ 0 0 0
1 2)| ( ) ( ) /l l l lL T t L T t� 
 � 
 �

� � � (
)
*

� �

�


( ) ( ( )) ( )|
*

( )c c x t k x t Ll l n
t

l
l

l l
1 2 1

4
01

0

� E{| ( ) ( ) /T t L T tl l
 � 
 �0 0
1 2

� � � (
)
*

� �

�( ) ( ( )) .

*
c c x Tl l n

t

l

1 2 11
0

�

Äàëåå, èñïîëüçóÿ ëåììó 2 è ñëåäñòâèå, ïîëó÷àåì

E E{| } {|x x t R x R xn n t
l

n n t
( ) ( )| ( ) ( , ) ( , )|*� 
 � � � 
 �
 
 
1 1 2

0 0

* ( )l t }�

� � 
 �
 
M x x t
t
t

n n t
l

0 0
1 2E{| }( ) ( )| ( )* .

Ñîãëàñíî ýòîìó æå ñëåäñòâèþ ìîæíî âûáðàòü t1 0� òàêîå, ÷òî M
t
t

0
1 2� / äëÿ

t t t t� �[ , ],0 0 1 ãäå t1 íå çàâèñèò îò t0 .

Åñëè îáîçíà÷èòü

K x x
t

l	 � 
 � � �E{| }1 0
0

( ) ( )|* ,

òî áóäåì èìåòü . .E{ ( ) ( ) ( )}
*

x x T
K

n n t

l

n
� 
 � �
1

0 2
, t t t t� �[ , ].0 0 1

Èñïîëüçóÿ íåðàâåíñòâî ×åáûøåâà, ïîëó÷èì ñõîäÿùèéñÿ ðÿä

P
n

n n t
lx x t

n�

�


� � 
 � �%
&
'

(
)
*

�
1

1 20

1
| ( ) ( )| ( )* n x x tl

n

n n t
l2

1

1
0

�

�


� � 
 �E{| ( ) ( )| ( )}* � � �
�

�

�K
n l

n
n

2

1 2
.

Èòàê, ñîãëàñíî ëåììå Áîðåëÿ–Êàíòåëëè [3] ñóùåñòâóåò ðàâíîìåðíàÿ ñõîäè-

ìîñòü ïî÷òè íàâåðíîå íà [ , ]t t t0 0 1� ñóììû x t x t x t x tn k k

k

n

( ) ( ) | ( ) ( )| ,	 � 

 

�




�0 1

1

1

ïî-

ýòîìó ïðåäåë x t x t
n

n( ) lim ( )�
� �

ñóùåñòâóåò íà [ , ].t t t0 0 1�

148 ISSN 0023-1274. Êèáåðíåòèêà è ñèñòåìíûé àíàëèç, 2008, ¹ 4



Ïîêàæåì, ÷òî { }x t t t( ), � 1 — ðåøåíèå óðàâíåíèÿ (4). Ïðîâåäåì îöåíèâàíèå, èñ-

ïîëüçóÿ ñëåäñòâèå:

E x x t a s x ds b s x dw s c s xs

t

s

t

s( ) ( ) ( , ) ( , ) ( ) ( ,� 
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� �0

0 0 �
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� � �
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 � 
 
 
 

E ( ( ) ( )) [ ( , ) ( , )] [ ( , ) (x x a s x a s x ds b s x b sn
s

n
s s

1
, )] ( )x dw s

n
s

tt
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�� 
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00


 
 �
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�� [ ( , , ) ( , , )]~( , )
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( )c s x c s x d ds ks
n
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t t

l

l
� � � �

1
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0

�

E | ( ) ( )| ( )*x x tn t
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 � �

0

� � 
 � �
k R x R x t
l n t

l( ) *| ( , ) ( , )| ( )2
1

0
E k x x t

l n t
l( ) *| ( ) ( )| ( )2

0
E � 
 � �

� � 
 �
k M x x t
l t

t
n t

l( ) *| ( ) ( )| ( ),2
1

0 0
E

íàïîìíèì, ÷òî M
t
t

0
1 2� / ïðè t t� 1 .

Îñòàëîñü ïîêàçàòü, ÷òî lim | ( ) ( )| ( ) .*

n
n

lx x t
� �

� 
 � �E 0 Ïóñòü b i l
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l
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 02
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/ , .

Òîãäà èç íåðàâåíñòâà Ãåëüäåðà (ïðè l �1) ñëåäóåò
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E | ( ) ( )| ( )*x x tn
l� 
 � � lim inf

k
n k

lx x t| ( ) ( )| ( )*� 
 �� ,

ïî ëåììå Ôàòó

E | ( ) ( )| ( )*x x t K
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i n
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�
�
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l 1

0 ,

êîãäà n � �.

Òàêèì îáðàçîì, äîêàçàíî ñóùåñòâîâàíèå ðåøåíèÿ (7) äëÿ t t t t� �[ , ]0 0 1 . Ïðî-

äîëæèì ýòî ðåøåíèå ïðè t t0 1� . Äëÿ ýòîãî äîñòàòî÷íî èñêàòü ðåøåíèå (4) äëÿ

t t t
 �0 1 ñ íà÷àëüíûìè óñëîâèÿìè

�1
0

0 0 1

( )
( ), ;

( ), [ , ].
t

x t t t

x t t t t t
�

�
� �

%
&
'




Î÷åâèäíî, ÷òî �1 0 1
� �X t t . Ïîâòîðÿÿ ïðîäåëàííûå âûøå âûêëàäêè, ïîëó÷èì

ðåøåíèå x t( ), t t t t t0 1 0 12� � � � , è äëÿ òàêîãî t:
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x t t t a s x ds b s x dw ss

t t

t
s

t t

t

( ) ( ) ( , ) ( , ) (� � � �
� �
� ��1 0 1

0 1 0 1

)� c s x d dss

t t

t

( , , )~( , )� � � ���
� �0 1

� � � �


� �

� �x t a s x ds b s x dw ss

t

t t
s

t

t t

( ) ( , ) ( , ) ( )0

0

0 1

0

0 1

c s x d dss

t

t t

( , , )~( , )� � � ���
�

�0

0 1

� � �
� �
� �a s x ds b s x dw s c s xs

t t

t
s

t t

t
s( , ) ( , ) ( ) ( , , )~(

0 1 0 1

� � d ds

t t

t

�, ) ���
� �0 1

� � � �
 � �x t a s x ds b s x dw s c s xs

t

t
s

t

t
s( ) ( , ) ( , ) ( ) ( , , )~0

0 0

� �( , )d ds

t

t

�

�
��

0

,

ïîýòîìó x t t t t t t( ), 0 1 0 12� � � � , ÿâëÿåòñÿ ðåøåíèåì (4) ñ íà÷àëüíûìè óñëîâèÿ-

ìè (9). Àíàëîãè÷íî, ïðåäïîëàãàÿ, ÷òî ïîñòðîåíî ðåøåíèå x t( ), t t t0 1� � �
� �t kt0 1, k 
1, êîíñòðóèðóåì ðåøåíèå x t( ), t t t t k t0 1 0 11� � � � �( ) , ïî íà÷àëü-

íîìó óñëîâèþ äî t kt0 1� , çàäàííûì ïðîöåññîì

� �1
0

0 0 1
0 1

( )
( ), ,

( ), [ , ]
.t

x t t t

x t t t t kt
t kt�

�
� �

�%
&
'



�

Äàëåå, äâèãàÿñü àíàëîãè÷íî ê t kt T0 1� 
 , ïîëó÷àåì �t -èçìåðèìîå ðåøåíèå

{ }x t t t T( ), 0 � � , êîòîðîå óäîâëåòâîðÿåò (12).

Åäèíñòâåííîñòü. Ïóñòü { }x t t t T1 0( ), [ , ]� è { }x t t t T2 0( ), [ , ]� — äâà ðåøåíèÿ

óðàâíåíèÿ (4), óäîâëåòâîðÿþùèå (9) è (10). Îáîçíà÷èì 
( ) ( ) ( ),t x t x t	 
1 2 òîãäà èç

ñëåäñòâèÿ 1 ïîëó÷èì (çäåñü 
 
t tt t
0 0

* *( ) | ( )| ( )� � )

E E
 

t

l
t
t

tt M t
0 0 0

* *( ) ( ).�

Ïóñòü t T t� 
 0 òàêîå, ÷òî M
t
t

0
1� �� äëÿ t t t t0 0� � � . Òîãäà

E

t

l t
0

0* ( ) � äëÿ t t t t0 0� � � .

Òàêèì îáðàçîì,

P( ( ) ( ), ){ }x t x t t t t t1 2 0 0 1 1� � � � 	 �� .

Äâèãàÿñü äàëåå, ïîëó÷àåì E

t

l t
0

0* ( ) � äëÿ � � �1 1 2� � � 	t t è ïîñëå êîíå÷íîãî

êîëè÷åñòâà øàãîâ P( ( ) ( ), ){ }x t x t t t T1 2 0 1� � � � .

Äîêàçàíà åäèíñòâåííîñòü ñèëüíîãî ðåøåíèÿ, êîòîðîå óäîâëåòâîðÿåò òîëü-

êî (12). Ïóñòü N � 0 è äëÿ t t T I N0 � � , — èíäèêàòîð ìíîæåñòâà

� N t tx t N x t N� � � � �{ }�: | ( )| ( ) , | ( )| ( )* *
1 20 0

.

Ïîñêîëüêó I t I t I t s tN N s( ) ( ) ( ), ,� � òî ñ ó÷åòîì äîêàçàòåëüñòâà ëåììû 2 è åå ñëåä-

ñòâèÿ, ïîëó÷èì íåðàâåíñòâî E E| ( ) ( )| ( ) | ( ) ( )| ( ),* *I t M I tN t
l

t
t

N t
l� � � � �
 


0 0 0
è, èñïîëüçóÿ òå

æå ðàçìûøëåíèÿ, ÷òî è ðàíüøå, ïîëó÷èì E | ( ) ( )| ( ) , .*I t t t TN t
l� � � � �


0
0 0

Îòñþäà ñëåäóåò, ÷òî

P P P{ } { } { }
( ) | ( )| ( ) ( )| ( )* *t x t N x t N
t

l
t

l1 � � � � � �0 1 2
0 0

,

íî x x1 2, ëîêàëüíî îãðàíè÷åíû, à çíà÷èò, âåðîÿòíîñòè â ïðàâîé ÷àñòè íåðàâåí-
ñòâà ñòðåìÿòñÿ ê íóëþ ïðè N � � è, ñëåäîâàòåëüíî, 
( )t � 0 ïðè t t T�[ , ].0

Äîêàçàííàÿ òåîðåìà ïîçâîëÿåò èññëåäîâàòü àñèìïòîòè÷åñêîå ïîâåäåíèå ðåøå-
íèé ñòîõàñòè÷åñêîãî äèôôåðåíöèàëüíî-ôóíêöèîíàëüíîãî óðàâíåíèÿ ñ ïîìîùüþ
âòîðîãî ìåòîäà Ëÿïóíîâà.
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