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ÌÀÒÅÌÀÒÈ×ÅÑÊÈÅ ÌÎÄÅËÈ Ñ ËÎÊÀËÜÍÎÉ M-ÏÐÎÈÇÂÎÄÍÎÉ
È ÊÐÀÅÂÛÅ ÇÀÄÀ×È ÃÅÎÌÈÃÐÀÖÈÎÍÍÎÉ ÄÈÍÀÌÈÊÈ

Àííîòàöèÿ. Â ðàìêàõ ìàòåìàòè÷åñêèõ ìîäåëåé, îñíîâàííûõ íà ïîíÿòèè ëî-
êàëüíîé M-ïðîèçâîäíîé ïî âðåìåíí�é ïåðåìåííîé, âûïîëíåíû ïîñòàíîâêè
è ïîëó÷åíû çàìêíóòûå ðåøåíèÿ íåêîòîðûõ äâóìåðíûõ êðàåâûõ çàäà÷ êîí-
âåêòèâíîãî è êîíâåêòèâíî-äèôôóçèîííîãî ìàññîïåðåíîñà è ìàññîîáìåíà
ðàñòâîðèìûõ âåùåñòâ ïðè ãåîôèëüòðàöèè. Â ÷àñòíîñòè, ïîñòàâëåíà îáðàòíàÿ
ðåòðîñïåêòèâíàÿ çàäà÷à êîíâåêòèâíîé äèôôóçèè ñîãëàñíî ñõåìå äâóìåðíîé
ãåîôèëüòðàöèè èç áåñêîíå÷íîãî âîäîåìà ê äðåíàæó, ïîëó÷åíî åå ðåãóëÿðè-
çîâàííîå ðåøåíèå, ïðèâåäåíû íåêîòîðûå îöåíêè ñõîäèìîñòè.

Êëþ÷åâûå ñëîâà: ìàòåìàòè÷åñêîå ìîäåëèðîâàíèå, ãåîìèãðàöèÿ, ãåîôèëü-
òðàöèÿ, ìàññîïåðåíîñ, ìàññîîáìåí, íåêëàññè÷åñêèå ìîäåëè, ëîêàëüíàÿ
M-ïðîèçâîäíàÿ, çàäà÷è êîíâåêòèâíîãî è êîíâåêòèâíî-äèôôóçèîííîãî ìàññî-
ïåðåíîñà, çàìêíóòàÿ ôîðìà ðåøåíèé.

ÂÂÅÄÅÍÈÅ

Íàñòîÿùàÿ ðàáîòà ïîñâÿùåíà âîïðîñàì ìàòåìàòè÷åñêîãî ìîäåëèðîâàíèÿ

(â ðàìêàõ íåêëàññè÷åñêèõ ìàòåìàòè÷åñêèõ ìîäåëåé) ìèãðàöèîííîé äèíàìèêè

ðàñòâîðèìûõ âåùåñòâ ïðè ïëîñêîé óñòàíîâèâøåéñÿ ôèëüòðàöèè ïîäçåìíûõ

âîä â ïðåäïîëîæåíèè, ÷òî äëÿ ðàññìàòðèâàåìîé ôèëüòðàöèîííîé ñõåìû èçâå-

ñòíî ðåøåíèå çàäà÷è ôèëüòðàöèè, ò.å. èçâåñòíà õàðàêòåðèñòè÷åñêàÿ ôóíêöèÿ

òå÷åíèÿ z F� ( )� , ãäå � � �� � i — êîìïëåêñíûé ïîòåíöèàë ôèëüòðàöèè,

� �� ( , )x y — ïîòåíöèàë ñêîðîñòè ôèëüòðàöèè, � �� ( , )x y — ôóíêöèÿ

òîêà [1]. Ïðîöåññ ìàññîïåðåíîñà è ìàññîîáìåíà ðàñòâîðèìûõ âåùåñòâ ïðè

ïëîñêîé óñòàíîâèâøåéñÿ ôèëüòðàöèè ïîäçåìíûõ âîä îïèñûâàåòñÿ ñèñòåìîé

óðàâíåíèé êîíâåêòèâíîé äèôôóçèè è ìàññîîáìåíà [1–4]
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ãäå
�

� — âåêòîð ñêîðîñòè ôèëüòðàöèè, � �� � h, � — êîýôôèöèåíò ôèëüòðà-

öèè [1, 2], h — íàïîðíàÿ ôóíêöèÿ, C x y t N x y t( , , ), ( , , ) — êîíöåíòðàöèè ðàñò-

âîðèìûõ âåùåñòâ ñîîòâåòñòâåííî â æèäêîé è òâåðäîé ôàçàõ, D — êîýôôèöè-

åíò êîíâåêòèâíîé äèôôóçèè, f — ôóíêöèÿ êèíåòèêè ìàññoîáìåíà, C N* *, —

ðàâíîâåñíûå êîíöåíòðàöèè âåùåñòâà ñîîòâåòñòâåííî â æèäêîé è òâåðäîé ôà-

çàõ, � �1 2, — êîíñòàíòû, õàðàêòåðèçóþùèå ïðîöåññ ìàññîîáìåíà [5], � —

àêòèâíàÿ ïîðèñòîñòü ñðåäû [1, 4].

Çàòðóäíåíèÿ, âîçíèêàþùèå ïðè ðåøåíèè êðàåâûõ çàäà÷ äëÿ ñèñòåìû (1)–(3),

íåðåäêî ñâÿçàíû ñ ãåîìåòðèåé ôèëüòðàöèîííîé îáëàñòè. Äëÿ ñëîæíûõ ôèëüòðà-

öèîííûõ ñõåì ñî ñâîáîäíîé ïîâåðõíîñòüþ â ñëó÷àå, êîãäà èçâåñòíà õàðàêòåðèñ-
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òè÷åñêàÿ ôóíêöèÿ òå÷åíèÿ, ýôôåêòèâíûì ïîäõîäîì ïðè ðåøåíèè äâóìåðíûõ

êðàåâûõ çàäà÷ ìàññîïåðåíîñà ÿâëÿåòñÿ ïåðåõîä ê íîâûì íåçàâèñèìûì ïåðåìåí-

íûì — êîîðäèíàòàì òî÷åê îáëàñòè êîìïëåêñíîãî ïîòåíöèàëà [2, 6].

Â ðåçóëüòàòå òàêîãî ïåðåõîäà äëÿ çàäà÷ êîíâåêòèâíîãî ìàññîïåðåíîñà

( )D � 0 èç (1) ïîëó÷àåì óðàâíåíèå [2]
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— èçâåñòíàÿ èç ðåøåíèÿ ñîîòâåòñòâóþùåé ôèëüòðàöè-

îííîé çàäà÷è ñêîðîñòü ôèëüòðàöèè.

Ñîîòíîøåíèÿ (1)–(3) ëåæàò â îñíîâå ìíîæåñòâà ìàòåìàòè÷åñêèõ ìîäåëåé

êëàññè÷åñêîé òåîðèè ïðîöåññîâ ìàññîïåðåíîñà â óñëîâèÿõ ãåîôèëüòðàöèè [1–8].

Â ðàìêàõ ýòîé òåîðèè, ñ èñïîëüçîâàíèåì ïîäõîäà, îñíîâàííîãî íà èäåå ïåðåõîäà

â îáëàñòü êîìïëåêñíîãî ïîòåíöèàëà ôèëüòðàöèè [6], ê íàñòîÿùåìó âðåìåíè ïî-

ëó÷åíû ðåøåíèÿ ìíîãèõ äâóìåðíûõ êðàåâûõ çàäà÷ êîíâåêòèâíîãî è êîíâåêòèâ-

íî-äèôôóçèîííîãî ìàññîïåðåíîñà çàãðÿçíåíèé â ïîäçåìíûõ ôèëüòðàöèîííûõ

ïîòîêàõ [2, 6–8]. Îòìåòèì òàêæå, ÷òî åãî ïðèìåíåíèå äîêàçàëî ñâîþ ýôôåêòèâ-

íîñòü è ïðè ðåøåíèè çàäà÷ ìîäåëèðîâàíèÿ äðîáíî-äèôôåðåíöèàëüíîé äèíàìèêè

ãåîìèãðàöèîííûõ ïðîöåññîâ [9–12].

Â äàííîé ðàáîòå âûïîëíåíû ïîñòàíîâêè è ïîëó÷åíû çàìêíóòûå ðåøåíèÿ íå-

êîòîðûõ äâóìåðíûõ êðàåâûõ çàäà÷ êîíâåêòèâíîãî è êîíâåêòèâíî-äèôôóçèîííî-

ãî ìàññîïåðåíîñà (â óñëîâèÿõ ìàññîîáìåíà) ðàñòâîðèìûõ âåùåñòâ ïðè ãåîôèëüò-

ðàöèè äëÿ íåêëàññè÷åñêèõ (áàçèðóþùèõñÿ íà ïîíÿòèè ëîêàëüíîé M -ïðîèçâîä-

íîé [13] ïî âðåìåíí�é ïåðåìåííîé) ìàòåìàòè÷åñêèõ ìîäåëåé. Èçëàãàåìûé

ïîäõîä ê ìàòåìàòè÷åñêîìó ìîäåëèðîâàíèþ äèíàìèêè ãåîìèãðàöèîííûõ ïðîöåñ-

ñîâ íà îñíîâå íåêëàññè÷åñêèõ ìîäåëåé ñ M -ïðîèçâîäíîé ïîçâîëÿåò îïèñûâàòü

êîíâåêòèâíî-äèôôóçèîííûå ïðîöåññû â óñëîâèÿõ ñóùåñòâåííîãî âëèÿíèÿ íà èõ

äèíàìèêó àíîìàëüíûõ ýôôåêòîâ è ñ èñïîëüçîâàíèåì áîëåå îáùèõ, ÷åì ïðè òðà-

äèöèîííîì ïîäõîäå, ìàòåìàòè÷åñêèõ ìîäåëåé ïîëó÷àòü ðåøåíèÿ ñîîòâåòñòâóþ-

ùèõ äèíàìè÷åñêèõ êðàåâûõ çàäà÷ ìàññîïåðåíîñà, âêëþ÷àþùèå, â ÷àñòíîñòè, èç-

âåñòíûå êëàññè÷åñêèå ðåøåíèÿ.

ÏÐÅÄÂÀÐÈÒÅËÜÍÛÅ ÑÂÅÄÅÍÈß: ËÎÊÀËÜÍÀß M -ÏÐÎÈÇÂÎÄÍÀß

Ëîêàëüíàÿ M -ïðîèçâîäíàÿ ïîðÿäêà 	 	( )0 1
 � ôóíêöèè f : [ , )0 � � � ÿâëÿåò-

ñÿ îáîáùåíèåì òàê íàçûâàåìîé àëüòåðíàòèâíîé äðîáíîé ïðîèçâîäíîé è îïðå-

äåëÿåòñÿ ñëåäóþùèì îáðàçîì [13, 14]:
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 � 0 ôóíêöèÿ Ìèòòàã-Ëåôôëåðà [15]. Åñëè

ëîêàëüíàÿ M -ïðîèçâîäíàÿ ïîðÿäêà 	 ôóíêöèè f ñóùåñòâóåò è êîíå÷íà íà

( , )0 � , òî ñ÷èòàþò, ÷òî f t( ) ÿâëÿåòñÿ 	-äèôôåðåíöèðóåìîé íà ýòîì ïðîìåæóò-

êå [13]. Åñëè f t( ) äèôôåðåíöèðóåìà íà ( , )0 � , òî èìååò ìåñòî [13] ñîîòíîøå-
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Ñëåäóþùèå ñîîòíîøåíèÿ [13] îïðåäåëÿþò íåêîòîðûå õàðàêòåðíûå ñâîéñòâà
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Ðÿä äðóãèõ âàæíûõ ñîîòíîøåíèé, èìåþùèõ ìåñòî äëÿ ëîêàëüíîé M -ïðîèç-

âîäíîé, ïðèâåäåí â [13].

ÌÎÄÅËÈÐÎÂÀÍÈÅ ÄÈÍÀÌÈÊÈ ÏÐÎÖÅÑÑÀ ÊÎÍÂÅÊÒÈÂÍÎÃÎ ÌÀÑÑÎÏÅÐÅÍÎÑÀ
È ÌÀÑÑÎÎÁÌÅÍÀ ÏÐÈ ÄÂÓÌÅÐÍÎÉ ÓÑÒÀÍÎÂÈÂØÅÉÑß ÃÅÎÔÈËÜÒÐÀÖÈÈ
ÍÀ ÎÑÍÎÂÅ ÌÎÄÅËÅÉ Ñ M -ÏÐÎÈÇÂÎÄÍÎÉ

Çàäà÷è ìîäåëèðîâàíèÿ äðîáíî-äèôôåðåíöèàëüíîé äèíàìèêè êîíâåêòèâíîãî

ìàññîïåðåíîñà ðàñòâîðèìûõ âåùåñòâ â óñëîâèÿõ ïëîñêîé óñòàíîâèâøåéñÿ

ôèëüòðàöèè (ïðè ó÷åòå ðàçëè÷íûõ îáîáùåííûõ ñîîòíîøåíèé êèíåòèêè ìàññî-

îáìåíà) ðàññìîòðåíû â [12 ] íà îñíîâå ìàòåìàòè÷åñêèõ ìîäåëåé ñ ìîäèôèöè-

ðîâàííîé äðîáíîé ïðîèçâîäíîé Ðèìàíà–Ëèóâèëëÿ. Â äàííîì ðàçäåëå íåêîòî-

ðûå èç ñîîòâåòñòâóþùèõ ðàññìîòðåííûì â [12] çàäà÷ êîíâåêòèâíîãî ìàññîïå-

ðåíîñà ðàñòâîðèìûõ âåùåñòâ ïðè ðàçíîîáðàçíûõ óñëîâèÿõ ìàññîîáìåíà

ñ âìåùàþùèìè ïîðîäàìè ïîñòàâëåíû è ðåøåíû â ðàìêàõ ìàòåìàòè÷åñêèõ ìî-

äåëåé ñ ëîêàëüíîé M -ïðîèçâîäíîé.

Â ñëó÷àå, íàïðèìåð, íàëè÷èÿ óñëîâèé ìåæôàçíîãî ìàññîîáìåíà ñîãëàñíî

óðàâíåíèþ êèíåòèêè, ñîîòâåòñòâóþùåìó ÿâëåíèþ íåðàâíîâåñíîé îáðàòèìîé àä-

ñîðáöèè è äåñîðáöèè [4, 5], äèíàìèêó ïðîöåññà êîíâåêòèâíîé äèôôóçèè ðàñòâî-

ðèìûõ âåùåñòâ ïðè ïëîñêîé óñòàíîâèâøåéñÿ ôèëüòðàöèè ïîäçåìíûõ âîä îïè-

øåì äëÿ ìîäåëè ñ ëîêàëüíîé Ì -ïðîèçâîäíîé ìîäåëüíîé ñèñòåìîé óðàâíåíèé
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öèè ðàñòâîðèìûõ âåùåñòâ ñîîòâåòñòâåííî â æèäêîé è òâåðäîé ôàçàõ, M
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îïåðàòîð ëîêàëüíîé M -ïðîèçâîäíîé (4) ïî ïåðåìåííîé t ïîðÿäêà 	 [13], � 1 —

ïîñòîÿííàÿ ñêîðîñòè ìàññîîáìåíà, 
* — êîýôôèöèåíò ðàñïðåäåëåíèÿ âåùåñòâà

ìåæäó ôàçàìè â óñëîâèÿõ ðàâíîâåñèÿ ïî ëèíåéíîé èçîòåðìå Ãåíðè [5], � — îïå-

ðàòîð Ãàìèëüòîíà, � � �

�
� �
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2

2

2

2x y
— îïåðàòîð Ëàïëàñà [17].

Ïðåäïîëàãàÿ, ÷òî ñîîòâåòñòâóþùàÿ ôèëüòðàöèîííàÿ êðàåâàÿ çàäà÷à äëÿ (11)

ðåøåíà [1, 2], è ïåðåõîäÿ àíàëîãè÷íî [2, 6–8] â óðàâíåíèÿõ (9), (10) ê íîâûì ïå-

ðåìåííûì � �, — êîîðäèíàòàì òî÷åê ãåîìåòðè÷åñêè áîëåå ïðîñòîé îáëàñòè êîì-

ïëåêñíîãî ïîòåíöèàëà ôèëüòðàöèè, ïðèâîäèì ñèñòåìó óðàâíåíèé êîíâåêòèâíîé

äèôôóçèè è ìàññîîáìåíà ê âèäó
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Â ñëó÷àå èçó÷åíèÿ äèíàìèêè òîëüêî êîíâåêòèâíîãî ìàññîïåðåíîñà â óñëîâèÿõ

ìàññîîáìåíà èç (12), (13) èìååì
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Ïðè èññëåäîâàíèè ïðîöåññà çàãðÿçíåíèÿ ïîäçåìíûõ âîä ïðèìåì ñëåäóþùèå

ãðàíè÷íûå óñëîâèÿ:

C t C t( , , ) ( , )0 1� �� , N t N t( , , ) ( , )0 1� �� , (16)

ãäå C N1 1, — çàäàííûå âåëè÷èíû.

Îò ñèñòåìû óðàâíåíèé (14), (15) ïåðåéäåì ê îäíîìó óðàâíåíèþ îòíîñèòåëü-

íî êîíöåíòðàöèè C â æèäêîé ôàçå. Ïîäñòàâëÿÿ (15) â (14), íàõîäèì

N D C C CM
t� � � �1

1

2
1


 �
� � � � � �	 


�
*

( ( , ) )
,

. (17)

Âû÷èñëÿÿ íà îñíîâàíèè (17) M
tD N
	 
,

è ïîäñòàâëÿÿ ïîëó÷åííûé ðåçóëüòàò

â (15), íàõîäèì èñêîìîå óðàâíåíèå äëÿ C t( , , )� � â âèäå

� 	 
 	 
M
t

M
tD D C

, , � (18)

� � � � � �� � � � � 
 
 � � � �	 

�

	 
2
1 1

21( , ) ( ) ( ) ( , )
, ,

* *

M
t

M
tD C D C C� � 0 .

Âûïîëíèì â (18) çàìåíó ïåðåìåííûõ ñîãëàñíî ñîîòíîøåíèþ

� 

	

� �

� � �

	

� � � ��( )
( , )

1
2 2

t d
. (19)

Ñ ó÷åòîì (19), ñâîéñòâ ëîêàëüíîé Ì -ïðîèçâîäíîé (5)–(8) è ñîîòíîøåíèé

M
tD C C
	 
 �,

( )� � , M
tD C C
	 


�
�

�
�,

( ) ( )� � � ��
2 2

, M
t

M
tD D C C

	 
 	 
 �, ,
( )� ��

ñâîäèì óðàâíåíèå (18) ê îäíîðîäíîìó óðàâíåíèþ

�� � � � �C C( ) ( ) ( )*� � 
 �1 2 0 . (20)

Îáùåå ðåøåíèå (20) çàïèøåì â âèäå

C
A

A e( )
( )*

*( )�
� 


� 
 ��
�

� � �1

1
2

2

2
1 , (21)

ãäå A A1 2, — ïîñòîÿííûå èíòåãðèðîâàíèÿ.

Èç (17) ñ ó÷åòîì (21) ïîëó÷àåì

N
A A

e( )
( )* *

*( )� �

 � 


� 
 ��
�

�
�

�
		




�
��

� �1

1

2 2

2 2
1 . (22)
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Ó÷èòûâàÿ (19) â ñîîòíîøåíèÿõ (21), (22), ïîëó÷àåì

C t
A

A
t d

( , , )
( )

exp ( ) (
*

*� �
� 


� 
 


	

� �

�

	

�
�

� � � � �1

1
2 1 22

2 1
2

�
( , )� �

�
�

�
	
	




�
�
�

�

�

	
	




�

�
�

, (23)

N t( , , )� � �

�
�

� � � � ��

 � 


� 
 


	

� �

� � �

	A A t d1

1

2
1 22 2

2 1
2* *

*
( )

exp ( ) (
( ,

�
)

�
�

�
	
	




�
�
�

�

�

	
	




�

�
�

�

�
�
�

�

�
�
�

. (24)

Ïîñòîÿííûå A A1 2, îïðåäåëÿåì èç óñëîâèé (16). Ïîñëå ïðîñòûõ ïðåîáðàçîâà-

íèé ñ ó÷åòîì (23), (24) íàõîäèì

A N t C t1
1

1 1
2

2
� ��

��
�

��

 �

�
�

�
�* ( , ) ( , ) , (25)

A C t N t e

t

2 1 1

2 12

2

1

�
�

�
�

�
		




�
��

� �



�




�
�

� 
 


*

*
*

( , ) ( , )
( ) ( )�

	

	 . (26)

Òàêèì îáðàçîì, ðåøåíèå ðàññìàòðèâàåìîé çàäà÷è îïðåäåëÿåòñÿ ñîîòíîøåíèÿ-

ìè (23)–(26). Îòìåòèì, ÷òî â ÷àñòíîì ñëó÷àå, ïðè 	 
, �1 , ïîëó÷åííûå ñîîò-

íîøåíèÿ îïðåäåëÿþò ðåøåíèå ñîîòâåòñòâóþùåé çàäà÷è êîíâåêòèâíîãî ìàññî-

ïåðåíîñà â êëàññè÷åñêîé ïîñòàíîâêå [7].

Àíàëîãè÷íî èçëîæåííîìó âûøå íà îñíîâå ìîäåëè ñ M -ïðîèçâîäíîé ìîæíî

ðàññìîòðåòü è çàäà÷ó ìîäåëèðîâàíèÿ äèíàìèêè êîíâåêòèâíîãî ìàññîïåðåíîñà

ïðè ìàññîîáìåíå ñîãëàñíî îáîáùåííîìó óðàâíåíèþ êèíåòèêè èîíîîáìåííîé

ñîðáöèè. Ñîîòâåòñòâóþùåå îáîáùåíèå êëàññè÷åñêîãî óðàâíåíèÿ íåëèíåéíîé êè-

íåòèêè ñîðáöèè çàïèøåì â âèäå

M
tD N N N C C C N
	 
 � �,

( ) ( )* * *� � � � , (27)

ãäå � �, * — êîýôôèöèåíòû ñêîðîñòè ïðÿìîé è îáðàòíîé ðåàêöèé ñîîòâåòñòâåí-

íî, N* — îáìåííàÿ åìêîñòü ïîðîäû ïðè åå íàñûùåíèè äî ðàâíîâåñíîé êîí-

öåíòðàöèè C* . Â ÷àñòíîñòè, ïðè 	 
, �1 óðàâíåíèå (27) ïåðåõîäèò â èçâåñò-

íîå [5] êëàññè÷åñêîå óðàâíåíèå êèíåòèêè èîíîîáìåííîé ñîðáöèè.

Èçó÷åíèå äèíàìèêè ïðîöåññà êîíâåêòèâíîãî ìàññîïåðåíîñà ðàñòâîðèìûõ

âåùåñòâ â óñëîâèÿõ ìàññîîáìåíà ñîãëàñíî (27) ñâîäèòñÿ ê ðåøåíèþ â îáëàñòè

êîìïëåêñíîãî ïîòåíöèàëà ôèëüòðàöèè ìîäåëüíîé ñèñòåìû óðàâíåíèé ñ M -ïðî-

èçâîäíîé âèäà
M

tD C N C
	 


�� � � �,
( ) ( , )� � � �2 , (28)

M
tD N N N C C C N
	 
 � �,

( ) ( )* * *� � � � (29)

ïðè ãðàíè÷íûõ óñëîâèÿõ äëÿ çàäà÷è çàãðÿçíåíèÿ ïîäçåìíûõ âîä, îïðåäåëÿå-

ìûõ ñîãëàñíî (16).

Îñóùåñòâèì ïåðåõîä îò ñèñòåìû óðàâíåíèé (28), (29) ê îäíîìó óðàâíåíèþ

îòíîñèòåëüíî êîíöåíòðàöèè C. Âûïîëíÿÿ ïîäñòàíîâêó (29) â (28), íàõîäèì

N
C

N C D C CM
t�

�
� � ��

�
� � � � �	 


�
1

2( ( , ) )*

,
. (30)
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Îòñþäà, ñ ó÷åòîì ñâîéñòâ (5)–(7) äëÿ M -ïðîèçâîäíîé, ïîëó÷àåì

M
tD N
	 
, �

�
�

�
�

�
�

�

�

�

�

��

�
�	 
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C
D C

C
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t
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t
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t
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* , , , ,
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�
�� � �

�
� � �
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C
C D C D CM

t
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t
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� � �
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	 2

2

1

( , )
( , ) ( )

, ,		




�

�
�
�
��

, (31)

ãäå �
�

� 1

* *C
, � � � �� �( )* .

Ïîäñòàâëÿÿ ñîîòíîøåíèå (31) â óðàâíåíèå (28), íàõîäèì èñêîìîå óðàâíåíèå

äëÿ ôóíêöèè êîíöåíòðàöèè C t( , , )� � â âèäå

M
t

M
t

M
tD D C D C
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� � �
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, , ,( , )
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2

�
�

�
�

� �
�

�
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1 1

2
2

C
D C

C
C D CM
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1 2�

�
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� �

� � � �

��

	 
C N

C
D C

C
CM

t
*

( )

( ) ( , ),
� � 0 . (32)

Âûïîëíÿÿ â óðàâíåíèè (32) çàìåíó ïåðåìåííûõ ñîãëàñíî (19), èìååì

�� �
�

� �
�

�
�

�

�
		




�
�� � �C

C
C

C a

C
C( ) ( ( )) ( )�

�

�
�

�

�

�

�
�

1

1

1
02

(33)

èëè, ââîäÿ îáîçíà÷åíèå u C C( ) ( )� � � , ïîëó÷àåì èç (33) óðàâíåíèå

� �
�

�
�

�
�

u C
C

u C
C a

C
( ) ( )

�

�

�

�

�

�1

1

1
, (34)

ãäå a
N

�
2�

��
* .

Îáùåå ðåøåíèå óðàâíåíèÿ (34) çàïèøåì â âèäå

u C C A
C

C a( ) ( ) ( )� � � ��

�
	




�
� � ��

�
�1 1 , (35)

ãäå A1 — ïîñòîÿííàÿ èíòåãðèðîâàíèÿ.

Èíòåãðèðóÿ (35), ñ ó÷åòîì (19) èìååì

C t( , , )� � �

� � � �
�

�
	
	




�
�
�
��

� � �

�




	

� �
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	( ) ( )
(
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A A t d1 1

22 2
1

2
cth � A

b A
2
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2
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�

�
�

�

�
�
�

�

�
�
�
�

( )
, (36)

ãäå �
�

�
�

�
�

�
( ) , ( )A

a
A b A A1 1

2

1 1
4 1 1� � �

�

�
		




�
�� � � , A2 — ïðîèçâîëüíàÿ ïîñòîÿííàÿ.

Òàêèì îáðàçîì, ñîîòíîøåíèå (30), ñ ó÷åòîì ñîîòíîøåíèé (35), (19), çàïè-

øåì â âèäå

N t a A
C t

( , , )
( , , )

� �
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�
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�

�
	




�
�

2
1 . (37)
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Îòñþäà, ñ ó÷åòîì ãðàíè÷íûõ óñëîâèé (16), íàõîäèì

A a C t
N t

1 1
11 2

� � �
�

�
		




�
���

�
�

�
( , )

( , )
, (38)

A
t

A

b A C t

A
2

1

1 1

1

1
2 2

� � � �
��

�

	
	

�
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	 �

�

�

	

�( )
( )

( ) ( , )

( )
Arcth




�

�
�

. (39)

Ðåøåíèå ðàññìàòðèâàåìîé çàäà÷è îïðåäåëÿåòñÿ ñîîòíîøåíèÿìè (36)–(39).

Äàëåå êðàòêî îñòàíîâèìñÿ íà çàäà÷å ìîäåëèðîâàíèÿ (ñîãëàñíî ìîäåëè

ñ M -ïðîèçâîäíîé) äèíàìèêè êîíâåêòèâíîãî ìàññîïåðåíîñà â óñëîâèÿõ ðàñòâîðå-

íèÿ è âûïàäåíèÿ ðàñòâîðèìûõ âåùåñòâ â îñàäîê.

Â ñëó÷àå íåëèíåéíîé êèíåòèêè ìàññîîáìåíà, ïðè íàëè÷èè ïðîöåññîâ ðàñò-

âîðåíèÿ è âûïàäåíèÿ ðàñòâîðèìûõ âåùåñòâ â îñàäîê, ïðåäïîëîæèì âûïîëíåíèå

îáîáùåííîãî êèíåòè÷åñêîãî ñîîòíîøåíèÿ â óñëîâèÿõ îáúåìíîãî çàñîëåíèÿ

ñðåäû
M

tD N C C N
	 
 �, /( )

*
� � �1

1 2 , (40)

ãäå � 1 — ïîñòîÿííàÿ ñêîðîñòè ðåàêöèè ìàññîîáìåíà, C* — êîíöåíòðàöèÿ

ïðåäåëüíîãî íàñûùåíèÿ, C x y t N x y t( , , ), ( , , ) — ìàññîâûå êîíöåíòðàöèè ðàñ-

òâîðèìûõ âåùåñòâ ñîîòâåòñòâåííî â æèäêîé è òâåðäîé ôàçàõ.

Îòìåòèì, ÷òî îáîáùåííîå ìîäåëüíîå óðàâíåíèå êèíåòèêè ìàññîîáìåíà

âèäà (40) ïðè 	 
, �1 îáðàùàåòñÿ â õîðîøî èçâåñòíîå [4, 5, 7] êëàññè÷åñêîå êèíå-

òè÷åñêîå óðàâíåíèå

� � � �N C C Nt � 1
1 2( )*

/ .

Ñ ó÷åòîì èçëîæåííîãî âûøå èçó÷åíèå äèíàìèêè êîíâåêòèâíîãî ìàññîïåðåíîñà

ðàñòâîðèìûõ âåùåñòâ íà îñíîâå íåêëàññè÷åñêîé (ñ ëîêàëüíîé M -ïðîèçâîäíîé)

ìàòåìàòè÷åñêîé ìîäåëè ìàññîïåðåíîñà è ìàññîîáìåíà â óñëîâèÿõ îáúåìíîãî

çàñîëåíèÿ ñðåäû ñâîäèòñÿ ê ðåøåíèþ â îáëàñòè êîìïëåêñíîãî ïîòåíöèàëà

ñèñòåìû óðàâíåíèé

M
tD C N C
	 


�� � � �,
( ) ( , )� � � �2 , (41)

M
tD N C C N
	 
 �, /( )

*
� � �1

1 2
(42)

ïðè âûïîëíåíèè ãðàíè÷íûõ óñëîâèé (16).

Äëÿ îòûñêàíèÿ ðåøåíèÿ çàäà÷è âíà÷àëå ïîäñòàâèì (42) â (41), çàòåì èç ïîëó-

÷åííîãî ñîîòíîøåíèÿ îïðåäåëèì

N
C C

D C CM
t

1 2

1

21/ ,

( )
( ( , ) )

*

�
�

� �
�
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� . (43)

Ïðèìåíåíèå îïåðàòîðà M -ïðîèçâîäíîé M
tD
	 
,

ê îáåèì ÷àñòÿì ïîëó÷åííîãî

ñîîòíîøåíèÿ ñ èñïîëüçîâàíèåì (42) ïðèâîäèò ê íåëèíåéíîìó îòíîñèòåëüíî

ôóíêöèè C óðàâíåíèþ âèäà
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t
M

t
M

t
M

tD D C D C
C C

D C
, , , ,

( , ) ( ) ( )
*

� � �
�
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�
�
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2
1
2

2

2
0

( , )
( )

*

*

,

C C
C D C C CM

t . (44)

Âûïîëíèâ â óðàâíåíèè (44) çàìåíó ïåðåìåííûõ ñîãëàñíî (19), ïðåîáðàçóåì

åãî ê âèäó
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�� �
�

� � � �C
C C

C C C( ) ( ( )) ( )
*

*� �
�

�

1
02 1

2
2

èëè (ïîñëå ïîíèæåíèÿ ïîðÿäêà óðàâíåíèÿ ïîäñòàíîâêîé u C C( ) ( )� � � [7]) – ê âèäó

u C u C
u C

C C
C C( ) ( )

( )
( )

*

*� �
�
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2

1
2

2 0
�

�
. (45)

Ïðîèíòåãðèðîâàâ óðàâíåíèå (45), ïîëó÷èì

� � � � �C u C C C A C( ) ( ) ( )*�
�

�
1

1
22

, (46)

ãäå A1 — ïîñòîÿííàÿ èíòåãðèðîâàíèÿ.

Èíòåãðèðóÿ (46) ñ ó÷åòîì (19), íàõîäèì

C t A A C( , , ) ( )*� �
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1
2 1 1
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(47)

 � � � �
�

�
	
	




�
�
�

�

�th 2
1

1
2

2 2
1

2

2
1

2
A C

t d
A

�

�




	

� �

� � �

	

* (
( , )

�

�

	
	
	




�

�
�
�

�

�

�
�
�

.

Ïðèíèìàÿ âî âíèìàíèå (46), (19), èç ñîîòíîøåíèÿ (43) ïîëó÷àåì âûðàæåíèå

äëÿ êîíöåíòðàöèè N âåùåñòâà â òâåðäîé ôàçå â âèäå

N t A C t( , , ) ( , , )� �
�

�

�

�
� �� �

�

�

	
	




�

�
�

2

1
2 1

1
2

4

2
. (48)

Ïîñòîÿííûå èíòåãðèðîâàíèÿ A A1 2, íàõîäÿòñÿ èç ãðàíè÷íûõ óñëîâèé (16) è

èìåþò âèä

A C N

A
t

C C

1
1
2

1 1

2
1 1

2 2

1
2

2
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,

( )
( )*

�
N

N

C C N1

1

1 1

2

2
Arth

�( )*� �

�

�

�
�
�
�
�

. (49)

Ñîîòíîøåíèÿ (47)–(49) îïðåäåëÿþò ðåøåíèå ðàññìàòðèâàåìîé íåêëàññè÷åñ-

êîé çàäà÷è êîíâåêòèâíîãî ìàññîïåðåíîñà. Îòñþäà êàê ÷àñòíûé ñëó÷àé, ïðè

	 
, �1, èìååì ðåøåíèå ñîîòâåòñòâóþùåé çàäà÷è â ðàìêàõ êëàññè÷åñêîé ìàòåìà-

òè÷åñêîé ìîäåëè [7].

ÌÎÄÅËÈÐÎÂÀÍÈÅ ÊÎÍÂÅÊÒÈÂÍÎÉ ÄÈÔÔÓÇÈÈ ÐÀÑÒÂÎÐÈÌÛÕ ÂÅÙÅÑÒÂ
ÏÐÈ ÄÂÓÌÅÐÍÎÉ ÃÅÎÔÈËÜÒÐÀÖÈÈ ÑÎ ÑÂÎÁÎÄÍÎÉ ÏÎÂÅÐÕÍÎÑÒÜÞ
ÍÀ ÎÑÍÎÂÅ ÌÎÄÅËÈ Ñ M -ÏÐÎÈÇÂÎÄÍÎÉ

Ðàññìîòðèì äëÿ ìàòåìàòè÷åñêîé ìîäåëè ñ M -ïðîèçâîäíîé çàäà÷ó ìîäåëèðîâà-

íèÿ äèíàìèêè ïðîöåññà êîíâåêòèâíîé äèôôóçèè ðàñòâîðèìûõ âåùåñòâ â óñëî-

âèÿõ ïëîñêî-âåðòèêàëüíîé óñòàíîâèâøåéñÿ ôèëüòðàöèè ãðóíòîâûõ âîä èç âî-

äîåìà ê áåñêîíå÷íîìó äðåíàæíîìó êàíàëó, çàãëóáëåííîìó íà ãëóáèíó H . Äàí-

íàÿ ôèëüòðàöèîííàÿ ñõåìà õîðîøî èçó÷åíà. Íàïðèìåð, â ðàáîòå [2] ïðèâåäåíî

çàìêíóòîå ðåøåíèå ñîîòâåòñòâóþùåé ïëîñêîé êðàåâîé çàäà÷è ôèëüòðàöèè, ïî-

ëó÷åííîå ìåòîäîì êîíôîðìíûõ îòîáðàæåíèé îáëàñòè ôèëüòðàöèè G z íà îá-

ëàñòü G� â ïëîñêîñòè êîìïëåêñíîãî ïîòåíöèàëà � � �� � i . Â ðåçóëüòàòå ðåøå-
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íèÿ ôèëüòðàöèîííîé çàäà÷è â [2] íàéäåíà õàðàêòåðèñòè÷åñêàÿ ôóíêöèÿ

z f� ( )� è îïðåäåëåíî ïîëå ñêîðîñòåé òå÷åíèÿ.

Çàäà÷ó ìàòåìàòè÷åñêîãî îïèñàíèÿ äèíàìèêè ïðîöåññà êîíâåêòèâíîé äèôôó-

çèè ïðè óñòàíîâèâøåéñÿ ïðîôèëüíîé ôèëüòðàöèè ãðóíòîâûõ âîä ñîîòâåòñòâåííî

ðàññìàòðèâàåìîé ôèëüòðàöèîííîé ñõåìå ìîæíî ñôîðìóëèðîâàòü êàê çàäà÷ó

îòûñêàíèÿ â îáëàñòè G z  �( , )0 ðåøåíèÿ óðàâíåíèÿ

M
t x yD C x y t d

C

x

C

y

C

x

C	 
 � �,
( , , ) � �

�
� �

�

�

�
	
	




�
�
�
� �

�
� �

�

2

2

2

2 y
(50)

ïðè ñëåäóþùèõ êðàåâûõ óñëîâèÿõ:

!C C
y� �

0 1,
�
�

"
"
" �C

n � �1 2

0
,

,
�
�

"

"
" �

�

C

y
y H

0 , (51)

C x y C x y( , , ) ( , )0 0� , (52)

ãäå C1 � const — çàäàííàÿ êîíöåíòðàöèÿ ðàñòâîðèìûõ âåùåñòâ íà âõîäå

ôèëüòðàöèîííîãî ïîòîêà, C x y0 ( , ) — çàäàííàÿ ôóíêöèÿ íà÷àëüíîãî ðàñïðåäå-

ëåíèÿ êîíöåíòðàöèè, n — âíåøíÿÿ íîðìàëü ê ñîîòâåòñòâóþùåé êðèâîé, d —

êîýôôèöèåíò êîíâåêòèâíîé äèôôóçèè [2–5], � �x y, — ïðîåêöèè âåêòîðà ñêî-

ðîñòè ôèëüòðàöèè íà îñè Ox è Oy ñîîòâåòñòâåííî.

Ïîñêîëüêó îáëàñòü ôèëüòðàöèè G z íåêàíîíè÷åñêàÿ, ýôôåêòèâíûé ñïîñîá ðå-

øåíèÿ êðàåâûõ çàäà÷ ðàññìàòðèâàåìîãî òèïà îñíîâàí [6] íà ïåðåõîäå ê íîâûì ïå-

ðåìåííûì ( , )� � — òî÷êàì ãåîìåòðè÷åñêè áîëåå ïðîñòîé îáëàñòè êîìïëåêñíîãî

ïîòåíöèàëà òå÷åíèÿ, ÿâëÿþùåéñÿ [2] äëÿ äàííîé çàäà÷è ïðÿìîóãîëüíèêîì G� ñî

ñòîðîíàìè �0 , Q(� � �0 � H , — êîýôôèöèåíò ôèëüòðàöèè ãðóíòà, Q — ïîëíûé

ôèëüòðàöèîííûé ðàñõîä). Òîãäà êðàåâóþ çàäà÷ó (50)–(52) ìàòåìàòè÷åñêè ìîæíî

ñôîðìóëèðîâàòü äëÿ îáëàñòè êîìïëåêñíîãî ïîòåíöèàëà òå÷åíèÿ G� â âèäå

M
tD C t d C t

C	 
 � � � � � � �
�

,
( , , ) ( , ) ( , , )� � �

�
�

�
		




�
��

2 � , (53)

!C C
�� �

0 1,
�
�

"

"
" �

� �

C

Q
� � �0

0

,

,
�
�

"

"
" �

�

C

� � �0

0 , (54)

C C( , , ) ( , )� � � �0 0� . (55)

Ââåäÿ â ðàññìîòðåíèå ïåðåìåííûå è ïàðàìåòðû

�
�

� �
Q

, �
�

� �
Q

, t
Q

t� �
�

�

	
	




�

�
�

�
	

0
2

1/

, C
C

C
� �

1

, �
�

� �0
0

Q
, d

d

Q
� � , �

�

�
� �

0

(56)

(� 0 — õàðàêòåðíûé ñêîðîñòíîé ïàðàìåòð), ïåðåïèøåì êðàåâóþ çàäà÷ó

(53)–(55) â ñëåäóþùåì âèäå (çíàê «øòðèõ» äëÿ óïðîùåíèÿ íàïèñàíèÿ ôîðìóë

äàëåå îïóñêàåòñÿ):

M
tD C t d

C C C	 


� �
� � � � �

� � �

,
( , , ) ( , )� �

�
� �

�

�

�
	
	




�
�
�
� �
�

�
2

2 2

�

	
	




�

�
�

, (57)
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!C
�� �

0
1,

�
�
"

"
" �

� �

C

� � �0 1

0

,

,
�
�
"

"
" �

�

C

� � �0

0 , (58)

C C( , , ) ( , )� � � �0 0� . (59)

Ïðè ýòîì â íîâûõ ïåðåìåííûõ (56) îáëàñòü êîìïëåêñíîãî ïîòåíöèàëà òå÷åíèÿ

îïðåäåëÿåòñÿ êàê G� � � � � �� 
 
 
 
{ }( , ): ,0 0 10 . Òàêèì îáðàçîì, ìîäåëèðî-

âàíèå äèíàìèêè ìèãðàöèîííîãî ïðîöåññà â ðàìêàõ ðàññìàòðèâàåìîãî ïîäõîäà

ñâîäèòñÿ ê ðåøåíèþ êðàåâîé çàäà÷è (57)–(59) è ïîñëåäóþùåìó ïåðåõîäó èç

îáëàñòè G� â ôèçè÷åñêóþ îáëàñòü G z ñîãëàñíî ïðèâåäåííîìó â ðàáîòå [2] ðå-

øåíèþ ñîîòâåòñòâóþùåé ôèëüòðàöèîííîé çàäà÷è.

Â ñëó÷àå îñðåäíåíèÿ ñêîðîñòè ôèëüòðàöèè ïî îáëàñòè êîìïëåêñíîãî ïîòåí-

öèàëà òå÷åíèÿ òàêèì îáðàçîì, ÷òî � � � �2 2( , ) � �
M

const, èìååì âìåñòî (57)

óðàâíåíèå ñ ïîñòîÿííûìè êîýôôèöèåíòàìè

M
t M

D C t d C
C	 
 � � �
�

,
( , , ) � � �

�
�

�
		




�
��

2 � . (60)

Òîãäà äëÿ ðàññìàòðèâàåìîé êðàåâîé çàäà÷è íåñëîæíî ïîëó÷èòü çàìêíóòîå ðå-

øåíèå. Äåéñòâèòåëüíî, èñêëþ÷àÿ èç (60) êîíâåêòèâíóþ ñîñòàâëÿþùóþ ïîäñòà-

íîâêîé

C t
d

w t( , , ) exp ( , , )� �
�

� �� �
�

�
	




�
�1

2
,

ïîëó÷àåì äëÿ îïðåäåëåíèÿ w êðàåâóþ çàäà÷ó

M
t M

D w t d w
w

d

	 
 � � �,
( , , ) � ��

�
	




�
�2

4
� , (61)

!w
�� �

0
0, !w� � �� �

�
0 1

0
,

, w
d

w�
� �

��

�
	




�
�"

"
" �

�

1

2
0

0

, (62)

w f( , , ) ( , )� � � �0 � , (63)

ãäå

f C
d

( , ) ( ( , ))exp� � � �
�

� � �
�

�
	




�
�1

2
0 . (64)

Ïðèìåíÿÿ ê çàäà÷å (61)–(63) êîíå÷íîå èíòåãðàëüíîå ñèíóñ-ïðåîáðàçîâàíèå

Ôóðüå ïî ïåðåìåííîé � âèäà [18]

w t w t dm
m( , ) ( , , )sin� � �

�

�
� �

�

�
�

�
		




�
���

00

0

,

ãäå �m � 0 — êîðíè óðàâíåíèÿ � �
�

m m
d

mctg � � �0

2
1 2( , , ... ) , èìååì

M
t m M

m
m mD w t d

w t
w t

	 
 � �
�

�
� �,

( , )
( , )

( , )�
�

�
�2

2

2
, (65)

�
�

"

"
" �

� �

w tm ( , )

,

�

� � �0 1

0 , (66)

w Fm m( , ) ( )� �0 � ( , , ... )m �1 2 , (67)
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ãäå

� �
�

�
m M

m

d
d� �
�

�
		




�
��

�

�

	
		




�

�
��

2

0

2
1

4
, F f dm

m( ) ( , )sin� � �
�

�
� �

�

�
�

�
		




�
���

00

0

( , , ... )m �1 2 .

Ïîñëåäóþùåå ïðèìåíåíèå ê çàäà÷å (65)–(67) êîíå÷íîãî êîñèíóñ-ïðåîáðàçî-

âàíèÿ Ôóðüå âèäà

~
( ) ( , )cos ( )w t w t n dmn m� � � �� �

�

0

0

( , , ..., , , , ... )m n� �1 2 0 1 2

ïðèâîäèò ðàññìàòðèâàåìóþ çàäà÷ó ê çàäà÷å Êîøè

M
t mn mn mnD w t w t
	 
 �, ~

( )
~

( )� � 0 , (68)

~
( )wmn mn0 � � ( , , ..., , , , ... )m n� �1 2 0 1 2 , (69)

ãäå

� � ��mn m Md n� � ( )2 , � � �
�

�
� �� � �

�

mn
mf n d d�

�

�
		




�
���� ( , )sin cos ( )

0

1

0 0

0

( , , ..., , , , ... )m n� �1 2 0 1 2

è f ( , )� � îïðåäåëÿåòñÿ ñîîòíîøåíèåì (64).

Ðåøåíèå çàäà÷è (68), (69) çàïèøåì â âèäå

~
( )

( ) /

w t emn mn
mn

t

� � �� � 

	 	� 1

( , , ..., , , , ... )m n� �1 2 0 1 2 . (70)

Çàêëþ÷èòåëüíûé ýòàï â ïðîöåññå ïîñòðîåíèÿ ðåøåíèÿ — âîçâðàùåíèå â îá-

ëàñòü îðèãèíàëîâ ïðåîáðàçîâàíèé Ôóðüå. Ñ ó÷åòîì ôîðìóë îáðàùåíèÿ [18] ïî-

ëó÷àåì èñêîìîå çàìêíóòîå ðåøåíèå èñõîäíîé êðàåâîé çàäà÷è â âèäå

C t( , , )� � �

� � �
�
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#1
4

2

4

4 2
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2 0
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01�
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d d

m

m

m

~
( )

~
( )cos ( )w t w t nm mn

n

0

1

�
�

�
�

�

�
�

�

�

# �� sin ,
�

�
�m

0

�

�
		




�
��

ãäå
~

( )w tmn ( , , ..., , , , ... )m n� �1 2 0 1 2 îïðåäåëÿåòñÿ ñîãëàñíî (70).

ÎÁÐÀÒÍÀß ÐÅÒÐÎÑÏÅÊÒÈÂÍÀß ÇÀÄÀ×À ÊÎÍÂÅÊÒÈÂÍÎÉ ÄÈÔÔÓÇÈÈ
ÐÀÑÒÂÎÐÈÌÛÕ ÂÅÙÅÑÒÂ ÄËß ÌÎÄÅËÈ Ñ ËÎÊÀËÜÍÎÉ M -ÏÐÎÈÇÂÎÄÍÎÉ

Ðàññìîòðèì â îáëàñòè êîìïëåêñíîãî ïîòåíöèàëà G� çàäà÷ó âîññòàíîâëåíèÿ

íà÷àëüíîãî ïîëÿ êîíöåíòðàöèé ðàñòâîðèìûõ âåùåñòâ (â óñëîâèÿõ êîíâåêòèâ-

íîé äèôôóçèè ñîãëàñíî ìàòåìàòè÷åñêîé ìîäåëè ñ M -ïðîèçâîäíîé) ïî çàäàí-

íîìó êîíå÷íîìó çíà÷åíèþ ýòîãî ïîëÿ C T( , , )� � :

M
t M

D Ñ t d Ñ
Ñ	 
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�

��

,
( , , ) � �

�

�
		




�
��

2 � ,
(71)
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C |�� �0 1,
�
�

�
�

C

� � �0

0,
�
�

�
�

C

� � 0

0, C |�� �1 1 , (72)

C T C( , , ) ( , )� � � �� 0 , (73)

ãäå C0 ( , )� � — çàäàííàÿ êîíöåíòðàöèÿ, C L G0
2( , ) ( )� � �$ , T � 0 .

Îòìåòèì, ÷òî äàííàÿ çàäà÷à ñîîòâåòñòâóåò ãåîìèãðàöèè ñîëåé èëè âûùåëà-

÷èâàíèþ ãèïñîâ â óñëîâèÿõ ôèëüòðàöèîííîé ñõåìû èç ðàáîòû [2] (äâóìåðíàÿ

óñòàíîâèâøàÿñÿ ãåîôèëüòðàöèÿ èç áåñêîíå÷íîãî âîäîåìà ê äðåíàæíîìó êàíàëó

ïðè íàëè÷èè çàëåãàþùèõ íà ãëóáèíå âîäîóïîðà ñîëåé èëè ãèïñîâ).

Èñêëþ÷àÿ êîíâåêòèâíóþ ñîñòàâëÿþùóþ â ïðàâîé ÷àñòè (71) ïîäñòàíîâêîé

w t C t
d

( , , ) ( ( , , ))exp� � � �
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�

�
	




�
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2
,

ïîëó÷àåì èç (71)–(73) îäíîðîäíóþ êðàåâóþ çàäà÷ó
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� , (74)

w |�� �0 0, w
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2
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, w w� � �| |� �� �0 1 0 , (75)

w T g( , , ) ( , )� � � �� , (76)

ãäå g C
d

( , ) ( ( , ))exp� � � �
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� � �
�

�
	




�
�1

2
0 .

Ïðèìåíÿÿ ê çàäà÷å (74)–(76) êîíå÷íîå èíòåãðàëüíîå ïðåîáðàçîâàíèå Ôóðüå ïî

ãåîìåòðè÷åñêèì ïåðåìåííûì âèäà

~
( ) ( , , )sin cos ( )w t w t d dnm

n
m�

�

�
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���� � �
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�
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�

0

1
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� ( , )n m$� , (77)

ïîëó÷àåì â îáëàñòè èçîáðàæåíèé ïðåîáðàçîâàíèÿ Ôóðüå çàäà÷ó

M
t nm nm nmD w t w t
	 
 �, ~
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~

( )� � 0 , (78)

~
( )w T gnm nm� ( , )n m$� , (79)
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�
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0 0

0

,

�
�

m
m

�
�( )2 1

2
( )m$� , �n � 0 — êîðíè óðàâíåíèÿ � �

�
n n

d
ctg � � 0

2
( )n$� [18].

Ðåøåíèå çàäà÷è (78), (79) çàïèøåì â âèäå

~
( )

~ ( )
w t g enm nm

T tnm� �� 	 	

(~ ( ) /� 
 � 	nm nm� �� 1 ; n, m$�) . (80)

Âîçâðàùàÿñü â îáëàñòü îðèãèíàëîâ ïðåîáðàçîâàíèÿ Ôóðüå (77), ñ ó÷åòîì

ôîðìóë îáðàùåíèÿ [18] è ñîîòíîøåíèé (80) íàõîäèì ðåøåíèå çàäà÷è (74)–(76)

â âèäå

w t g enm
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0 1 0

��cos ( )� �m , (81)
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, çàäà÷à (74)–(76) íåêîððåêòíà â ñìûñëå Àäàìàðà [19].

Ïîñòðîèì ðåãóëÿðèçîâàííîå ðåøåíèå îáðàòíîé ðåòðîñïåêòèâíîé çàäà÷è êîí-

âåêòèâíîé äèôôóçèè äëÿ ìîäåëè ñ M -ïðîèçâîäíîé, îñíîâûâàÿñü íà ìåòîäàõ ðåãó-

ëÿðèçàöèè À.Í. Òèõîíîâà [19, 20]. Ïðèìåíèâ ìîäèôèöèðîâàííóþ âåðñèþ ìåòîäà
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Ðåøåíèå çàäà÷è (82)–(84) ïîëó÷àåì àíàëîãè÷íî èçëîæåííîìó âûøå. Ïðèìå-

íÿÿ ê äàííîé çàäà÷å êîíå÷íîå èíòåãðàëüíîå ïðåîáðàçîâàíèå Ôóðüå âèäà (77), ïî-

ëó÷àåì â îáëàñòè èçîáðàæåíèé çàäà÷ó
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Ñ ó÷åòîì (87) ðåøåíèå ðàññìàòðèâàåìîé ðåãóëÿðèçîâàííîé çàäà÷è çàïèøåì â âèäå
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Îñòàíîâèìñÿ íà âîïðîñå î íåïðåðûâíîé çàâèñèìîñòè ðåøåíèÿ (88) ðåãóëÿ-

ðèçîâàííîé çàäà÷è îò g â L G2 ( )� . Ïóñòü V �— ðåøåíèå ðåãóëÿðèçîâàííîé çàäà-

÷è, îòâå÷àþùåå èíîìó êîíå÷íîìó çíà÷åíèþ h , ò.å.
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Ñ ó÷åòîì (88), (89) è íåðàâåíñòâà [22–24]
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Ñëåäîâàòåëüíî, ðåãóëÿðèçîâàííàÿ çàäà÷à (82)–(84) ÿâëÿåòñÿ êîððåêòíî ïîñòàâ-

ëåííîé â ñìûñëå Àäàìàðà [19].

Ïóñòü g L G$ 2 ( )� , �
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eT

�
è èñõîäíàÿ çàäà÷à (74)–(76) èìååò

åäèíñòâåííîå ðåøåíèå w C G T L G$  2 1 20, ( ( , ); ( ))� � , ïðè÷åì d w
w

d
� � 
 �

4
.

Òîãäà ñ ó÷åòîì (81), (88) è íåðàâåíñòâà (90) èìååì
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íîãî ðåøåíèÿ ïðè íåòî÷íûõ èñõîäíûõ äàííûõ âîñïîëüçóåìñÿ [22–24] íåðàâåí-

ñòâîì òðåóãîëüíèêà [25], êîòîðîå â ðàññìàòðèâàåìîì ñëó÷àå ïðèíèìàåò âèä
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(94)

äëÿ âñåõ t T$( , )0 , ïðè÷åì êîíñòàíòà C* îïðåäåëÿåòñÿ ñîãëàñíî (93).

Òàêèì îáðàçîì, èñêîìàÿ îöåíêà ñõîäèìîñòè ðåãóëÿðèçîâàííîãî ðåøåíèÿ îá-

ðàòíîé ðåòðîñïåêòèâíîé çàäà÷è êîíâåêòèâíîé äèôôóçèè äëÿ ìîäåëè ñ ëîêàëüíîé

M -ïðîèçâîäíîé ïðè íåòî÷íûõ èñõîäíûõ äàííûõ ìîæåò áûòü ïðåäñòàâëåíà

â âèäå (94).

ÇÀÊËÞ×ÅÍÈÅ

Â íàñòîÿùåé ðàáîòå âûïîëíåíû ïîñòàíîâêè è ïîëó÷åíû çàìêíóòûå ðåøåíèÿ

íåêîòîðûõ äâóìåðíûõ êðàåâûõ çàäà÷ êîíâåêòèâíîãî è êîíâåêòèâíî-äèôôóçè-

îííîãî ìàññîïåðåíîñà è ìàññîîáìåíà ðàñòâîðèìûõ âåùåñòâ ïðè ãåîôèëüòðà-

öèè â ðàìêàõ íåêëàññè÷åñêèõ (áàçèðóþùèõñÿ íà ïîíÿòèè ëîêàëüíîé M -ïðîèç-

âîäíîé [13] ïî âðåìåíí�é ïåðåìåííîé) ìàòåìàòè÷åñêèõ ìîäåëåé.

Â ÷àñòíîñòè, ðàññìîòðåíû çàäà÷è ìîäåëèðîâàíèÿ äèíàìèêè ïðîöåññà êîí-

âåêòèâíîãî ìàññîïåðåíîñà â óñëîâèÿõ ìàññîîáìåíà â ñîîòâåòñòâèè ñ îáîáùåí-

íûì óðàâíåíèåì íåðàâíîâåñíîé îáðàòèìîé àäñîðáöèè è äåñîðáöèè, äèíàìèêè

êîíâåêòèâíîãî ìàññîïåðåíîñà â ñëó÷àå íåëèíåéíîé êèíåòèêè ìàññîîáìåíà ïðè

íàëè÷èè ïðîöåññîâ ðàñòâîðåíèÿ è âûïàäåíèÿ ðàñòâîðèìûõ âåùåñòâ â îñàäîê

è äèíàìèêè ïðîöåññà êîíâåêòèâíîé äèôôóçèè ðàñòâîðèìûõ âåùåñòâ â óñëîâèÿõ

ïëîñêî-âåðòèêàëüíîé óñòàíîâèâøåéñÿ ôèëüòðàöèè ãðóíòîâûõ âîä èç âîäîåìà

ê çàãëóáëåííîìó äðåíàæíîìó êàíàëó.

Äëÿ ìàòåìàòè÷åñêîé ìîäåëè ñ ëîêàëüíîé M -ïðîèçâîäíîé òàêæå âûïîëíåíà

ïîñòàíîâêà îáðàòíîé ðåòðîñïåêòèâíîé çàäà÷è êîíâåêòèâíîé äèôôóçèè, ñîîòâåò-

ñòâóþùåé ñõåìå äâóìåðíîé óñòàíîâèâøåéñÿ ãåîôèëüòðàöèè èç áåñêîíå÷íîãî âî-

äîåìà ê äðåíàæó ïðè íàëè÷èè âîäîóïîðà, ïîëó÷åíî ðåãóëÿðèçîâàííîå ðåøåíèå

çàäà÷è è óñòàíîâëåíû íåêîòîðûå îöåíêè ñõîäèìîñòè.
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Â.Ì. Áóëàâàöüêèé
ÌÀÒÅÌÀÒÈ×Í² ÌÎÄÅË² Ç ËÎÊÀËÜÍÎÞ M -ÏÎÕ²ÄÍÎÞ
ÒÀ ÊÐÀÉÎÂ² ÇÀÄÀ×² ÃÅÎÌ²ÃÐÀÖ²ÉÍÎ¯ ÄÈÍÀÌ²ÊÈ

Àíîòàö³ÿ. Ó ðàìêàõ ìàòåìàòè÷íèõ ìîäåëåé, ùî áàçóþòüñÿ íà ïîíÿòò³ ëî-
êàëüíî¿ M-ïîõ³äíî¿ çà ÷àñîâîþ çì³ííîþ, âèêîíàíî ïîñòàíîâêè òà îäåðæàíî
çàìêíåí³ ðîçâ’ÿçêè äåÿêèõ äâîâèì³ðíèõ êðàéîâèõ çàäà÷ êîíâåêòèâíîãî
³ êîíâåêòèâíî-äèôóç³éíîãî ìàñîïåðåíîñó òà ìàñîîáì³íó ðîç÷èííèõ ðå÷îâèí
ó ïðîöåñ³ ãåîô³ëüòðàö³¿. Çîêðåìà, ïîñòàâëåíî îáåðíåíó ðåòðîñïåêòèâíó
çàäà÷ó êîíâåêòèâíî¿ äèôóç³¿ çã³äíî ç³ ñõåìîþ äâîâèì³ðíî¿ ãåîô³ëüòðàö³¿
ç íåñê³í÷åííî¿ âîäîéìè äî äðåíàæó, îäåðæàíî ¿¿ ðåãóëÿðèçîâàíèé ðîçâ’ÿçîê,
íàâåäåíî äåÿê³ îö³íêè çá³æíîñò³.

Êëþ÷îâ³ ñëîâà: ìàòåìàòè÷íå ìîäåëþâàííÿ, ãåîì³ãðàö³ÿ, ãåîô³ëüòðàö³ÿ, ìà-
ñîïåðåíîñ, ìàñîîáì³í, íåêëàñè÷í³ ìîäåë³, ëîêàëüíà M-ïîõ³äíà, çàäà÷³ êîí-
âåêòèâíîãî òà êîíâåêòèâíî-äèôóç³éíîãî ìàñîïåðåíîñó, çàìêíåíà ôîðìà
ðîçâ’ÿçê³â.

V.M. Bulavatsky
MATHEMATICAL MODELS WITH LOCAL M -DERIVATIVE
AND BOUNDARY-VALUE PROBLEMS OF GEOMIGRATION DYNAMICS

Abstract. In the framework of mathematical models based on the concept of
a local M-derivative with respect to a time variable, statements are made and
closed-form solutions of some two-dimensional boundary value problems of
convective and convective-diffusive mass transfer and mass exchange of soluble
substances during geofiltration are obtained. In particular, the inverse
retrospective problem of convective diffusion is posed according to the scheme
of two-dimensional geofiltration from an infinite reservoir to drainage, its
regularized solution is obtained, and some estimates of convergence are given.

Keywords: mathematical modeling, geomigration, geofiltration, mass transfer,
mass exchange, non-classical models, local M-derivative, problems of convective
and convective-diffusive mass transfer, closed form solutions.
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