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Àíîòàö³ÿ. Ðîçãëÿíóòî ³íòåðïîëÿö³éíó çàäà÷ó Åðì³òà–Á³ðêãîôà äëÿ íåë³í³éíîãî îïåðàòîðà
â Ã³ëüáåðòîâîìó ïðîñòîð³. Äëÿ ïîñòàâëåíî¿ çàäà÷³ äîâåäåíî òåîðåìó ïðî ³íòåðïîëÿö³éíèé
ïîë³íîì ì³í³ìàëüíî¿ íîðìè, ïîðîäæåíî¿ ñêàëÿðíèì äîáóòêîì ³ç ¥àóñîâîþ ì³ðîþ. Ïîêàçà-
íî, ùî öåé ³íòåðïîëÿíò º ºäèíèì.

Êëþ÷îâ³ ñëîâà: ³íòåðïîëÿö³éíèé ïîë³íîì Åðì³òà–Á³ðêãîôà, äèôåðåíö³àë Ãàòî, Ã³ëüáåðò³â
ïðîñò³ð, ì³í³ìàëüíà íîðìà.

ÂÑÒÓÏ

Ó áàãàòüîõ çàäà÷àõ ïðèêëàäíî¿ ìàòåìàòèêè ïîñòàº ïèòàííÿ ïðî íàáëèæåííÿ
íåë³í³éíèõ îïåðàòîð³â. Çàóâàæèìî, ùî øèðîêîãî ïðàêòè÷íîãî çàñòîñóâàííÿ
íàáóëè íåë³í³éí³ ñèñòåìè ïîë³íîì³àëüíîãî âèãëÿäó [1]. Îäíèì ³ç ìåòîä³â àï-
ðîêñèìàö³¿ íåë³í³éíèõ îïåðàòîð³â º ³íòåðïîëÿö³ÿ. Ó ðîáîò³ [2] ïîáóäîâàíî çà-
ãàëüíó òåîð³þ ³íòåðïîëÿö³¿ îïåðàòîð³â — çíàéäåíî ìíîæèíè ³íòåðïîëÿö³éíèõ
ïîë³íîì³â Ëàãðàíæà, Åðì³òà òà Åðì³òà–Á³ðêãîôà, äîâåäåíî íåîáõ³äí³ òà äîñ-
òàòí³ óìîâè ¿õíüîãî ³ñíóâàííÿ. Ó [3] ïîáóäîâàíî ³íòåðïîëÿö³éíèé ïîë³íîì
Åðì³òà ì³í³ìàëüíî¿ íîðìè, ïîðîäæåíî¿ ñêàëÿðíèì äîáóòêîì ³ç ¥àóñîâîþ
ì³ðîþ [4], òà ïîêàçàíî, ùî â³í ìàº âëàñòèâ³ñòü àñèìïòîòè÷íîãî çáåðåæåííÿ
ïîë³íîì³â â³äïîâ³äíîãî ñòåïåíÿ ó âèïàäêó, êîëè çàäàíî çíà÷åííÿ íåë³í³éíîãî
îïåðàòîðà òà éîãî ïåðøèõ äèôåðåíö³àë³â Ãàòî ó âóçëàõ. Ó ö³é ñòàòò³ çíàéäå-
íî ³íòåðïîëÿö³éíèé ïîë³íîì Åðì³òà–Á³ðêãîôà ì³í³ìàëüíî¿ íîðìè. Ïîêàçàíî,
ùî ïîñòàâëåíà åêñòðåìàëüíà çàäà÷à ìàº ºäèíèé ðîçâ’ÿçîê.

ÏÎÑÒÀÍÎÂÊÀ ÇÀÄÀ×²

Íåõàé X , Y — ã³ëüáåðòîâ³ ïðîñòîðè (X º ñåïàðàáåëüíèì), B — êîðåëÿö³éíèé
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íóëþ, à äðóãèé º îáìåæåíèì. Îïåðàòîð F X Y: � (íåë³í³éíèé ó çàãàëüíîìó

âèïàäêó) çàäàíèé ñâî¿ìè çíà÷åííÿìè F Bx j( ) , j m�1, , òà çíà÷åííÿìè äèôå-

ðåíö³àë³â Ãàòî
F Bx B B i k j mi

j ji
i

j
i

j
( ) ( ) ( ) ~

( ) , , , ,� ��

1
0 1� � ,

Bx B X i k j mj ji
i

j, , , , ,( ) ~
� � � �0 1 .

Çàïèñ i k j� 0,
~

îçíà÷àº, ùî ³ñíóþòü ïðîïóñêè ïåâíèõ äèôåðåíö³àë³â Ãàòî.

Ðîçãëÿíåìî ïîñòàíîâêó ³íòåðïîëÿö³éíî¿ çàäà÷³ Åðì³òà–Á³ðêãîôà: äëÿ îïåðà-
òîðà F x( ) ïîòð³áíî ïîáóäóâàòè ïîë³íîì p x( ) ñòåïåíÿ n , ÿêèé â³äïîâ³äàº ³íòåð-
ïîëÿö³éíèì óìîâàì

p Bx B B F Bx B Bi
j ji

i
j
i i

j ji
i

j
i( ) ( ) ( ) ( ) ( ) ( )( ) ( ) ,� � � �� �

1 1
� i k j mj� �0 1, , ,

~
. (1)

Íåõàé �n — ìíîæèíà íåïåðåðâíèõ íà X îïåðàòîðíèõ ïîë³íîì³â ñòåïåíÿ n

�n n n
nx p x L L x L x L x( ) ( )� � � � � �{ }0 1 2

2
� ,

150 ISSN 1019-5262. Ê³áåðíåòèêà òà ñèñòåìíèé àíàë³ç, 2021, òîì 57, ¹ 5

© Î.Ô. Êàøïóð, 2021



äå L x L x x xk
k

k

k

� ( , , )�

���������

, L x x xk k( , , , )1 2 � — íåïåðåðâíà ñèìåòðè÷íà k-ë³í³éíà

îïåðàòîðíà ôîðìà.

Ââåäåìî íà ìíîæèí³ �n ñêàëÿðíèé äîáóòîê

( , ) ( ( , , , ), ( , , ,( ) ( )p p L L

Xk

n

k k k1 2
0

1
1 2

2
1 2� �	

�

� � �� � � � � � k Y

X

kd d)) ( ) ( )� � � � �� 1 ,

p p n1 2, ��

òà íîðìó
|| || || ( , , , ) || ( ) ( )p L d d

Xk

n

k k Y
X

k�



�	 �
�

� � �

0
1 2

2
1� � � � � � �

�

�
�




�

�
�

1

2
.

Â îñòàíí³õ ôîðìóëàõ L L L
k k k
( ) ( ), ,1 2 — ñèìåòðè÷í³ íåïåðåâí³ k-ë³í³éí³ îïåðà-

òîðí³ ôîðìè ïîë³íîì³â p p p1 2, , â³äïîâ³äíî, ( , )� � Y — ñêàëÿðíèé äîáóòîê â Y .
Ïîçíà÷èìî

�

�F F Bx B B i kH
i

j ji
i

j
i

j

j

m

� �
�
�
�

�
�
� �

( ) ( ) ( ) ~
( ) , ,� �

1
1

0 ,

�

�q q Bx B B i kH
i

j ji
i

j
i

j

j

m

� �
�
�
�

�
�
� �

( ) ( ) ( ) ~
( ) , ,� �

1
1

0 ,

g u g Bu Bu Bu XB p

p

n

( , ) ( , ) ( , ) , ,� � � �� � �
�
	

0

.

Íåõàé H H hls
ij
ls

i k j ki s

� �
� �

|| || || ||
, , ,
~ ~

0 0
— ñèìåòðè÷íà ìàòðèöÿ, äå

h g xij
ls

i j

i j

B
l p

p

i

lp
i�

�

� � � �
�




�

�
�

�

�
	

� � � �
� �

1 1 1� �

( ) ,

xs p

p

j

sp
j

i j

�



�

�
�

� � � � � � �

	 � �

� � � �1 01 1

( )

� �

,

H � — ïñåâäîîáåðíåíà ìàòðèöÿ Ìóðà–Ïåíðîóçà äî ìàòðèö³ H [5], Z — ìàò-
ðèöÿ, ðÿäêàìè ÿêî¿ º îðòîíîðìîâàí³ âëàñí³ âåêòîðè ìàòðèö³ H ç íóëüîâèì

âëàñíèì ÷èñëîì, A E H H0 � � � — ³äåìïîòåíòíà ìàòðèöÿ, E — îäèíè÷íà

ìàòðèöÿ.
Ó ðîáîò³ [2] îäåðæàíî òàêèé ðåçóëüòàò:
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îïèñóº âñþ ìíîæèíó îïåðàòîðíèõ ïîë³íîì³â Åðì³òà–Á³ðêãîôà n-ãî ñòåïåíÿ,
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îñê³ëüêè �� �q Bx B Bk k k0 2
2

1
2 0( ) ( ) ( )� � , k m�1, . Íà ï³äñòàâ³ ð³âíîñòåé (11)–(13) îäåð-

æèìî

( , )p q0 0 0� . (14)

Ç óðàõóâàííÿì ð³âíîñòåé (9), (14) ìàºìî
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2
0

2
0

2
0
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à ó âèïàäêó, êîëè q0 0� ,

|| || || || || || || || || ||p p q p q p2
0 0

2
0

2
0

2
0

2� � � � � .

Îòæå, inf || ||p äîñÿãàºòüñÿ äëÿ p p� 0 .

Çðîáèìî çàì³íó q0 íà p0 , ó ôîðìóëàõ (11)–(13), òîä³

|| || ( , ) ,p p p H F FH H0
2

0 0� � �� ���
� �

.

Ïîêàæåìî, ùî ðîçâ’ÿçîê åêñòðåìàëüíî¿ çàäà÷³ (7) º ºäèíèì. Ïðèïóñòèìî,

ùî ³ñíóº ïîë³íîì l x0 ( ) ³ç ìíîæèíè ³íòåðïîëÿö³éíèõ ïîë³íîì³â Åðì³òà–Á³ðêãîôà,

ÿêèé º ðîçâ’ÿçêîì çàäà÷³ (7), l x p x0 0( ) ( )# , òàêèé, ùî

|| ( ) || ,l x H F FH H0
2 � �� ���

� �

.

Íà ï³äñòàâ³ (11)–(13) äëÿ q x l x0 0( ) ( )� , ìàºìî

|| || || || ( , ) || ||l p l l p p0 0
2

0
2

0 0 0
22� � � � �

� �� �� � �� �� � �� �� �� � �H F F H F F H F FH H H H H H

� � � � � �

, , ,2 0 ,

òîáòî îòðèìàíî ñóïåðå÷í³ñòü. Îòæå, ðîçâ’ÿçîê åêñòðåìàëüíî¿ çàäà÷³ º ºäèíèì.

Òåîðåìó äîâåäåíî.
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HERMIT–BIRKHOFF INTERPOLATION POLYNOMIAL
OF MINIMUM NORM IN HILBERT SPACE

Abstract. The Hermite–Birkhoff interpolation problem for a nonlinear operator in the Hilbert
space is considered. For this problem, the theorem on the interpolation polynomial of minimum
norm generated by a scalar product with a Gaussian measure is proved. It is shown that such
interpolant is unique.

Keywords: Hermit–Birkhoff interpolation polynomial, Gato differential, Hilbert space, mini-
mum norm.
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