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ÀÑÈÌÏÒÎÒÈ×ÍÀ ÏÎÂÅÄ²ÍÊÀ ÅÊÑÒÐÅÌÀËÜÍÈÕ
ÇÍÀ×ÅÍÜ ÄÎÂÆÈÍÈ ×ÅÐÃÈ Â ÑÈÑÒÅÌÀÕ
ÌÀÑÎÂÎÃÎ ÎÁÑËÓÃÎÂÓÂÀÍÍß M M m/ /

Àíîòàö³ÿ. Äîñë³äæåíî àñèìïòîòè÷íó ïîâåä³íêó ìàéæå íàïåâíå ìàêñèìàëü-
íî¿ äîâæèíè ÷åðãè â ñèñòåìàõ ìàñîâîãî îáñëóãîâóâàííÿ. Äëÿ ñèñòåìè
M M m/ / , 1 � � �m , óñòàíîâëþºòüñÿ òâåðäæåííÿ òèïó çàêîíó ïîâòîðíîãî
ëîãàðèôìà. Ðîçãëÿíóòî òàêîæ âèïàäîê m � � , äëÿ ÿêîãî àñèìïòîòèêà ìàº
³ñòîòíî ³íøèé õàðàêòåð.

Êëþ÷îâ³ ñëîâà: ñèñòåìè ìàñîâîãî îáñëóãîâóâàííÿ M M m/ / , åêñòðåìóìè

äîâæèíè ÷åðãè, àñèìïòîòè÷íà ïîâåä³íêà ìàéæå íàïåâíå.

ÎÑÍÎÂÍ² ÒÂÅÐÄÆÅÍÍß

Ðîçãëÿíåìî m-êàíàëüíó ñèñòåìó ìàñîâîãî îáñëóãîâóâàííÿ (ÑÌÎ), íà ÿêó íàä-
õîäèòü ïóàññîí³âñüêèé ïîò³ê çàÿâîê ç ³íòåíñèâí³ñòþ � , à ÷àñ îáñëóãîâóâàííÿ �
ìàº åêñïîíåíö³éíèé ðîçïîä³ë

P( ) exp ( ),� �� � � � �x x x1 0,

òîáòî öå ÑÌÎ òèïó M M m/ / (äèâ. [1–3]).

Íà ïàðàìåòðè � òà � íàêëàäåíî óìîâó
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� �

m
1. (1)

Íåõàé â ìîìåíò S 0 0� ñèñòåìà ïîðîæíÿ, à S S S k1 2, , , ,� � — ïîñë³äîâí³ ìî-

ìåíòè çâ³ëüíåííÿ ñèñòåìè ï³ñëÿ â³äïîâ³äíîãî ïåð³îäó çàéíÿòîñò³ (çà óìîâè (1)

òàêà íåñê³í÷åíà ïîñë³äîâí³ñòü S k çàâæäè ³ñíóº [2, c. 468]).

Ï³ä äîâæèíîþ ÷åðãè ðîçóì³ºìî çàãàëüíó ê³ëüê³ñòü çàÿâîê, ÿê³ çíàõîäÿòüñÿ íà
îáñëóãîâóâàíí³ àáî ÷åêàþòü éîãî. Ïîçíà÷èìî Q t( ) äîâæèíó ÷åðãè â ìîìåíò ÷àñó t :

Q t Q s Q Q S
s t

n n( ) sup ( ), ( )� �
� �0

.

Ó ðîáîòàõ [4–9] ðîçãëÿíóòî çàäà÷ó çíàõîäæåííÿ àñèìïòîòèêè âåëè÷èí Qn òà

Q t( ) íàâ³òü ó á³ëüø çàãàëüí³é ïîñòàíîâö³. Àëå ñë³ä çàçíà÷èòè, ùî ó âñ³õ íàçâàíèõ

âèùå ðîáîòàõ äîñë³äæóâàâñÿ âèïàäîê ñëàáêî¿ çá³æíîñò³.

Ó ö³é ñòàòò³ âèâ÷àºòüñÿ àñèìïòîòè÷íà ïîâåä³íêà åêñòðåìàëüíèõ çíà÷åíü Qn

òà Q t( ) ìàéæå íàïåâíå (ì.í.). Îêð³ì òîãî, ìè ðîçãëÿíåìî âèïàäîê m � � (íåîáìå-

æåíà ê³ëüê³ñòü êàíàë³â îáñëóãîâóâàííÿ). Âèÿâëÿºòüñÿ, ùî äëÿ íüîãî àñèìïòîòèêà
Qn òà Q t( ) ³ñòîòíî â³äð³çíÿºòüñÿ â³ä âèïàäêó 1 � � �m .

Ñôîðìóëþºìî îñíîâí³ ðåçóëüòàòè ðîáîòè.
Òåîðåìà 1. Íåõàé äëÿ ÑÌÎ M M m/ / , 1 � � �m , âèêîíàíî óìîâó (1). Òîä³ ì.í.

lim sup

( ) ln ln

( )t

Q t t
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�
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lim inf

( ) ln ln

( )t

Q t t

L t��

�

� �

1

1
3

�
, (3)

òóò ³ äàë³ L t t L t t2 3( ) ln ln , ( ) ln ln ln� � .
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Çàóâàæåííÿ 1. ßêùî âèêîíóþòüñÿ óìîâè òåîðåìè 1, òîä³ ð³âíîñò³ (2) òà (3)

ñïðàâäæóþòüñÿ ó ðàç³ çàì³íè Q t( ) íà Qn ³ t íà n.

Ðîçãëÿíåìî âèïàäîê m � � , äëÿ ÿêîãî âèêîðèñòàºìî òàê³ ïîçíà÷åííÿ:
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Òåîðåìà 2. Äëÿ ÑÌÎ M M/ / � äëÿ äîâ³ëüíèõ � � 0, � � 0 âèêîíóþòüñÿ

ð³âíîñò³

P ( [ ] , , , , )� � � � � 	 � �n n n Q A k kn n n0 0 0 1 2 3 1{ }� , (4)

P ( ( ) ( ) [ ( )] , , , , , , )� � � � � 	 � � �t t t Q t A t t k k0 0 1 0 1 2 3 4 1{ }� , (5)

äå [ ]x — ö³ëà ÷àñòèíà ÷èñëà x .

ÄÅßÊ² ËÅÌÈ ÏÐÎ ÀÑÈÌÏÒÎÒÈÊÓ ÌÀÊÑÈÌÓÌ²Â ÂÈÏÀÄÊÎÂÈÕ ÂÅËÈ×ÈÍ

Ó öüîìó ðîçä³ë³ íàâåäåíî ê³ëüêà çàãàëüíèõ äîïîì³æíèõ ðåçóëüòàò³â äîñë³ä-

æåíü àñèìïòîòè÷íî¿ ïîâåä³íêè ì.í. åêñòðåìàëüíèõ çíà÷åíü äèñêðåòíèõ íåçà-

ëåæíèõ îäíàêîâî ðîçïîä³ëåíèõ âèïàäêîâèõ âåëè÷èí (í.î.ð.â.â.).

Ðîçãëÿíåìî ïîñë³äîâí³ñòü � � �, , ,1 2 � — í.î.ð.â.â. ç ôóíêö³ºþ ðîçïîä³ëó (ô.ð.)

F t t( ) ( )� �P � . Íåõàé zn
i n

i�
� �
max
1

� .

Ïðèïóñòèìî, ùî � — äèñêðåòíà âèïàäêîâà âåëè÷èíà (â.â.) ç ðîçïîä³ëîì ( , )k pk ,

k � 1, äëÿ ÿêî¿
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�

�

�k p pk k

k

0 1

1

.

Ïîêëàäåìî

R k F k p r k R k R ki

i k

( ) ln ( ( )) ln , ( ) ( ) ( )� � � � � 


�
�




�
� � � �

�
�1 1 ,

a k p
n

n i

i k

� 


�
� � 


�
�

�
�max :

1
.

Ëåìà 1. Íåõàé � — äèñêðåòíà â.â. ç ðîçïîä³ëîì ( , )k pk , k � 1, r k( ) — ìîíî-

òîííà ôóíêö³ÿ ³ âèêîíàíî óìîâó

r k k( ) ,� � � �. (6)
Òîä³ ð³âí³ñòü

P (z an n� �1 í.÷.) � 0

ìàº ì³ñöå òîä³ ³ ò³ëüêè òîä³, êîëè

exp ( )( )

k

r ke

�
� � � �

1

. (7)

Á³ëüø òîãî, ÿêùî (7) ñïðàâäæóºòüñÿ, òî

P(z an n� �1 í.÷.) �1.
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Ëåìà 2. Íåõàé � — äèñêðåòíà âèïàäêîâà âåëè÷èíà ç ðîçïîä³ëîì ( , )k pk ,

k � 1, r k( ) — ìîíîòîííà ôóíêö³ÿ ³ âèêîíàíî óìîâó (6). ßêùî ðÿä

exp ( ( ))

k

jr k

�

�

� �
1

(8)

çá³ãàºòüñÿ äëÿ j m� ³ ðîçá³ãàºòüñÿ äëÿ j m� �1, òî

P (z a mn n� 	 	1 í.÷.) � 0,

P (z a mn n� 	 í.÷.) �1.

Ëåìà 3. Íåõàé � — äèñêðåòíà âèïàäêîâà âåëè÷èíà ç ðîçïîä³ëîì ( , ),k pk

k � 1, R t( ) — äèôåðåíö³éîâíà ôóíêö³ÿ. ² íåõàé

� � � � � �R t r t t h t bb( ) ~ ( ) ( ), 1 0 ,

äå h t( ) — ïîâ³ëüíî çì³ííà ôóíêö³ÿ äëÿ t � � , ïðè÷îìó äëÿ b � 0 âèêîíóºòüñÿ

íåð³âí³ñòü | ( ) |h t C� .

Òîä³ ì.í.

lim sup
~( )( )

( )n

n n nr a z a

L n��

�
�

2

1, (9)

lim inf
~( )( )

( )n

n n nr a z a

L n��

�
� �

3

1. (10)

Äîâåäåííÿ ëåì 1–3 íàâåäåíî â [10].

ÄÎÂÅÄÅÍÍß ÒÅÎÐÅÌÈ 1

Äîâåäåìî ð³âí³ñòü (2). Âèâåäåìî ¿¿ ³ç ð³âíîñò³ (9). Ïîçíà÷èìî N t( ) �
� � �max ( : )k S tk0 , t � 0, ë³÷èëüíèé ïðîöåñ äëÿ ïîñë³äîâíîñò³ S k ,

Y Q s kk
S s Sk k

� �
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1

1.

Îñê³ëüêè ïîñë³äîâí³ñòü S k óòâîðþº ìîìåíòè ðåãåíåðàö³¿ ïðîöåñó Q t( ), òî Yk

º ïîñë³äîâí³ñòþ í.î.ð.â.â. Çðîçóì³ëî, ùî

Q Yn
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Q Q t QN t N t( ) ( )( )� � 	1. (11)

Íåõàé

q u Y uk( ) ( )� �P .

ßêùî âèêîíàíî óìîâè òåîðåìè 1, òîä³ äëÿ ôóíêö³¿ q u( ) â³äîìà òàêà ôîðìóëà

(äèâ. [9]): äëÿ u m�
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Âèêîðèñòîâóþ÷è (12), íåâàæêî ïðîâåñòè îö³íþâàííÿ ôóíêö³é R u( ) òà ~( )r u , ùî
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~( ) ( / ) ln ( / )
!

( )
( ) ln ( / ) ( ).r u

m

m
q u ou

m
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� 	�1 1

1
1 11� �

�
� . (14)

²ç ñï³ââ³äíîøåíü (13), (14) âèïëèâàº, ùî ïîñë³äîâí³ñòü í.î.ð.â.â. Yn çàäîâîëü-

íÿº óìîâè ëåìè 3. Òàêèì ÷èíîì, ùîá çàñòîñóâàòè öþ ëåìó, çàëèøàºòüñÿ çíàéòè

âåëè÷èíó an .

Ùå ðàç çàñòîñîâóþ÷è ð³âí³ñòü (12), ìàºìî
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. (15)

À îòæå, ç ëåìè 3 òà àñèìïòîòè÷íèõ ñï³ââ³äíîøåíü (14), (15) îäåðæóºìî òàêó

ð³âí³ñòü:

lim sup
ln( / ) ln

( )n

nQ n

L n��

�
�

1
1

2

�
ì.í. (16)

Äàë³ îïèøåìî ³ìïë³êàö³þ (16) � (2).

Î÷åâèäíî, ùî êîëè t ïðîá³ãàº äîäàòíó ÷èñëîâó â³ñü ( , )0 � , òî ïðîöåñ N t( )

ïðîá³ãàº óñ³ ö³ë³ äîäàòí³ ÷èñëà ì.í. Çâ³äñè çðîçóì³ëî, ùî â (16) çàì³ñòü n ìîæíà

ï³äñòàâèòè N t( ), òîáòî
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t
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�
ì.í. (17)

Â³äîìî [2, ñ. 219–220], ùî Q t( ) áóäå ïðîöåñîì çàãèáåë³ òà ðîçìíîæåííÿ ç ïà-

ðàìåòðàìè
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Òîä³ ÿêùî âèêîíóºòüñÿ óìîâà (1), òî ³ñíóþòü ñòàö³îíàðí³ éìîâ³ðíîñò³ ïåðåáó-

âàííÿ ïðîöåñó Q t( ) â ñòàíàõ k :
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(äèâ. [1], [2, ñ. 493], [9]).
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²ç ïîñèëåíîãî çàêîíó âåëèêèõ ÷èñåë ìàºìî

lim
( )

t

N t

t a��
�

1
ì.í.

Çâè÷àéíî, äëÿ N t( ) â³äîì³ ³ á³ëüø ñèëüí³ àñèìïòîòè÷í³ ðåçóëüòàòè, àëå íàì

äîñèòü îñòàííüî¿ ð³âíîñò³. Ç íå¿ äëÿ t � � âèïëèâàº

ln ( ) ln ln ( )N t t a o� � 	 1 ì.í. (18)

Ï³äñòàâëÿºìî îñòàíí³é âèðàç ó ð³âí³ñòü (17) ³ îäåðæóºìî

lim sup
ln ( / ) ln

ln ln

( )

t

N tQ t

t��

�
�

1
1

�
ì.í. (19)

Çðîçóì³ëî, ùî òàê ñàìî ³ Q N t( )	1 çàäîâîëüíÿº ð³âí³ñòü (19). Ùîá îòðèìàòè

çâ³äñè (2), çàëèøàºòüñÿ çàñòîñóâàòè íåð³âíîñò³ (11).

Ð³âí³ñòü (3) òåîðåìè 1 âèâîäÿòü ³ç ð³âíîñò³ (10) ëåìè 3 çà äîïîìîãîþ àíà-

ëîã³÷íèõ ì³ðêóâàíü. �

Çàóâàæåííÿ 2. ßêùî â òåîðåì³ 1 ìàºìî m �1, � � �� �/ 1, òî q u u( ) /�1

(ïîä³áí³ îá÷èñëåííÿ äèâ. â [9]). ² íåõàé äëÿ äåÿêî¿ çðîñòàþ÷î¿ ïîñë³äîâíîñò³ dn ,

dn � 0, ñïðàâäæóºòüñÿ

1

1 dnn�
� � �. (20)

Òîä³

P lim sup
n

n

n

Q

d��
� �




�
�
�




�
�
� �1. (21)

ßêùî óìîâà (20) íå âèêîíóºòüñÿ, òî

P lim sup
n

n

n

Q

d��
�




�
�
�




�
�
� �0 1 (22)

(äèâ. [11, c. 200–201, ïðèêëàä 4.3.4]).

Îòæå, ³ç ð³âíîñòåé (21) òà (22) âèïëèâàº, ùî äëÿ ÑÌÎ M M/ /1 çà óìîâè

� �1 àñèìïòîòè÷íó ïîâåä³íêó âåëè÷èí Qn òà Q t( ) íå ìîæíà îïèñàòè ñï³ââ³äíî-

øåííÿìè òèïó (2), (3).

ÄÎÂÅÄÅÍÍß ÒÅÎÐÅÌÈ 2

Áóäåìî âèêîðèñòîâóâàòè ïîçíà÷åííÿ, ââåäåí³ âèùå. Äëÿ ÑÌÎ M M/ / � äëÿ

äîâ³ëüíèõ � � 0, � � 0 ³ñíóþòü ñòàö³îíàðí³ éìîâ³ðíîñò³ � k . Òàê ñàìî, ÿê ³ ó ïî-

ïåðåäíüîìó âèïàäêó, âèêîðèñòàºìî òàê³ ôîðìóëè:

� �0 � �exp ( ~),

ET ak � � �
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0��
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exp (~)
, (23)

q u
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�
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1
1

(24)

(äèâ. [1, 2, 9]).

Ó ïîäàëüøîìó äîâåäåííÿ áóäå �ðóíòóâàòèñÿ íà ëåìàõ 1, 2. Àëå äëÿ ¿õíüîãî

çàñòîñóâàííÿ íåîáõ³äíî äîñèòü òî÷íî îá÷èñëèòè âåëè÷èíó an . Ðîçâ’ÿçàííÿ ö³º¿

çàäà÷³ ì³ñòèòü òàêà ëåìà.
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Ëåìà 4. Íåõàé q k( ) çàäàíî ð³âí³ñòþ (24). Òîä³ äëÿ äîñèòü âåëèêèõ n

a k q k
n

n n� �



�
�




�
� � 	max : ( ) [ ]

1
1� ,

(25)

äå � n âèçíà÷åíî ó òåîðåì³ 2.

Äîâåäåííÿ. Àíàëîã³÷íî ÿê ³ äëÿ ð³âíîñò³ (15) ìàºìî

a k
q k

n k R k nn � �



�
�




�
� � �max :

( )
max ( : ( ) ln )

1
, (26)
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1 2
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1 1
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1 1
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, ( ) ln
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( )
k k k k

k k
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� ( )
.
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�
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�

�
�2

�

Äëÿ îö³íþâàííÿ � 2 ( )k çàñòîñóºìî â³äîìó ³ç àíàë³çó íåð³âí³ñòü

| ln ( ) – |1 2	 �z z z äëÿ | |z �
1

2
.

Òîä³ äëÿ k � � ìàºìî

�
� �
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k
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k
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�
�� . (27)

À ùîá îá÷èñëèòè �1 ( )k , ñêîðèñòàºìîñü ôîðìóëîþ Ñò³ðë³íãà [12, ñ. 67]

ln ! ln lnn n n n O
n

� 	 	



�
�




�
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�
� .

Çâ³äñè òà ç ð³âíîñò³ (27) îòðèìóºìî

R k k k O
k

k
( ) ln ln ~ ln

� � � 	



�
�




�
�




�
�




�
�� 1 . (28)

Äàë³ ââåäåìî ôóíêö³þ
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1
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³ ï³äñòàâèìî ¿¿ çàì³ñòü k ó ð³âí³ñòü (28). Òîä³
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Åëåìåíòàðí³ ïåðåòâîðåííÿ äîçâîëÿþòü çàïèñàòè B n z( , ) òàê:

B n z
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. (29)
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²ç ôîðìóëè (29) âèïëèâàº, ùî äëÿ äîñèòü âåëèêèõ n çà óìîâè z � 0 âèêî-

íóºòüñÿ íåð³âí³ñòü B n z( , ) �1, à çà óìîâè z � 0 — íåð³âí³ñòü B n z( , )� 1. Çâ³äñè

çðîçóì³ëî, ùî íàéá³ëüøå ö³ëå k, äëÿ ÿêîãî R k n( ) ln� , âèçíà÷àº ôîðìóëà

k an n� � 	[ ( )]� 0 1.

Îñòàííÿ ð³âí³ñòü òà î÷åâèäíà ð³âí³ñòü � �n n( )0 � ðàçîì ³ç (26) çàâåðøóþòü

äîâåäåííÿ ëåìè 4. �

Çíîâó ïîâåðòàþ÷èñü äî òåîðåìè 2, ðîçãëÿíåìî ïîñë³äîâí³ñòü í.î.ð.â.â. Yn

³ç ÑÌÎ M M/ / � , ÿê³ â³äïîâ³äàþòü åêñòðåìàëüíèì çíà÷åííÿì äîâæèíè ÷åðãè íà

³íòåðâàëàõ ( , )S Sn n�1 . Çíàéäåìî äëÿ íèõ ôóíêö³¿ R k( ) òà r k( ). Çã³äíî ç ð³âîñòÿ-

ìè (24), (27) ìàºìî
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�
��1
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2
� , (30)

r k r k
k

O
k

( ) ( )� � � 	



�
��




�
��1

1 1

2
.

Îñòàííÿ ð³âí³ñòü îçíà÷àº, ùî äëÿ äîñèòü âåëèêèõ k ôóíêö³ÿ r k( ) áóäå ìîíî-

òîííî çðîñòàþ÷îþ. Ñêîðèñòàâøèñü ð³âí³ñòþ (30), òàêîæ íåâàæêî ïåðåâ³ðèòè,

ùî óìîâà (7) ëåìè 1 âèêîíóºòüñÿ. Òàêèì ÷èíîì, çà ëåìîþ 1

P (Q an n� �1 í.÷.) � 0,
(31)

P(Q an n� �1 í.÷.) �1.

Òàê ñàìî ëåãêî ïåðåâ³ðÿþòü, ùî ðÿä (8) çá³ãàºòüñÿ äëÿ j � 2 ³ ðîçá³ãàºòüñÿ äëÿ

j �1. Òîä³, çàñòîñîâóþ÷è ëåìó 2, îòðèìóºìî

P(Q an n� 	2 í.÷.) � 0,
(32)

P (Q an n� 	2 í.÷.) �1.

Âåëè÷èíó an â (31), (32) çíàéäåíî ó ëåì³ 4.

Ðàçîì ñï³ââ³äíîøåííÿ (31) òà (32) äàþòü

P ( : , , , , )� � � � 	 � � �n n n Q a k kn n0 0 1 0 1 2 1{ } . (33)

Ð³âí³ñòü (4) ç òåîðåìè 2 íåãàéíî âèïëèâàº ³ç ñï³ââ³äíîøåíü (25) òà (33).

Ùîá çðîáèòè ïåðåõ³ä â³ä (4) äî (5) ó òåîðåì³ 2, íåîáõ³äíî îö³íèòè âåëè÷èíó

[ ]( )� N t . Äëÿ öüîãî ñêîðèñòàºìîñü îö³íêîþ (18) òà (23):
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ì.í. (34)

Òîä³

P ( : [ ] [ ( )] , , , )( )� � � � 	 � � �t t t t k kN t0 0 1 0 1 1� �{ } . (35)

Îòæå, ç ð³âíîñòåé (4) òà (35) ìàºìî

P ( : [ ( )] , , , , , , )( )� � � � 	 � � �t t t Q t k kN t0 0 1 0 1 2 3 4 1{ }� . (36)

ßêùî ïîâòîðèòè âèêëàäêè ³ç îö³íþâàííÿ (34) äëÿ � N t( )	1, òî îòðèìàºìî

� �N t t O
L t

( ) ( )
( )

	 � 	



�
��




�
��1

2

1
ì.í.

(çâè÷àéíî, öå çîâñ³ì íå îçíà÷àº, ùî âèïàäêîâ³ âåëè÷èíè � N t( ) òà � N t( )	1

åêâ³âàëåíòí³).

À îòæå, äëÿ � N t( )	1 òàê ñàìî âèêîíóºòüñÿ ð³âí³ñòü (35) ³

P ( : [ ( )] , , , , , , )( )� � � � 	 � � �	t t t Q t k kN t0 0 1 1 0 1 2 3 4 1{ }� . (37)

Äëÿ çàâåðøåííÿ äîâåäåííÿ òåîðåìè 2 çàëèøàºòüñÿ ðîçãëÿíóòè ðàçîì ñï³ââ³äíî-

øåííÿ (11), (36), (37). �

Îòæå, äîñë³äæåíî àñèìïòîòè÷íó ïîâåä³íêó ìàéæå íàïåâíå åêñòðåìàëüíèõ

çíà÷åíü äîâæèíè ÷åðãè â ñèñòåì³ M M m/ / . Íà íàøó äóìêó, çàïðîïîíîâàí³ ìå-

òîäè áóäóòü êîðèñíèìè ³ äëÿ äîñë³äæåííÿ àñèìïòîòèêè åêñòðåìàëüíèõ çíà÷åíü

÷àñó ÷åêàííÿ â ÷åðç³ äëÿ ÑÌÎ M M m/ / , à òàêîæ ³ äëÿ á³ëüø çàãàëüíèõ ñèñòåì

M G m/ / òà G M m/ / .
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Á.Â. Äîâãàé, È.Ê. Ìàöàê
ÀÑÈÌÏÒÎÒÈ×ÅÑÊÎÅ ÏÎÂÅÄÅÍÈÅ ÝÊÑÒÐÅÌÀËÜÍÛÕ ÇÍÀ×ÅÍÈÉ ÄËÈÍÛ Î×ÅÐÅÄÈ
Â ÑÈÑÒÅÌÀÕ ÌÀÑÑÎÂÎÃÎ ÎÁÑËÓÆÈÂÀÍÈß M M m/ /

Àííîòàöèÿ. Èññëåäóåòñÿ àñèìïòîòè÷åñêîå ïîâåäåíèå ïî÷òè íàâåðíîå ìàê-
ñèìàëüíîé äëèíû î÷åðåäè â ñèñòåìàõ ìàññîâîãî îáñëóæèâàííÿ. Äëÿ ñèñòå-
ìû M M m/ / , 1 � � �m , óñòàíàâëèâàåòñÿ óòâåðæäåíèå òèïà çàêîíà ïîâòîð-
íîãî ëîãàðèôìà. Ðàññìàòðèâàåòñÿ òàêæå ñëó÷àé m � �, äëÿ êîòîðîãî àñèìï-
òîòèêà èìååò ñîâåðøåííî äðóãîé õàðàêòåð.

Êëþ÷åâûå ñëîâà: ñèñòåìû ìàññîâîãî îáñëóæèâàíèÿ M M m/ / , ýêñòðåìóìû

äëèíû î÷åðåäè, àñèìïòîòè÷åñêîå ïîâåäåíèå ïî÷òè íàâåðíîå.

B.V. Dovhai, I.K. Matsak
ASYMPTOTIC BEHAVIOR OF EXTREME VALUES OF QUEUE LENGTH
IN M M m/ / SYSTEMS

Abstract. The paper investigates the asymptotic behavior of almost surely
extreme values of processes specifying queue length. For a system M M m/ / ,
1 � � �m , a statement of the type of law of the iterated logarithm is
established. We also consider the case m � � , for which the asymptotic behavior
is much different.

Keywords: queuing system M M m/ / , extreme values of queue length,

asymptotic behavior almost surely.
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