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Àíîòàö³ÿ. Íàâåäåíî îñíîâí³ òâåðäæåííÿ ìåòîäó íàáëèæåííÿ ðîçðèâíèõ ôóíêö³é äâîõ
çì³ííèõ, ùî îïèñóþòü çîáðàæåííÿ ïîâåðõí³ 2D-ò³ëà àáî çîáðàæåííÿ âíóòð³øíüî¿ ñòðóêòó-
ðè 3D-ò³ëà â äåÿê³é ïëîùèí³, çà äîïîìîãîþ ïðîºêö³é, ÿê³ íàäõîäÿòü ç êîìï’þòåðíîãî òî-
ìîãðàôà. Ìåòîä áàçóºòüñÿ íà âèêîðèñòàíí³ ñïåö³àëüíî ñêîíñòðóéîâàíèõ ðîçðèâíèõ
ñïëàéí³â äâîõ çì³ííèõ ³ ñê³í÷åííèõ ñóì Ôóð’º, êîåô³ö³ºíòè Ôóð’º ó ÿêèõ çíàõîäÿòüñÿ
çà äîïîìîãîþ ïðîºêö³éíèõ äàíèõ. Ð³çíèöÿ ì³æ íàáëèæóâàíîþ ôóíêö³ºþ ³ çàçíà÷åíèì ðîç-
ðèâíèì ñïëàéíîì º íåïåðåðâíîþ ôóíêö³ºþ ³ ìîæå íàáëèæóâàòèñÿ ñê³í÷åííèìè ñóìàìè
Ôóð’º áåç ÿâèùà Ã³ááñà. Çã³äíî ç åêñïåðèìåíòàëüíèìè äàíèìè íàáëèæóâàíà ôóíêö³ÿ ìà-
òèìå ðîçðèâè ïåðøîãî ðîäó íà çàäàí³é ñèñòåì³ âêëàäåíèõ îäèí â îäíîãî êðóã³â òà
åë³ïñ³â. Àíàë³ç ðåçóëüòàò³â îá÷èñëåíü ï³äòâåðäèâ òåîðåòè÷í³ òâåðäæåííÿ ðîáîòè. Çàïðîïî-
íîâàíèé ìåòîä äàº çìîãó îòðèìóâàòè çàäàíó òî÷í³ñòü íàáëèæåííÿ çà ìåíøîþ ê³ëüê³ñòþ
ïðîºêö³é, òîáòî çà ìåíøèì îïðîì³íþâàííÿì.

Êëþ÷îâ³ ñëîâà: êîìï’þòåðíà òîìîãðàô³ÿ, ðîçðèâíà ôóíêö³ÿ, ðîçðèâíèé ñïëàéí, ñóìà Ôóð’º.

ÂÑÒÓÏ

Çàäà÷à íàáëèæåííÿ ôóíêö³é çà äîïîìîãîþ ïðîºêö³é âèíèêàº â êîìï’þòåðí³é òîìî-

ãðàô³¿, êîëè åêñïåðèìåíòàëüíèìè äàíèìè º íå çíà÷åííÿ íàáëèæóâàíî¿ ôóíêö³¿

â îêðåìèõ òî÷êàõ, à ïðîºêö³¿ (³íòåãðàëè âçäîâæ çàäàíî¿ ñèñòåìè ë³í³é), ÿê³ íàäõî-

äÿòü ç êîìï’þòåðíîãî òîìîãðàôà. Îñîáëèâ³ òðóäíîù³ âèíèêàþòü ó ðàç³ íàáëèæåííÿ

ðîçðèâíèõ ôóíêö³é. Ó ðîáîòàõ [1, 2] âèêëàäåíà îñíîâíà ³äåÿ, ÿêà ìîæå áóòè âèêî-

ðèñòàíà äëÿ íàáëèæåííÿ ðîçðèâíèõ ôóíêö³é. Âîíà ïîëÿãàº ó òàêîìó: íàáëèæóâàíà

ðîçðèâíà ôóíêö³ÿ çàì³íþºòüñÿ ñóìîþ äâîõ ôóíêö³é — ðîçðèâíîãî ñïëàéíó òà íå-

ïåðåðâíî¿ ôóíêö³¿. Ïðîïîíóºòüñÿ ìåòîä ïîáóäîâè ñïëàéí-ôóíêö³¿, ÿêà ìàº íà çàçíà-

÷åíèõ ë³í³ÿõ òàê³ æ ðîçðèâè ïåðøîãî ðîäó, ÿê ³ íàáëèæóâàíà ðîçðèâíà ôóíêö³ÿ òà

ìåòîä çíàõîäæåííÿ êîåô³ö³ºíò³â Ôóð’º âêàçàíî¿ íåïåðåðâíî¿ ôóíêö³¿. Òàê³ ôóíêö³¿

íàáëèæóþòüñÿ ñê³í÷åííèìè ñóìàìè Ôóð’º áåç ÿâèùà Ã³ááñà.

Çàóâàæèìî, ùî â ðîáîòàõ [3–5] íàâåäåíî ð³çí³ ìåòîäè ïîáóäîâè ñê³í÷åííèõ

ñóì Ôóð’º, êîåô³ö³ºíòè Ôóð’º ó ÿêèõ ïîìíîæàþòüñÿ íà âèçíà÷åí³ â³äïîâ³äíèì

÷èíîì ìíîæíèêè ç ìåòîþ çìåíøåííÿ âïëèâó ÿâèùà Ã³ááñà íà ê³íöåâèé ðåçóëü-

òàò. Ïðè öüîìó ÿâèùå Ã³ááñà íå çíèêàº ïîâí³ñòþ.

ÇÀÃÀËÜÍÀ ÏÎÑÒÀÍÎÂÊÀ ÇÀÄÀ×²

Äëÿ ôîðìóëþâàííÿ îñíîâíèõ òâåðäæåíü ìåòîäó íàáëèæåííÿ ðîçðèâíèõ

ôóíêö³é óâåäåìî ïîçíà÷åííÿ: çàäàíà òà â³äíîâëåíà ðîçðèâí³ ôóíêö³¿ f x y( , )

òà
~

( , )f x y â³äïîâ³äíî; ðîçðèâíà ñïëàéí-ôóíêö³ÿ Sp ( , )x y ; ñôîðìîâàíà çà äîïî-

ìîãîþ öèõ ôóíêö³é íåïåðåðâíà ôóíêö³ÿ � ( , )x y òà â³äïîâ³äíå ¿¿ íàáëèæåííÿ
~ ( , )� N x y ñóìàìè Ôóð’º ïîðÿäêó N .

Âèêëàäåìî àëãîðèòì ðåàë³çàö³¿ ìåòîäó çà åòàïàìè.

1. Ââàæàòèìåìî ë³í³¿ ðîçðèâó ôóíêö³¿ f x y( , ) â³äîìèìè. Áóäóºìî

ñïëàéí-ôóíêö³þ Sp ( , ),x y ùî ìàº íà çàçíà÷åíèõ ë³í³ÿõ òàê³ æ ðîçðèâè ïåðøîãî
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ðîäó, ÿê ³ íàáëèæóâàíà ôóíêö³ÿ. Ó ö³é ðîáîò³ çàñòîñîâóºìî ìåòîä ïîáóäîâè ðîç-

ðèâíîãî ñïëàéíà, âèêëàäåíèé â [1].

2. Çíàõîäèìî ôóíêö³þ

� ( , ) ( , ) ( , ) ,x y f x y x y� � Sp

ÿêà º íåïåðåðâíîþ íåâ³äîìîþ ôóíêö³ºþ.

3. Â³äíîâëþºìî ôóíêö³þ � ( , )x y çà äîïîìîãîþ ìåòîäó ñê³í÷åííèõ ñóì

Ôóð’º, íàâåäåíîãî ó ðîáîò³ [2]. Ç óðàõóâàííÿì òîãî, ùî öÿ ôóíêö³ÿ íå ìàº

ðîçðèâ³â, ¿¿ ìîæíà íàáëèæóâàòè â³äïîâ³äíèìè ñóìàìè Ôóð’º áåç ÿâèùà Ã³ááñà.

Ö³ºþ ôóíêö³ºþ º ~ ( , ) ,� N x y äå N — ïîðÿäîê ñóìè Ôóð’º.

4. Âèêîðèñòîâóºìî äëÿ àíàë³çó íàáëèæåííÿ ôóíêö³¿ f x y( , ) ñóìó ïîáóäîâà-

íîãî âèùå ñïëàéíà òà íàáëèæåííÿ ôóíêö³¿ � ( , )x y ñóìàìè Ôóð’º, òîáòî

~
( , ) ( , ) ~ ( , ) .f x y x y x yN� �Sp �

Ââàæàºìî, ùî îáëàñòü, â ÿê³é çàäàíà ðîçðèâíà ôóíêö³ÿ f x y( , ), ïîâí³ñòþ íà-

ëåæèòü êâàäðàòó D � [ , ]0 1 2 ³ â³äîì³ ë³í³¿ ðîçðèâó ïåðøîãî ðîäó ôóíêö³¿ f x y( , )

íà ãðàíèöÿõ �k kw x y: ( , ) � 0 îáëàñòåé Dk , k M� �1 1, . Òóò

D x y w x y1 1 0� �{( , ): ( , ) }, D x y w x y w x yk k k� � � ��{( , ): ( , ) ( , ) },1 0 0 k M� �2 1, .

Ðîçãëÿíåìî âèïàäêè, êîëè ë³í³¿ ðîçðèâó º åë³ïñàìè (â îêðåìîìó âèïàäêó

êîëàìè).
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Ââàæàºìî, ùî ôóíêö³¿ f x yk ( , ) , k M� �1 1, , º íåïåðåðâíèìè â îáëàñòÿõ

âèçíà÷åííÿ ðàçîì ç ¿õí³ìè ãðàíèöÿìè. Çàóâàæèìî, ùî äëÿ íåïåðåðâíèõ ôóíêö³é

f x yk ( , ) âèêîíóþòüñÿ ñï³ââ³äíîøåííÿ
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Ö³ ôóíêö³¿ ìàþòü âëàñòèâîñò³, ÿê³ ôîðìóëþþòüñÿ ó âèãëÿä³ òåîðåìè.



Òåîðåìà 1. Ôóíêö³¿ f x y f x y f x y f x
N k N k N M N1 0 0 1 0 2 1 0, , , , , , , , , ,( , ), ( , ), ( , ), (� , ) ,y

k M� 2, , ìàþòü âëàñòèâîñò³:

f x y f x y w x yN1 0 1 1 0, , ( , ) ( , ), ( , ) ,� �

f x y f x y w x yk N k k, , , ( , ) ( , ), ( , ) ,0 1 1 0� ��

f x y f x y w x yk N k k, , , ( , ) ( , ), ( , ) ,0 2 0� � k M� 2, ,

f x y f x y w x yM N M M� �� �1 0 1 0, , ( , ) ( , ), ( , ) .

Äîâåäåííÿ çä³éñíþºòüñÿ áåçïîñåðåäíüî ï³äñòàíîâêîþ ó ôîðìóëè äëÿ çàäà-

íèõ ôóíêö³é òàêèõ âèðàç³â:

w x y w x y w x y w x yk k M1 10 0 0 0( , ) , ( , ) , ( , ) , ( , ) ,� � � �� k M� 2, .

Òîáòî ö³ ôóíêö³¿ ï³ä ÷àñ ïîáóäîâè âèêîðèñòîâóþòü ëèøå ñë³äè ôóíêö³é

f x y k M
k

( , ) , , ,� �1 1 íà ë³í³ÿõ ðîçðèâó, à òàêîæ ïðîäîâæóþòü ¿õ ç ë³í³é ðîç-

ðèâó â ñåðåäèíó îáëàñò³.

ÂÈÊÎÐÈÑÒÀÍÍß ÑÏËÀÉÍÀ ÄËß ÏÎÁÓÄÎÂÈ ÍÅÏÅÐÅÐÂÍÎ¯ ÔÓÍÊÖ²¯

Ç âèêîðèñòàííÿì çàäàíî¿ ðîçðèâíî¿ ôóíêö³¿ òà ïîáóäîâàíîãî ðîçðèâíîãî

ñïëàéíà ôîðìóºìî ôóíêö³þ � ( , ) ( , ) ( , ).x y f x y x y� � Sp Öÿ ôóíêö³ÿ ìàº âëàñ-

òèâîñò³, ÿê³ äàþòü çìîãó çàñòîñóâàòè ìåòîä ñê³í÷åííèõ ñóì Ôóð’º ç âèêîðèñ-

òàííÿì ïðîºêö³é äëÿ ¿¿ â³äíîâëåííÿ.

Ñôîðìóëþºìî ³ äîâåäåìî òåîðåìó.

Òåîðåìà 2. Ôóíêö³ÿ � ( , )x y ìàº òàê³ âëàñòèâîñò³:

� ( , ) , ( , ) , , ,x y x y k Mk� � � �0 1 1�
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Îòæå,
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Äëÿ k M� �1 çàóâàæèìî, ùî â îáëàñò³ DM �1 ôóíêö³þ � ( , )x y ìîæíà çàïèñà-

òè ó âèãëÿä³

� ( , ) ( , )
( , ) ( , ) ( ,, ,

x y f x y
f x y w x y Of x y

M
M N M M
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1 0 1 1 ) ( , )

( , ) ( , )
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Òóò âðàõîâàíà âëàñòèâ³ñòü ôîðìóëè ïîë³íîì³àëüíî¿ ³íòåðë³íàö³¿ Of x yM �1 ( , ).

Îòæå, äëÿ ôóíêö³¿ � ( , )x y âèêîíóþòüñÿ óìîâè íåïåðåðâíîñò³ íà ë³í³ÿõ �
k

,

k M� �1 1, . Îñê³ëüêè â îáëàñòÿõ Dk ôóíêö³ÿ � ( , )x y ïîäàºòüñÿ ó âèãëÿä³

ñóïåðïîçèö³¿ íåïåðåðâíèõ ôóíêö³é ³ íà ãðàíèö³ êâàäðàòà D äîð³âíþº íóëþ, òî

� ( , ) ( ) .x y Ñ D�

Òåîðåìó 2 äîâåäåíî.

Çàóâàæèìî, ùî óâåäåíà òàêèì ÷èíîì ôóíêö³ÿ � ( , )x y º íåïåðåðâíîþ

ïåð³îäè÷íîþ ôóíêö³ºþ ç ïåð³îäîì îäèíèöÿ çà êîæíîþ ³ç çì³ííèõ x òà y. Öå

îçíà÷àº, ùî äëÿ ö³º¿ ôóíêö³¿ ìîæå áóòè âèêîðèñòàíî âñ³ â³äîì³ òâåðäæåííÿ

ùîäî íàáëèæåííÿ ¿õ ñê³í÷åííèìè ñóìàìè Ôóð’º.

ÌÅÒÎÄ ÑÊ²Í×ÅÍÍÈÕ ÑÓÌ ÔÓÐ’ª Ç ÂÈÊÎÐÈÑÒÀÍÍßÌ ÏÐÎªÊÖ²É

Òåîðåòè÷í³ ïîëîæåííÿ ìåòîäó îá÷èñëåííÿ êîåô³ö³ºíò³â Ôóð’º çà äîïîìîãîþ

ïðîºêö³é íàâåäåíî â ðîáîò³ [2], çã³äíî ç ÿêîþ íàáëèæåííÿ äëÿ ôóíêö³¿ f x y( , )

çíàõîäèòüñÿ ó âèãëÿä³ ñê³í÷åííî¿ ñóìè Ôóð’º

f x y F ek l
i kx ly

l N
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Îñîáëèâ³ñòü ³ ïåðåâàãà öüîãî ìåòîäó ïîëÿãàº â òîìó, ùî âèêîðèñòîâóþòüñÿ

îòðèìàí³ àâòîðîì ÿâí³ ôîðìóëè äëÿ íàáëèæåíîãî îá÷èñëåííÿ êîåô³ö³ºíò³â

Ôóð’º ôóíêö³¿ äâîõ çì³ííèõ ÷åðåç çíà÷åííÿ ïðîºêö³é. Öå çâåëî ðîçâ’ÿçàííÿ çà-

äà÷³ äî îá÷èñëåííÿ ³íòåãðàë³â. Âèá³ð ñèñòåìè ïðÿìèõ, âçäîâæ ÿêèõ çàäàþòüñÿ

ïðîºêö³éí³ äàí³, çóìîâëåíèé çíà÷åííÿìè ³íäåêñ³â k òà l ó ñóì³ Ôóð’º.



Ó ïîäàëüøîìó äëÿ îá÷èñëåííÿ êîåô³ö³ºíò³â Ôóð’º Fk l, çà äîïîìîãîþ

ïðîºêö³é ðîçãëÿäàþòüñÿ îêðåìî âèïàäêè ùîäî çíàê³â ³íäåêñ³â k òà l òà ¿õíüîãî

âçàºìíîãî ðîçòàøóâàííÿ, çîêðåìà äëÿ âèïàäêó k � 0 ³ l � 0 ðîáèìî çàì³íó
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êîëè k l� àáî k l� , òà íà äâ³ ï³äîáëàñò³: D1 òà D3 , ÿêùî k l� . Ö³ âèïàäêè â³äîá-

ðàæåíî íà ðèñ. 1.
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Çíàéäåí³ òàêèì ÷èíîì êîåô³ö³ºíòè Ôóð’º ï³äñòàâëÿºìî â ñóìó Ôóð’º

äëÿ íàáëèæåííÿ ôóíêö³¿ f x y( , ). Çàóâàæèìî, ùî ó âíóòð³øíüîìó ³íòåãðàë³ ³íòåã-

ðóâàííÿ ïðîâîäèòüñÿ âçäîâæ ë³í³é kx ly t� � , òîáòî ö³ ³íòåãðàëè ìîæóòü ³íòåð-

ïðåòóâàòèñÿ ÿê ïðîºêö³¿ âçäîâæ çàäàíî¿ ë³í³¿, ùî íàäõîäÿòü ç êîìï’þòåðíîãî òî-

ìîãðàôà äëÿ êîæíîãî ô³êñîâàíîãî t.

Ó ö³é ðîáîò³ ìåòîä íàáëèæåíîãî â³äíîâëåííÿ ôóíêö³é ç âèêîðèñòàííÿì

ïðîºêö³é çàñòîñîâàíî äëÿ â³äíîâëåííÿ ôóíêö³¿ � ( , ) ( , ) ( , )x y f x y x y� � Sp .
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Çàóâàæèìî, ùî çà óìîâîþ çàäà÷³ â³äîì³ ëèøå ïðîºêö³¿ â³ä ôóíêö³¿ f x y( , )

âçäîâæ â³äîìèõ ïðÿìèõ. Òîìó äëÿ çíàõîäæåííÿ ïðîºêö³é ôóíêö³¿ � ( , )x y

â³äí³ìàºìî â³ä çíà÷åíü ïðîºêö³é ôóíêö³¿ f x y( , ) çíà÷åííÿ ïðîºêö³¿ ôóíêö³¿

Sp ( , )x y , ÿê³ íå íàäõîäÿòü ç êîìï’þòåðíîãî òîìîãðàôà. Àëå ö³ ïðîºêö³¿ ìîæíà

îá÷èñëþâàòè, áî ñïëàéí êîíñòðóþºòüñÿ ó âèãëÿä³ ôîðìóë, íàâåäåíèõ ðàí³øå.

Âèêîðèñòîâóºìî äëÿ àíàë³çó íàáëèæåííÿ ôóíêö³¿ f x y( , ) ñóìó ïîáóäîâà-

íîãî âèùå ñïëàéíà òà íàáëèæåííÿ ôóíêö³¿ � ( , )x y ñóìàìè Ôóð’º, òîáòî

~
( , ) ( , ) ~ ( , ) .f x y x y x yN� �Sp �

ÏÐÈÊËÀÄÈ

Ïðèêëàä 1. Íàáëèæåíå â³äíîâëåííÿ ðîçðèâíî¿ ôóíêö³¿ f x y( , ), ÿêà ìàº îäíó

ë³í³þ ðîçðèâó, ùî º åë³ïñîì.

Çàäàíà ³íôîðìàö³ÿ: M — ê³ëüê³ñòü ë³í³é ðîçðèâó, M �1; f x y1 ( , ) , f x y2 ( , ) —

çàäàí³ ôóíêö³¿ äëÿ ïîáóäîâè òåñòîâî¿ ðîçðèâíî¿ ôóíêö³¿ f x y( , ) ; äîâæèíè

ï³âîñåé a1 òà b1 òà ¿õí³é öåíòð ( . ; . ) ;0 5 0 5 ïðîºêö³éí³ äàí³ äëÿ ôóíêö³¿ f x y( , ) .

Ó ÷èñåëüíîìó åêñïåðèìåíò³ çàäàâàëèñü ôóíêö³¿

f x y k e f x y k xx y
1 1

0 5 0 5
2 2

2 2

0( , ) , ( , ) sin (((( . ) ( . ) )� � �� � � � . ) ( . ) ) ,5 0 52 2� �y

äå k k1 2, — çàäàí³ ÷èñëà.

Çàäàííÿ ôóíêö³é w x y1 ( , ) , f x y( , ) , Sp ( , )x y íàâåäåíî ðàí³øå. Íà ðèñ. 2 íàâå-

äåíî ãåîìåòðè÷íó ³ëþñòðàö³þ òà ê³ëüê³ñí³ õàðàêòåðèñòèêè íàáëèæåííÿ ôóíêö³¿

f x y( , ) äëÿ ïðèêëàäó 1, ïðè öüîìó N � 32, äå N — ïîðÿäîê ñóìè Ôóð’º.

Ïðèêëàä 2. Íàáëèæåíå â³äíîâëåííÿ ðîçðèâíî¿ ôóíêö³¿ f x y( , ) , ÿêà ìàº äâ³

ë³í³¿ ðîçðèâó, ùî º åë³ïñàìè.

Çàäàíà ³íôîðìàö³ÿ: M — ê³ëüê³ñòü ë³í³é ðîçðèâó, M � 2; f x y1 ( , ) , f x y2 ( , ) ,

f x y3 ( , ) — çàäàí³ ôóíêö³¿ äëÿ ïîáóäîâè òåñòîâî¿ ðîçðèâíî¿ ôóíêö³¿ f x y( , );

ï³âîñ³ åë³ïñ³â a a b b1 2 1 2, , , ; ¿õí³é öåíòð ( . ; . ) ;0 5 0 5 ïðîºêö³éí³ äàí³ äëÿ ôóíêö³¿

f x y( , ) .

Ó ÷èñåëüíîìó åêñïåðèìåíò³ çàäàíî ôóíêö³¿

f x y k e x y
1 1

0 5 0 52 2

( , ) ,( . ) ( . )� � � � f x y k x y2 2
2 20 5 0 5( , ) cos (( . ) ( . ) ) ,� � � �

f x y k x y3 3
2 20 5 0 5( , ) sin ( ( . ) ( . ) ) ,� � � � �

äå k k k1 2 3, , — çàäàí³ ÷èñëà.

Çàäàííÿ ôóíêö³é w x y1 ( , ) , w x y2 ( , ) , f x y( , ) , Sp ( , )x y íàâåäåíî âèùå.

Íèæ÷å çîáðàæåíî ãåîìåòðè÷íó ³ëþñòðàö³þ òà ê³ëüê³ñí³ õàðàêòåðèñòèêè íàáëèæåííÿ

ôóíêö³¿ f x y( , ) äëÿ ïðèêëàäó 2, ïðè öüîìó N � 32, äå N — ïîðÿäîê ñóìè Ôóð’º.

Ãðàô³÷íà ³ëþñòðàö³ÿ ðåçóëüòàò³â çîáðàæåííÿ çàäàíî¿ ôóíêö³¿ f x y( , ) òà ¿¿ íà-

áëèæåííÿ
~

( , )f x y , à òàêîæ çîáðàæåííÿ ôóíêö³¿ f x y* ( , ), ÿêå îòðèìàíå ïðè áåç-

ïîñåðåäíüîìó íàáëèæåíí³ çàäàíî¿ ðîçðèâíî¿ ôóíêö³¿ f x y( , ) ñóìîþ Ôóð’º,

ñâ³ä÷èòü ïðî ïðèñóòí³ñòü îñöèëÿö³é, ùî â³äïîâ³äàº íàÿâíîñò³ ÿâèùà Ã³ááñà.

Öå ïîêàçàíî íà ðèñ. 2 òà ðèñ. 3, ùî â³äïîâ³äàþòü ïðèêëàäàì 1 òà 2. Öåé ôàêò

âïëèâàº íà ïîõèáêè, ÿê³ âèíèêàþòü ó ðàç³ â³äñóòíîñò³ àáî ïðèñóòíîñò³ ÿâèùà

Ã³ááñà. Ó òàáë. 1 òà 2 íàâåäåíî ïîð³âíÿííÿ ïîõèáîê ðåçóëüòàò³â â³äíîâëåííÿ

ôóíêö³é ç âïëèâîì ÿâèùà Ã³ááñà òà áåç éîãî âïëèâó äëÿ ïðèêëàä³â 1 òà 2.

Ïîð³âíÿííÿ ïîõèáîê, íàâåäåíèõ ó òàáë. 1 òà òàáë. 2, ïîêàçóº ïåðåâàãè çàïðîïî-

íîâàíîãî ìåòîäó äëÿ ðîçðèâíèõ ôóíêö³é (áåç ÿâèùà Ã³ááñà) íàä ìåòîäîì

ñê³í÷åííèõ ñóì Ôóð’º (ç ÿâèùåì Ã³ááñà).



ÂÈÑÍÎÂÊÈ

— Ó ðîçãëÿíóòèõ ïðèêëàäàõ ð³çíèöÿ ì³æ íàáëèæóâàíîþ ôóíêö³ºþ f x y( , )

³ ðîçðèâíèì ñïëàéíîì Sp ( , )x y º íåïåðåðâíîþ ôóíêö³ºþ, ùî äàº çìîãó íàáëè-

æóâàòè ¿¿ ç âèêîðèñòàííÿì ìåòîäó ñê³í÷åííèõ ñóì Ôóð’º ç ïðîºêö³éíèìè äà-

íèìè áåç ÿâèùà Ã³ááñà.

— Çá³ëüøåííÿ ïîðÿäêó ñê³í÷åííèõ ñóì Ôóð’º çóìîâëþº çìåíøåííÿ ïîõèá-

êè íàáëèæåííÿ ôóíêö³¿ f x y( , ) .

— ßâèùå Ã³ááñà â íàáëèæóâàëüíî¿ ôóíêö³¿ â³äñóòíº.
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Íàÿâí³ñòü ÿâèùà Ã³ááñà Â³äíîñíà ïîõèáêà
Ñåðåäíüîêâàäðàòè÷íà

ïîõèáêà

Áåç âïëèâó ÿâèùà Ã³ááñà 0.012 0.007

Ç âïëèâîì ÿâèùà Ã³ááñà 0.407 0.238

Ò à á ë è ö ÿ 2 . Ïîð³âíÿííÿ ïîõèáêè ðåçóëüòàò³â â³äíîâëåííÿ ôóíêö³é

äëÿ ïðèêëàäó 2

Ðèñ. 3. Çîáðàæåííÿ çàäàíî¿ ôóíêö³¿ (à), íàáëèæåííÿ ôóíêö³¿ áåç ÿâèùà Ã³ááñà (á), íàáëèæåííÿ
ôóíêö³¿ ç ÿâèùåì Ã³ááñà (â)

à á â

Íàÿâí³ñòü ÿâèùà Ã³ááñà Â³äíîñíà ïîõèáêà Ñåðåäíüîêâàäðàòè÷íà ïîõèáêà

Áåç âïëèâó ÿâèùà Ã³ááñà 0.012 0.011

Ç âïëèâîì ÿâèùà Ã³ááñà 0.482 0.193

Ò à á ë è ö ÿ 1 . Ïîð³âíÿííÿ ïîõèáêè ðåçóëüòàò³â â³äíîâëåííÿ ôóíêö³é äëÿ

ïðèêëàäó 1

Ðèñ. 2. Çîáðàæåííÿ çàäàíî¿ ôóíêö³¿ (à), íàáëèæåííÿ ôóíêö³¿ áåç ÿâèùà Ã³ááñà (á), íàáëèæåííÿ
ôóíêö³¿ ç ÿâèùåì Ã³ááñà (â)

a áa â

Z Z Z
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— Çàïðîïîíîâàíèé ìåòîä º åôåêòèâíèì ìåòîäîì íàáëèæåííÿ ðîçðèâíèõ

ôóíêö³é ç âèêîðèñòàííÿì ïðîºêö³é áåç ÿâèùà, ÿêå âèíèêàº ïðè íàáëèæåíí³ ñó-

ìàìè Ôóð’º ðîçðèâíèõ ôóíêö³é äâîõ çì³ííèõ.

Äðóãà ÷àñòèíà àíàë³çó ðåçóëüòàò³â îá÷èñëþâàëüíîãî åêñïåðèìåíòó áóäå

ïðèñâÿ÷åíà ïîáóäîâ³ îá÷èñëþâàëüíî¿ ñõåìè ìåòîäó, ÿêà çàáåçïå÷óº äèôå-

ðåíö³éîâí³ñòü ôóíêö³¿ �( , ) .x y

ÑÏÈÑÎÊ Ë²ÒÅÐÀÒÓÐÈ

1. Lytvyn O.M., Lytvyn O.G.,. Lytvyn O.O., Mezhuyev V.I. The method of reconstructing discontinuous

functions using projections data and finite Fourier sums. The IX International Scientific and Practical

Conference «Information Control Systems &Technologies (ICST-2020)», 24–26 September 2020. Odessa.

P. 661–673.

2. Ëèòâèí Î.Ì. Ïåð³îäè÷í³ ñïëàéíè ³ íîâèé ìåòîä ðîçâ’ÿçàííÿ ïëîñêî¿ çàäà÷³ ðåíòãåí³âñüêî¿ êîìï’þ-

òåðíî¿ òîìîãðàô³¿. Ñèñòåìíèé àíàë³ç, óïðàâë³ííÿ ³ ³íôîðìàö³éí³ òåõíîëîã³¿¿. Â³ñíèê Õàðê³âñüêîãî

äåðæ. ïîë³òåõ. óí-òó. Çá³ðêà íàóêîâèõ ïðàöü. Âèï. 125. Õàðê³â: ÕÄÏÓ, 2000. Ñ. 27–35.

3. Sigal Gottlieb, Jae-Hun Jung and Saeja Kim. A review of David Gottlieb’s work on the resolution of the

Gibbs phenomenon. Commun. Comput. Phys. 2011. Vol. 9, N 3. P. 497–519.

4. Gottlieb D., Shu C.W. On the Gibbs phenomenon and its resolution. SIAM Review. 1997. Vol. 39, N 4.

P. 644–668.

5. Gottlieb D., Gustafsson B., Forssen P. On the direct Fourier method for computer tomography. IEEE

Transactions on Medical Imaging. 2000. Vol. 19, N. 3. P. 223–232.

6. Ëèòâèí Î.Ì. ²íòåðë³íàö³ÿ ôóíêö³é òà äåÿê³ ¿¿ çàñòîñóâàííÿ Õàðê³â: Îñíîâà, 2002. 544 ñ.

Î.Ì. Lytvyn, Î.G. Lytvyn
ANALYSIS OF THE RESULTS OF A COMPUTATIONAL EXPERIMENT TO RESTORE
THE DISCONTINUOUS FUNCTIONS OF TWO VARIABLES USING PROJECTIONS. ²

Abstract. The authors provide the main statements of the method of approximation of
discontinuous functions of two variables that describe an image of the surface of a 2D-body or
an image of the internal structure of a 3D-body in a certain plane, using the projections from a
computer tomograph. The method is based on specially designed discontinuous two-variable
splines and finite Fourier sums whose Fourier coefficients can be found using the projection
data. The difference between the function being approximated and the specified discontinuous
spline is a continuous function and can be approximated by finite Fourier sums without the
Gibbs phenomenon. In the computational experiment, it was assumed that the approximated
function has discontinuities of the first kind on a given system of circles and ellipses nested
into each other. Analysis of the calculation results confirmed the theoretical statements of the
study. The proposed method makes it possible to obtain a prescribed approximation accuracy
with a smaller number of projections, that is, with less irradiation.

Keywords: computer tomography, discontinuous function, discontinuous spline, Fourier sum.

Íàä³éøëà äî ðåäàêö³¿ 05.04.2021


