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Àíîòàö³ÿ. Íà îñíîâ³ ìîäåëåé äðîáîâî¿ äèôóç³¿ ðîçïîä³ëåíîãî ïîðÿäêó âèêîíàíî ïîñòàíîâ-
êè òà îäåðæàíî çàìêíåí³ ðîçâ’ÿçêè äåÿêèõ êðàéîâèõ çàäà÷ àíîìàëüíî¿ ãåîô³ëüòðàö³éíî¿ äè-
íàì³êè, çîêðåìà çàäà÷³ ïðî ïðèò³ê äî ãàëåðå¿, ðîçì³ùåíî¿ ì³æ äâîìà êîíòóðàìè æèâëåííÿ
â òðèøàðîâîìó ãåîïîðèñòîìó ñåðåäîâèù³. Äëÿ ñïðîùåíîãî âàð³àíòó ô³ëüòðàö³éíî¿ ìîäåë³
ðîçïîä³ëåíîãî ïîðÿäêó îäåðæàíî ðîâ’ÿçêè ïðÿìî¿ òà îáåðíåíî¿ êðàéîâèõ çàäà÷
ô³ëüòðàö³éíî¿ äèíàì³êè, à òàêîæ çàäà÷³ ô³ëüòðàö³¿ ç íåëîêàëüíèìè ãðàíè÷íèìè óìîâàìè.

Êëþ÷îâ³ ñëîâà: ìàòåìàòè÷íå ìîäåëþâàííÿ, äðîáîâî-äèôåðåíö³éíà äèíàì³êà ô³ëüòðàö³éíèõ
ïðîöåñ³â, ãåîïîðèñò³ ñåðåäîâèùà, íåêëàñè÷í³ ìîäåë³, ìîäåëü ô³ëüòðàö³¿ ç ïîõ³äíîþ ðîç-
ïîä³ëåíîãî ïîðÿäêó, êðàéîâ³ çàäà÷³, çàìêíåí³ ðîçâ’ÿçêè.

ÂÑÒÓÏ

Äîñë³äæåííÿ â ãàëóç³ ìàòåìàòè÷íîãî ìîäåëþâàííÿ ïðîöåñ³â ï³äçåìíî¿ ã³äðî-
äèíàì³êè (çîêðåìà, ðóõó ¥ðóíòîâèõ âîä, ãàç³â òà ãàçîâèõ ñóì³øåé, ðîç÷èí³â
òîùî) âàæëèâ³ íàñàìïåðåä äëÿ çàäà÷ ã³äðîòåõí³÷íîãî òà ³ðèãàö³éíîãî
áóä³âíèöòâà, îõîðîíè íàâêîëèøíüîãî ïðèðîäíîãî ñåðåäîâèùà òà âîäíèõ ðå-
ñóðñ³â, ã³ðíè÷îäîáóâíî¿ ïðîìèñëîâîñò³, à òàêîæ öèâ³ëüíîãî áóä³âíèöòâà. Çîê-
ðåìà, òåîð³ÿ ô³ëüòðàö³¿ â ¥ðóíòîâèõ ñåðåäîâèùàõ äàº çìîãó ïðîãíîçóâàòè
çì³íè, ÿê³ ìîæóòü â³äáóâàòèñÿ â ïðèðîäíèõ ¥ðóíòîâèõ ïîòîêàõ ó ðàéîíàõ
áóä³âíèöòâà âîäîñõîâèù, êàíàë³â òà ìåë³îðàòèâíèõ ñèñòåì, ùî âàæëèâî äëÿ
îö³íêè ìîæëèâèõ âòðàò ï³ä ÷àñ ô³ëüòðàö³¿ ç âîäîñõîâèù ³ êàíàë³â, à òàêîæ
â ïðîöåñ³ ïðîºêòóâàííÿ ð³çíîìàí³òíèõ äðåíàæíèõ ñïîðóä, ñòâîðþâàíèõ äëÿ
áîðîòüáè ç ï³äòîïëåííÿì ïåâíèõ òåðèòîð³é [1, 2].

Äëÿ ðîçâ’ÿçàííÿ çàäà÷ åôåêòèâíîãî ïðîãíîçóâàííÿ äèíàì³êè ô³ëüòðàö³éíèõ
ïðîöåñ³â ó ãåîïîðèñòèõ ñåðåäîâèùàõ âàæëèâîþ º íàÿâí³ñòü íàä³éíèõ òåîðåòè÷-
íèõ ìîäåëåé òà ðîçâèíóòèõ åôåêòèâíèõ ìåòîä³â ìàòåìàòè÷íîãî ìîäåëþâàííÿ
öèõ ïðîöåñ³â. Äî òîãî æ çàçíà÷èìî, ùî ðåàëüíå âîäîíîñíå ïîðèñòå ñåðåäîâèùå
çà ãåîëîã³÷íîþ áóäîâîþ ïåðåâàæíî íåîäíîð³äíå ³ â ïðîöåñ³ ïîáóäîâè
â³äïîâ³äíèõ ìàòåìàòè÷íèõ ìîäåëåé ô³ëüòðàö³¿ ÷àñòî çâîäèòüñÿ äî äåÿêî¿ øàðó-
âàòî¿ ñòðóêòóðè, ùî ñêëàäàºòüñÿ ç ñèëüíîïðîíèêíèõ øàð³â òà ñëàáêîïðîíèêíèõ
ïðîøàðê³â, ùî ÷åðãóþòüñÿ. Òåîðåòè÷íèé îïèñ äèíàì³êè ô³ëüòðàö³éíèõ ïðîöåñ³â
ó òàêèõ áàãàòîøàðîâèõ ¥ðóíòàõ çíåð³äêà íåîáõ³äíèé äëÿ ïðàâèëüíîãî ðîçóì³ííÿ
îñîáëèâîñòåé ïðèòîêó ¥ðóíòîâèõ âîä ó ð³çíîìàí³òíèõ ñõåìàõ ô³ëüòðàö³¿ äî äðå-
íàæíèõ ñèñòåì òà âåðòèêàëüíèõ ñâåðäëîâèí [3, 4]. Îêðåìî çàçíà÷èìî, ùî íàðàç³
àêòóàëüí³ äîñë³äæåííÿ â ãàëóç³ ìàòåìàòè÷íîãî ìîäåëþâàííÿ äèíàì³êè àíîìàëü-
íèõ ô³ëüòðàö³éíèõ ïðîöåñ³â ó ãåîïîðèñòèõ ñåðåäîâèùàõ, çîêðåìà ìîäåëþâàííÿ
äèíàì³êè ô³ëüòðàö³éíî-êîíñîë³äàö³éíèõ ïðîöåñ³â ó ðàìêàõ äðîáîâî-ôðàêòàëü-
íîãî ï³äõîäó [5–12].

Çàïðîïîíîâàíà ðîáîòà ïðèñâÿ÷åíà ðîçâ’ÿçàííþ äåÿêèõ êðàéîâèõ çàäà÷ äðî-
áîâî-äèôåðåíö³éíî¿ ô³ëüòðàö³éíî¿ äèíàì³êè â òðèøàðîâîìó ïëàñò³ (ÿêèé ñêëà-
äàºòüñÿ ç äâîõ âîäîíîñíèõ ãîðèçîíò³â, ðîçä³ëåíèõ ñëàáêîïðîíèêíèì ïðîøàð-
êîì) çà ïðèïóùåííÿ, ùî ô³ëüòðàö³éí³ ïðîöåñè ó öèõ âîäîíîñíèõ ãîðèçîíòàõ
ìîæíà àäåêâàòíî îïèñóâàòè íà îñíîâ³ ìîäåë³ äðîáîâî¿ äèôóç³¿ ðîçïîä³ëåíîãî
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ïîðÿäêó [7, 13, 14]. Ðîçãëÿäàþòüñÿ äâ³ äðîáîâî-äèôåðåíö³éí³ ìàòåìàòè÷í³ ìî-
äåë³ ô³ëüòðàö³éíîãî ïðîöåñó: âèõ³äíà òà ñïðîùåíà. Ç âèêîðèñòàííÿì ïðèïóùåíü
ñïðîùåíî¿ ìàòåìàòè÷íî¿ ìîäåë³ â ðîáîò³ îäåðæàíî ðîçâ’ÿçêè ïðÿìî¿ òà îáåðíå-
íî¿ êðàéîâèõ çàäà÷ ô³ëüòðàö³éíî¿ äèíàì³êè, à òàêîæ çàäà÷³ ç íåëîêàëüíèìè ãðà-
íè÷íèìè óìîâàìè. Çà ïðèïóùåíü âèõ³äíî¿ ìàòåìàòè÷íî¿ ìîäåë³ îäåðæàíî
çàìêíåíèé ðîçâ’ÿçîê çàäà÷³ ïðî ïðèò³ê äî ãàëåðå¿, ðîçì³ùåíî¿ ì³æ äâîìà
êîíòóðàìè æèâëåííÿ â òðèøàðîâîìó ãåîïîðèñòîìó ñåðåäîâèù³.

ÌÎÄÅËÜÍÀ ÑÈÑÒÅÌÀ Ð²ÂÍßÍÜ Ô²ËÜÒÐÀÖ²ÉÍÎ¯ ÄÈÍÀÌ²ÊÈ
Ç ÏÎÕ²ÄÍÈÌÈ ÐÎÇÏÎÄ²ËÅÍÎÃÎ ÏÎÐßÄÊÓ

Ðîçãëÿíåìî çàäà÷ó íåóñòàëåíî¿ ô³ëüòðàö³¿ ãðóíòîâèõ âîä ó òðèøàðîâîìó
ïëàñò³, âåðõí³é ³ íèæí³é øàðè ÿêîãî ðîçä³ëåí³ ñëàáêîïðîíèêíèì ïðîøàðêîì
ïîòóæíîñò³ m0 ç êîåô³ö³ºíòîì ô³ëüòðàö³¿ k0 . Íåõàé âåðõí³é (ïîòóæíîñò³ m1)
³ íèæí³é (ïîòóæíîñò³ m2) øàðè ¥ðóíòó õàðàêòåðèçóþòüñÿ êîåô³ö³ºíòàìè
ô³ëüòðàö³¿ k k1 2, â³äïîâ³äíî. Ïðèïóñòèìî òàêîæ, ùî ô³ëüòðàö³ÿ â³äáóâàºòüñÿ
ç äâîõ âîäîéì ç çàäàíèìè ð³âíÿìè ¥ðóíòîâèõ âîä íà ¿õí³õ ìåæàõ ³ íà â³ëüíó
ïîâåðõíþ ¥ðóíòîâîãî ìàñèâó ä³º ³íô³ëüòðàö³éíå æèâëåííÿ â³äîìî¿ ³íòåíñèâ-
íîñò³ g . Ïîçíà÷èìî h x t h x t1 2( , ), ( , ) — íàï³ðí³ ôóíêö³¿ â âåðõíüîìó ³ íèæíüî-
ìó îñíîâíèõ øàðàõ ðîçãëÿäóâàíîãî ¥ðóíòîâîãî ìàñèâó.

Òîä³, ÿê â³äîìî [3, 4], äèíàì³êà íåóñòàëåíîãî ðóõó ¥ðóíòîâèõ âîä ó öüîìó
òðèøàðîâîìó ïëàñò³ çà æîðñòêîãî ðåæèìó ô³ëüòðàö³¿ â ñëàáêîïðîíèêíîìó ïðî-
øàðêó ìîäåëþºòüñÿ òàêîþ ñèñòåìîþ ð³âíÿíü:
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òåìàòè÷íîãî îïèñó áàãàòüîõ ïðîöåñ³â ïåðåíîñó ç àíîìàëüíîþ äèíàì³êîþ ñüî-
ãîäí³ äîñòàòíüî øèðîêå ðîçïîâñþäæåííÿ íàáóëî âèêîðèñòàííÿ ìîäåëåé äðî-
áîâî¿ äèôóç³¿ ç ïîõ³äíèìè ðîçïîä³ëåíîãî ïîðÿäêó [7, 13–19]. Â³äïîâ³äíèé
ï³äõ³ä çàñòîñîâàíî äàë³ äëÿ ìàòåìàòè÷íîãî ìîäåëþâàííÿ ô³ëüòðàö³éíèõ
ïðîöåñ³â ç àíîìàëüíîþ (çîêðåìà, «íàäïîâ³ëüíîþ») äèíàì³êîþ â øàðóâàòèõ ïëàñ-
òàõ, ÿê³ ñêëàäàþòüñÿ ç äâîõ âîäîíîñíèõ ãîðèçîíò³â, ðîçä³ëåíèõ ñëàáêîïðîíèêíèì
ïðîøàðêîì. Ç âèêîðèñòàííÿì çàçíà÷åíî¿ ìåòîäèêè, áóäåìî îïèñóâàòè äèíàì³êó
ô³ëüòðàö³éíîãî ïðîöåñó ñèñòåìîþ ð³âíÿíü, ùî óçàãàëüíþº ñèñòåìó (1), (2):
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íàáàãàòî ìåíøîþ çà ïðîíèêí³ñòü ñåðåäîâèùà âåðõíüîãî, òà íåõòóþ÷è â ð³âíÿí-
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Ìàòåìàòè÷íó ìîäåëü ðîçãëÿäóâàíîãî ô³ëüòðàö³éíîãî ïðîöåñó, ùî áàçóºòüñÿ

íà ìîäåëüíîìó ð³âíÿíí³ (7), íàäàë³ áóäåìî íàçèâàòè ñïðîùåíîþ ìîäåëëþ
â³äíîñíî âèõ³äíî¿ ìîäåë³, ÿêà âèçíà÷àºòüñÿ ñï³ââ³äíîøåííÿìè (3), (4).

ÐÎÇÂ’ßÇÀÍÍß ÏÐßÌÎ¯ ÒÀ ÎÁÅÐÍÅÍÎ¯ ÊÐÀÉÎÂÈÕ ÇÀÄÀ× Ô²ËÜÒÐÀÖ²ÉÍÎ¯
ÄÈÍÀÌ²ÊÈ ÍÀ ÎÑÍÎÂ² ÑÏÐÎÙÅÍÎ¯ ÌÀÒÅÌÀÒÈ×ÍÎ¯ ÌÎÄÅË²

Íàéïðîñò³øà ìîäåëüíà ïðÿìà ô³ëüòðàö³éíà çàäà÷à, ïîñòàâëåíà çà ïðèïóùåíü
ñïðîùåíî¿ ìàòåìàòè÷íî¿ ìîäåë³, çâîäèòüñÿ äî ðîçâ’ÿçàííÿ â îáëàñò³
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íî¿ ïîòóæíîñò³.

Çàçíà÷èìî, ùî ðîçãëÿäóâàíà êðàéîâà çàäà÷à (7)–(9) ñòàíäàðòíèì ÷èíîì
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Ïðèïóñòèìî, ùî ³ñíóº ñê³í÷åííå ³íòåãðàëüíå ñèíóñ-ïåðåòâîðåííÿ Ôóð’º
ôóíêö³¿ u x t( , ) çà ãåîìåòðè÷íîþ çì³ííîþ x [22]
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Òîä³, çàñòîñîâóþ÷è ïåðåòâîðåííÿ (13) äî çàäà÷³ (10)–(12), îäåðæóºìî òàêó
çàäà÷ó Êîø³ äëÿ ð³âíÿííÿ ç ïîõ³äíîþ ðîçïîä³ëåíîãî ïîðÿäêó:
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 (15)

u n Nn n( ) ( ) ,0 � 
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� � � �n

n

r n
n n n nf f n N�
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1
, ( , ) , ( , ) ( ) , (17)

( , )� � — ñêàëÿðíèé äîáóòîê ó L2 0 1[ , ].

Ç óðàõóâàííÿì ðåçóëüòàò³â [16–19] ðîçâ’ÿçîê çàäà÷³ (15), (16) îäåðæèìî
ó âèãëÿä³
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A r r d B r r d( ) ( ) cos ( ) , ( ) ( ) sin ( ) ,� �� �� � 	 � � � � 	 � �� �

0

1

0

1

(19)

à âåëè÷èíà 
n âèçíà÷àºòüñÿ ñï³ââ³äíîøåííÿì (17).
Çíàõîäÿ÷è îðèã³íàë çà çîáðàæåííÿì ñèíóñ-ïåðåòâîðåííÿ Ôóð’º, ðîçâ’ÿçîê

ðîçãëÿäóâàíî¿ êðàéîâî¿ çàäà÷³ çàïèñóºìî ó âèãëÿä³
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1

�
� � � �

� ) , (20)

äå �n nx S t( ), ( ) âèçíà÷àþòüñÿ çã³äíî ç ñï³ââ³äíîøåííÿìè (14), (19).
Ùîäî âèçíà÷åííÿ óìîâ çá³æíîñò³ ðÿäó (20) çàçíà÷èìî, ùî îñê³ëüêè äëÿ

ôóíêö³é S t n Nn ( ) ( )
 çã³äíî ç [19, 23] ìàþòü ì³ñöå íåð³âíîñò³
0 1 0� � � 
S t t n Nn ( ) ( , ) , òî ç (18) çíàõîäèìî

u t C
C

f C C n Nn n
n

n( ) ( , , ) .� � � 
1
2

1 2 0�
�

(21)

Ï³äïîðÿäêîâóþ÷è ôóíêö³¿ f n n, � óìîâàì âèãëÿäó f C, [ , ],�
 2 0 1

f f( ) ( ) ,0 1 0� � � �( ) ( ) ,0 1 0� � ³íòåãðóâàííÿì ÷àñòèíàìè â ð³âíîñòÿõ
f fn n� ( , ) ,� � � �n n� ( , ) ìîæíà ïîêàçàòè ñïðàâåäëèâ³ñòü ñï³ââ³äíîøåíü

f O
n

nn n, ( ) .� �
�

�
��

�

�
�� � 


1
2

Ç óðàõóâàííÿì öüîãî òà ñï³ââ³äíîøåíü (21) íà îñíîâ³ ìàæîðàíòíî¿ îçíàêè
Âåéºðøòðàñà ðîáèìî âèñíîâîê, ùî ðÿä (20) ð³âíîì³ðíî çá³ãàºòüñÿ â îáëàñò³
� � � 
[ , ] [ , ) .0 1 0 Çâ³äñè âèïëèâàº, ùî u C
 ( ) .� Àíàëîã³÷íî ìîæíà âñòàíîâèòè

ð³âíîì³ðíó çá³æí³ñòü ó âèïàäêó t t� � 0 â³äïîâ³äíèõ ðÿä³â äëÿ ôóíêö³é u x txx ( , ) ,
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0 D u x tt xx
[ ] ( , ) ,�

0 D u x tt
[ ] ( , ) .� Òàêèì ÷èíîì, ôóíêö³ÿ u x t( , ) ÿêà âèçíà÷àºòüñÿ

çã³äíî ç (20), (19), º ðåãóëÿðíèì ðîçâ’ÿçêîì çàäà÷³ (10)–(12). Ðîçâ’ÿçîê âèõ³äíî¿
çàäà÷³ (7)–(9) ó öüîìó ðàç³ çàïèøåìî ó âèãëÿä³

h x t u x u x
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�1 21 2 �
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n x

1

� ( ) ,

äå �n nx S t n N( ), ( ) ( )
 âèçíà÷àþòüñÿ ñï³ââ³äíîøåííÿìè (14), (19).
Îáåðíåíó êðàéîâó çàäà÷ó ô³ëüòðàö³¿ ñôîðìóëþºìî ÿê çàäà÷ó â³äøóêàííÿ

ïàðè ôóíêö³é { ( , ), ( )}u x t f x íà îñíîâ³ ðîçâ’ÿçàííÿ çàäà÷³ (10)–(12) çà âèêîíàííÿ
äîäàòêîâî¿ (ê³íöåâî¿) óìîâè u x T x T( , ) ( ) ( ) .� �� 0 Òàêèì ÷èíîì, âèõ³äíà çàäà÷à
ìàº âèãëÿä

0 0

2

2
1D u x t D

u

x
f xt r t

[ ] [ ]( , ) ( ) ( )� �� �� �
�

�
� , ( , ) ( , ) ( , ) ,x t T
 �0 1 0 (22)

u t u t t T( , ) , ( , ) , [ , ],0 0 1 0 0� � 
 (23)

u x x( , ) ( ),0 � � u x T x( , ) ( )� � , x 
[ , ],0 1 (24)

äå � �( ), ( )x x — çàäàí³ íà â³äð³çêó [ , ]0 1 ôóíêö³¿.
Îñê³ëüêè â çîáðàæåííÿõ ñê³í÷åííîãî ñèíóñ-ïåðåòâîðåííÿ Ôóð’º (13)

îñòàííÿ ç óìîâ (24) ïðèéìàº âèãëÿä u Tn n( ) ,� � äå � � �n nx x� ( ( ), ( )) , çâ³äñè
ç óðàõóâàííÿì ñï³ââ³äíîøåííÿ (18) îäåðæóºìî

f
S T

S T
n Nn n

n n n

n

�
�

�

� �

� � ( )

( )
( )

1
. (25)

Ç³ ñï³ââ³äíîøåííÿ (25) ç óðàõóâàííÿì íåð³âíîñòåé [19, 23] S t S tn ( ) ( )� 1
( , , , ... )t n� �0 2 3 îäåðæóºìî

f M Mn n n n� �� � �( )1 2 ( , , ) .M M n N1 2 0� 
 (26)

Íåõàé äëÿ ôóíêö³é � �( ), ( )x x âèêîíóþòüñÿ óìîâè

� � � �, [ , ], ( ) ( ) ,( ) ( )
 � �C i i4 0 1 0 1 0 � �( ) ( )( ) ( ) ( , ) .i i i0 1 0 0 2� � � Îñê³ëüêè çà öèõ

óìîâ ìàþòü ì³ñöå ñï³ââ³äíîøåííÿ � �n n O
n

n, ( ) ,�
�

�
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�

�
�� � 


1
4

ïðèéìàþ÷è

äî óâàãè (26), ðîáèìî âèñíîâîê, ùî â³äïîâ³äíèé ðÿä Ôóð’º äëÿ ôóíêö³¿ f x( )
çá³ãàºòüñÿ ð³âíîì³ðíî íà â³äð³çêó [0,1] ³ ùî f C
 [ , ].0 1 Òàêèì ÷èíîì, óìîâàìè
³ñíóâàííÿ êëàñè÷íîãî ðîçâ’ÿçêó çàäà÷³ (22)–(24) º òàê³ :

� � � � � �( ) , ( ) [ , ], ( ) ( ) ( ) ( )( ) ( ) ( ) ( )x x C i i i i
 � � � �4 0 1 0 1 0 1 0 0 2( , ) .i �

Ñòîñîâíî ºäèíîñò³ ðîçâ’ÿçêó çàäà÷³ (22)–(24) çàçíà÷èìî íàñòóïíå. Ïðèïóñ-
òèìî ³ñíóâàííÿ äâîõ ¿¿ ðîçâ’ÿçê³â: { ( , ), ( )}u x t f x1 1 òà { ( , ), ( )}.u x t f x2 2 Òîä³
ôóíêö³¿ u u u f f f� � � �1 2 1 2, º ðîçâ’ÿçêàìè òàêî¿ êðàéîâî¿ çàäà÷³:

0 01D u x t D u f xt r t xx
[ ] [ ]( , ) ( ) ( ) ,� �� �� � �� �

u t u t( , ) , ( , ) ,0 0 1 0� �

u x u x T( , ) , ( , ) ,0 0 0� �

àáî â îáðàçàõ ïåðåòâîðåííÿ Ôóð’º (13), (14)
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Çâ³äñè íà îñíîâ³ ñï³ââ³äíîøåíü (18), (25) ìàºìî u t f n Nn n( ) , ( ) . � 
0 0

Ç óðàõóâàííÿì ïîâíîòè ñèñòåìè 
�n nx( )} �



1 ó L2 0 1[ , ] îñòàòî÷íî îäåðæóºìî

u x t( , ) , 0 f x( ) . 0
Ðîçãëÿíåìî âàæëèâèé îêðåìèé âèïàäîê, êîëè ð³âíÿííÿ ìîäåë³ º

äèôóç³éíèì ð³âíÿííÿì ô³êñîâàíîãî ïîðÿäêó. Ïîêëàäàþ÷è â (10)
� � � � � �( ) ( )� ( ) ,0 1� �� äå �( )x — �-ôóíêö³ÿ Ä³ðàêà [24], ïåðåòâîðþºìî çà-
äà÷ó (15), (16) ó â³äïîâ³äíó çàäà÷ó Êîø³ äëÿ ð³âíÿííÿ ç äðîáîâîþ ïîõ³äíîþ Êà-
ïóòî–Ãåðàñèìîâà ïîðÿäêó �

0
0C

t n n n
n

n
n n nD u t u t f u n N� 





� �
�( ) ( ) , ( ) ( ) .� � � 
 (27)

Îñê³ëüêè â ðîçãëÿäóâàíîìó âèïàäêó ìàº ì³ñöå ñï³ââ³äíîøåííÿ [17]
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(28)

äå E� ( )� — îäíîïàðàìåòðè÷íà ôóíêö³ÿ Ì³òòàã-Ëåôôëåðà [25], òî ç (27) íà
îñíîâ³ (20), (28) îäåðæóºìî ðîçâ’ÿçîê â³äïîâ³äíî¿ êðàéîâî¿ çàäà÷³ â ðàìêàõ
ô³ëüòðàö³éíî¿ ìîäåë³ ç ïîõ³äíèìè Êàïóòî–Ãåðàñèìîâà ó âèãëÿä³
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ÇÀÄÀ×À Ô²ËÜÒÐÀÖ²¯ Ç ÍÅËÎÊÀËÜÍÈÌÈ ÃÐÀÍÈ×ÍÈÌÈ ÓÌÎÂÀÌÈ

Íà îñíîâ³ ô³ëüòðàö³éíî¿ ìàòåìàòè÷íî¿ ìîäåë³ ç ïîõ³äíèìè ðîçïîä³ëåíîãî
ïîðÿäêó ðîçãëÿíåìî çàäà÷ó ìîäåëþâàííÿ äðîáîâî-äèôåðåíö³éíî¿ äèíàì³êè
ïîëÿ íàïîð³â äëÿ ðàí³øå íàâåäåíî¿ ô³ëüòðàö³éíî¿ ñõåìè çà ïðèïóùåííÿ,
ùî â³äîìà âåëè÷èíà íàïîðó íà ë³â³é x � 0 ãðàí³ ìàñèâó òà ìàº ì³ñöå
ð³âí³ñòü âèòðàò ð³äèíè ÷åðåç îáèäâ³ éîãî ãðàí³: x x� �0 1, . Ó ìàòåìàòè÷í³é
ïîñòàíîâö³ ðîçãëÿäóâàíà çàäà÷à çâîäèòüñÿ äî ðîçâ’ÿçàííÿ â îáëàñò³
� � � � � � �
{( , ): , }x t x t0 1 0 òàêî¿ êðàéîâî¿ çàäà÷³:

0 0

2

2
1D h x t D

h

x
t r t
[ ] [ ]( , ) ( ) ,� �� �� �

�

�
(29)

h t
h t

x

h t

x
( , ) ,

( , ) ( , )
,0 0

0 1
�

�

�
�
�

�
(30)

h x h x( , ) ( ) ,0 0� (31)

äå h x0 ( ) — çàäàíà ôóíêö³ÿ ïî÷àòêîâîãî ðîçïîä³ëó íàïîð³â ó ìàñèâ³. Äî òîãî
æ çàçíà÷èìî, ùî íåêëàñè÷íà (íåëîêàëüíà) ãðàíè÷íà óìîâà, âèçíà÷åíà çã³äíî
ç (30), º äîáðå â³äîìîþ óìîâîþ Ñàìàðñüêîãî–²îíê³íà [26], ÿêà âèðàæàº
ð³âí³ñòü ïîòîê³â ð³äèíè ÷åðåç ãðàí³ ðîçãëÿäóâàíîãî ìàñèâó.

Àíàëîã³÷íî [26, 27] øóêàòèìåìî ðîçâ’ÿçîê çàäà÷³ (29)–(31) ó âèãëÿä³
á³îðòîãîíàëüíîãî ðîçêëàäó

h x t t X x u t X x t X xk k k k

k

( , ) ( ) ( ) [ ( ) ( ) ( ) ( )]� � ��
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�� �0 0 2 1 2
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, (32)
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äå

u t h x t Y x k t h x t Yk k k( ) ( ( , ), ( )) ( , , ... ), ( ) ( ( , ),� � ��2 1 1 2 � 2 0 1 2k x k( )) ( , , , ... ) ,�

X x x X x xk n0 2( ) , ( ) sin ( )� � � — âëàñí³ ôóíêö³¿ ñïåêòðàëüíî¿ çàäà÷³

�� � � � �X x X x x( ) ( ) ( ) ,� 0 0 1 (33)

X X X( ) , ( ) ( ) ,0 0 0 1� � � ! � (34)

ùî â³äïîâ³äàþòü âëàñíèì çíà÷åííÿì � 	k k k� �4 0 1 22 2 ( , , , ... ) [26].

Â³äïîâ³äí³ âëàñíèì çíà÷åííÿì � k ïðèºäíàí³ ôóíêö³¿ X xk2 1� ( ) ìàþòü âèã-

ëÿä [27] X x x x kk n2 1 1 2� � �( ) cos ( ) ( , , ... ) .� Ó öüîìó ðàç³, ÿê ïîêàçàíî

â [27, 28], ñèñòåìà âëàñíèõ òà ïðèºäíàíèõ ôóíêö³é ñïðÿæåíî¿ äî (33), (34) çàäà÷³
çàïèñóºòüñÿ ó âèãëÿä³

Y x Y x x Y x x xk k k k0 2 1 22 4 4 1( ) , ( ) cos ( ) , ( ) ( )sin ( )� � � �� � � ( ) .k N


Ðîçêëàäàþ÷è â á³îðòîãîíàëüíèé ðÿä ïî÷àòêîâó ôóíêö³þ
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íà îñíîâ³ (29)–(31) îäåðæóºìî äëÿ âèçíà÷åííÿ ôóíêö³é u t kk ( ) ( , , ... ) ,�1 2
� k t k( ) ( , , , ... )� 0 1 2 òàê³ ïîñë³äîâíîñò³ çàäà÷ Êîø³ äëÿ ð³âíÿíü ç äðîáîâèìè
ïîõ³äíèìè ðîçïîä³ëåíîãî ïîðÿäêó:

0 0 0 0
20 0D tt
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20 1 2D t t f t kt k k k k k k
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� �

� � �

2

1
1 2

3 2
... ). (39)

Ç³ ñï³ââ³äíîøåíü (36) îäåðæóºìî � �0 0
2( ) .( )t � Ðîçâ’ÿçêè çàäà÷ (37) íà

îñíîâ³ [15–19, 23] çàïèøåìî ó âèãëÿä³

u t S t k Nk k k( ) ( ) ( ) ,( )� 
� 1
(40)

äå S t k Nk ( ) ( )
 âèçíà÷àþòüñÿ çã³äíî ç (19), (17).

Äëÿ çàäà÷ (38) , (39) íà îñíîâ³ [23, 29] îäåðæóºìî òàê³ ñï³ââ³äíîøåííÿ:
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 �
�

� �k k k k k k

t

kt S t u S t d( ) ( ) ( ) ( )( )� �
�

�
��

2

0

( ) .k N
 (41)

Îòæå, ðîçâ’ÿçîê ðîçãëÿäóâàíî¿ çàäà÷³ (29)–(31) âèçíà÷àºòüñÿ ñï³ââ³äíîøåí-
íÿì (32), ïðè÷îìó ôóíêö³¿ u t t k Nk k( ), ( ) ( )� 
 âèçíà÷àþòüñÿ ñï³ââ³äíîøåíÿìè
(40) ³ (41) â³äïîâ³äíî. Ùîäî óìîâ çá³æíîñò³ ðÿäó â ñï³ââ³äíîøåíí³ (32) íå-

îáõ³äíî çàçíà÷èòè íàñòóïíå. Íåõàé h x C0
4 0 1( ) [ , ]
 òà âèêîíóþòüñÿ äîäàòêîâ³
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óìîâè h i h h ji j j
0 0 0

0 0 0 2 0 1 1 3( ) ( ) ( )( ) ( , ), ( ) ( ) ( , ) .� � � � Òîä³ ÷îòèðèðàçîâèì ³íòåã-

ðóâàííÿì ÷àñòèíàìè â ð³âíîñòÿõ (35) ç óðàõóâàííÿì íàêëàäåíèõ îáìåæåíü íà
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4

1
�

�

�
��

�

�
��

( )k �
 . Çâàæàþ÷è íà òå, ùî ó âèïàäêó t � 0 ìàþòü ì³ñöå íåð³âíîñò³ [19]
0 1� � 
S t k Nk ( ) ( ) , îäåðæóºìî ç³ ñï³ââ³äíîøåííÿ (40) îö³íêó

u t C C k Nk k
( ) ( , ) .( )� � 
1

1
1 0� (42)

Îñê³ëüêè äëÿ � 
k k, , âèçíà÷åíèõ çã³äíî ç (39), ìàþòü ì³ñöå íåð³âíîñò³



� �

� � � �
�




� � � � � � 	 � �
k

k

r k
k

k

r k r r

�
�

� � � �
1

1
2

2 1

43 2
1
3 2 3

, (
/ /

k N
 ),

òî äëÿ t � 0 îäåðæóºìî ç (41) ç óðàõóâàííÿì (42)

� � � � �k k k k k k
t C S t C C k N( ) ( ) ( , )( ) ( ) ( ) ( )� � � � � � 
2

2
1 2

2
1

21 0 . (43)

Òàêèì ÷èíîì, äëÿ x t
 �[ , ],0 1 0 , ç óðàõóâàííÿì (42), (43) î÷åâèäíî ìàºìî
îö³íêó

u t X x t X x M Mk k k k k k
( ) ( ) ( ) ( ) ( ) (( ) ( )

2 1 2
1 2

� � � � �� � � const > 0). (44)

²ç ñï³ââ³äíîøåííÿ (44) ç óðàõóâàííÿì îö³íîê äëÿ � �
k k
( ) ( ),1 2 áåçïîñåðåäíüî

âèïëèâàº, ùî ìàæîðàíòíèì äëÿ ðÿäó â (32) º àáñîëþòíî çá³æíèé ðÿä. Îòæå, ðÿä
ó (32) çá³ãàºòüñÿ ð³âíîì³ðíî äëÿ ( , ) : [ , ] [ , ] ( )x t T TT
 � � �� 0 1 0 0 ³ ìàºìî

h x t Cx t T( , ) ( ) .,
 � Àíàëîã³÷íî óñòàíîâëþºòüñÿ ð³âíîì³ðíà çá³æí³ñòü, ÿêùî

x 
[ , ],0 1 t t� � 0, â³äïîâ³äíèõ ðÿä³â äëÿ ôóíêö³é h x txx ( , ) , 0 D h x tt
[ ] ( , )� ,

0D h x tt xx
[ ] ( , )� . Òàêèì ÷èíîì, ôóíêö³ÿ h x t( , ) , ÿêà âèçíà÷àºòüñÿ ñï³ââ³äíîøåííÿìè

(32), (40), (41), ñòàíîâèòü ðåãóëÿðíèé ðîçâ’ÿçîê çàäà÷³ (29)–(31).

ÐÎÇÂ’ßÇÀÍÍß ÇÀÄÀ×² ÏÐÎ ÏÐÈÒ²Ê ÄÎ ÃÀËÅÐÅ¯ (ÐÎÇÌ²ÙÅÍÎ¯ Ì²Æ ÄÂÎÌÀ
ÊÎÍÒÓÐÀÌÈ ÆÈÂËÅÍÍß) ÍÀ ÎÑÍÎÂ² ÂÈÕ²ÄÍÎ¯ ÌÀÒÅÌÀÒÈ×ÍÎ¯ ÌÎÄÅË²

Çà ïðèïóùåíü âèõ³äíî¿ ìàòåìàòè÷íî¿ ìîäåë³, ùî áàçóºòüñÿ íà ñèñòåì³ ð³âíÿíü
(3), (4), îäåðæèìî ðîçâ’ÿçîê çàäà÷³ ìîäåëþâàííÿ äèíàì³êè ïðîöåñó ô³ëüòðàö³¿
äî ãàëåðå¿, ðîçì³ùåíî¿ ì³æ äâîìà êîíòóðàìè æèâëåííÿ (âîäîéìàìè, ÿê³ ðîçòà-
øîâàí³ â³ä íå¿ íà îäíàêîâèõ â³ääàëÿõ l ³ íà ìåæàõ ÿêèõ ï³äòðèìóþòüñÿ îäíà-
êîâ³ âåëè÷èíè òèñêó). Ïðèïóñêàºìî òàêîæ, ùî ô³ëüòðàö³ÿ â³äáóâàºòüñÿ â òðè-
øàðîâîìó ãåîïîðèñòîìó ìàñèâ³ ç³ ñëàáêîïðîíèêíèì ïðîøàðêîì ³ ïëàñò ðîç-
ðîáëþºòüñÿ ïðÿìîë³í³éíîþ áàòàðåºþ ñâåðäëîâèí, ÿê³ ïðèéìàþòüñÿ
çà ïðÿìîë³í³éíó ãàëåðåþ. Îñòàííÿ ìàº äåá³ò Q íà îäèíèöþ ñâîº¿ äîâæèíè,
à íà â³ëüíó ïîâåðõíþ ìàñèâó ä³º ³íô³ëüòðàö³éíå æèâëåííÿ ³íòåíñèâíîñò³
� �� ( ).x Òîä³ çà ïðèïóùåíü âèõ³äíî¿ ìàòåìàòè÷íî¿ ìîäåë³ ðîçãëÿäóâàíà
ô³ëüòðàö³éíà çàäà÷à (ðîáîòà ãàëåðå¿ ì³æ äâîìà êîíòóðàìè æèâëåííÿ) çâîäèòü-
ñÿ äî ðîçâ’ÿçàííÿ â îáëàñò³ ( , ) ( , )0 0l � 
 òàêî¿ êðàéîâî¿ çàäà÷³:

0 1 1

2
1

2 1 1 2D h x t
h x t

x
h h xt

[ ] ( , )
( , )

( ) ( ) ,� � � ��
�

�
� � � (45)

0 2 2

2
2

2 2 1 2D h x t
h x t

x
h ht

[ ] ( , )
( , )

( ),� � ��
�

�
� � (46)
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�

�
�
�

�
� � � �

h t

x

h t

x
Q h l t h l t H t1 2

1 2
0 0

0
( , ) ( , )

, ( , ) ( , ) ( ), (47)

h x h x h x x l1 2 00 0 0( , ) ( , ) ( ) ( ) ,� � � � (48)

äå H — âåëè÷èíà íàïîðó íà êîíòóðàõ æèâëåííÿ, h x0 ( ) — çàäàíà ïî÷àòêîâà
íàï³ðíà ôóíêö³ÿ.

Âèêîíóþ÷è ïåðåõ³ä äî â³äïîâ³äíî¿ êðàéîâî¿ çàäà÷³ ç îäíîð³äíèìè ãðàíè÷-
íèìè óìîâàìè çà äîïîìîãîþ ï³äñòàíîâêè

u x t h x t H l x Q ii i( , ) ( , ) ( ) ( , ) ,� � � � �1 2 (49)

îäåðæóºìî çàäà÷ó

0 1 1

2
1

2 1 1 2D u x t
u x t

x
u u xt

[ ] ( , )
( , )

( ) ( ) ,� � � ��
�

�
� � � (50)

0 2 2

2
2

2 2 1 2D u x t
u x t

x
u ut

[ ] ( , )
( , )

( ) ,� � ��
�

�
� � (51)

�

�
�
�

�
� � � �

u t

x

u t

x
u l t u l t t1 2

1 2
0 0

0 0 0
( , ) ( , )

, ( , ) ( , ) ( ) , (52)

u x u x u x h H l x Q x l1 2 0 00 0 0( , ) ( , ) ( ) ( ) ( ) .� �  � � � � � (53)

Çàñòîñîâóþ÷è äî (50)–(53) ñê³í÷åííå êîñèíóñ–ïåðåòâîðåííÿ Ôóð’º
çà çì³ííîþ x âèãëÿäó [22]

u u x t x dxi i n

l

n
� � ( , )cos ( )�

0

( , , ( ) / ( ), ) ,i n l n Nn� � � 
1 2 2 1 2� 	

îäåðæóºìî òàêó çàäà÷ó Êîø³:

0 1 1 1
2

1 1 2D u t u t u t q n Nt n nn n n

[ ] ( ) ( ) ( ) ( ) ( ) ,� � � � �� � � � � 
 (54)

0 2 2 2
2

2 2 1D u t u t u t n Nt nn n n

[ ] ( ) ( ) ( ) ( ) ( ) ,� � � � �� � � � 
 (55)

u u
n n n1 20 0( ) ( )� � � ( ) ,n N
 (56)

äå
� � � �n n

l

n n

l

u x x dx q x x dx� �� �0

0 0

( )cos ( ) , ( )cos ( ) ( ) .n N


Äîìíîæóþ÷è ð³âíÿííÿ (55) íà äåÿêèé ä³éñíèé ìíîæíèê � 	 0 òà äîäàþ÷è
îäåðæàíèé ðåçóëüòàò äî ð³âíÿííÿ (54), ìàºìî

0 1 2 1 2 1 1
2D u t u t u tt nn n n

[ ] [ ( ) ( )] ( ) [ ( )]� � � � � � �� � � � �

� �
� �

� �

�

�
�
�

�

�
�
�

u t u t
n n

n

n

1
1 2 2

2

2 1 1
2 2( )

( )

( )
( )

� � � � �

� � � � �
� qn ( ) .n N
 (57)

Ïîêëàäàþ÷è â îñòàííüîìó ñï³ââ³äíîøåíí³

� � � � �

� � � � �
�1 2 2

2

2 1 1
2

� �

� �
�

(

(
,

)

)
n

n
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îäåðæóºìî äëÿ îá÷èñëåííÿ âåëè÷èíè � êâàäðàòíå ð³âíÿííÿ

� � � � � � � � � �2
2

2 1 2 1
2

1 20 0� � � � � � 	[ ( ) ] ( ) .n

Çâ³äñè ìàºìî
�

�
� � � � �n n n

( , ) [ ( ) ],1 2

2
1 2 1 2

21

2
� � � � " # (58)

# n n� � � � � �[ ( ) ] .� � � � � � �2 1 2 1
2 2

1 24 0

Ïîçíà÷èâøè
� �n nt u t u t

n n

( , ) ( , )( ) ( ) ( )1 2
1

1 2
2� � ( ) ,n N
 (59)

çàïèøåìî (57) ó âèãëÿä³

0
1 2 1 2 1 2D t t q n Nt n n n n

[ ] ( , ) ( , ) ( , )( ) ( ) ( ) ,� � � �� � 
 (60)

äå � � � � � � �n n n n n N( , ) ( , ) ( , )( ) .1 2
1 1

2
2

1 2 1 2 0� � � � $ 
 Äàë³ ç³ ñï³ââ³äíîøåíü (59)

ç óðàõóâàííÿì óìîâ (56) çíàõîäèìî ïî÷àòêîâ³ óìîâè äëÿ � n t( , ) ( )1 2 ó âèãëÿä³

� � � �n n n n
( , ) ( , ) ( , )( ) ( )1 2 1 2 1 20 1� �  ( ) .n N
 (61)

Ðîçâ’ÿçêè çàäà÷ (60), (61) íà îñíîâ³ [23, 29] çàïèøåìî ó âèãëÿä³

� �
� �

n n
n

n

n
nt

q
S t

q( , ) ( , )

( , )

( , )( ) ( )1 2 1 2

1 2

1 2� �
�

�

�
�

�

�

�
�

�
n
( , )1 2

( )n N
 , (62)

äå

S t
e

r
G r dr G rn

rt

n n
n( , ) ( , ) ( , )
( ,

( ) ( ) , ( )1 2 1 2

0

1 2
11

� �
�


�	

� 2

1 2 2 2

)

( , )

( )

[ ( ) ] ( )
( )

B r

A r B r
n N

n� �



�

³ A r B r( ), ( ) âèçíà÷àþòüñÿ ñï³ââ³äíîøåííÿìè (19). Âðàõîâóþ÷è (59) òà (62),
ìàºìî

u t
t t

u
n n

n n n n

n n

1

2 1 1 2

2 1 2( )
( ) ( )

, (
( ) ( ) ( ) ( )

( ) ( )
�

�
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� � � �

� �
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n Nn n

n n

)
( ) ( )

( ) .
( ) ( )

( ) ( )
�

�
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� �

� �

1 2

1 2
(63)

Çíàõîäÿ÷³ îðèã³íàëè çà çîáðàæåííÿìè êîñèíóñ-ïåðåòâîðåííÿ Ôóð’º çà
çì³ííîþ x, ç óðàõóâàííÿì (49) îäåðæóºìî ðîçâ’ÿçîê ðîçãëÿäóâàíî¿ çàäà÷³ ó
âèãëÿä³

h x t u x t H l x Q ii i( , ) ( , ) ( ) ( , ) ,� � � � �1 2 (64)

u x t
l

t tn n n n

n nn

1

1 2 2 1

1 2

2
( , )

( ) ( )( ) ( ) ( ) ( )

( ) ( )
�

�

��

� � � �

� �1




� cos ( ) ,� nx (65)

u x t
l

t t
xn n

n nn

n2

1 2

1 2
1

2
( , )

( ) ( )
cos (

( ) ( )

( ) ( )
�

�

��




�
� �

� �
� ) , (66)

äå � � �n n n t( ) ( ) ( , ), , ( )1 2 1 2 âèçíà÷àþòüñÿ ñï³ââ³äíîøåííÿìè (58), (62).

Îäåðæàíèé ðîçâ’ÿçîê (64)–(66) ðîçãëÿäóâàíî¿ çàäà÷³ ïåðåòâîðþºòüñÿ, çîêðå-
ìà, ÿêùî � � � � �( ) ( )� � (�( )x — �-ôóíêö³ÿ Ä³ðàêà [24]), ó ðîçâ’ÿçîê çàäà÷³ âèã-
ëÿäó (45)–(48) ç îïåðàòîðàìè äðîáîâî¿ ïîõ³äíî¿ Êàïóòî–Ãåðàñèìîâà ïîðÿäêó
� �( ).0 1� � Ðîçâ’ÿçîê çàçíà÷åíî¿ çàäà÷³ áóäóºòüñÿ àíàëîã³÷íî âèêëàäåíîìó
ðàí³øå òà çâîäèòüñÿ äî ðîçâ’ÿçàííÿ çàäà÷ Êîø³ âèãëÿäó
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0
1 2 1 2 1 2 0 1C

t n n n nD t t q n N�� � � �( , ) ( , ) ( , )( ) ( ) ( , ) ,� � � � 
 (67)

� �n n
( , ) ( , )( )1 2 1 20 � ( ) ,n N
 (68)

äå âåëè÷èíè � n
( , )1 2 îá÷èñëþþòüñÿ çã³äíî ç ñï³ââ³äíîøåííÿì (61).

Ðîçâ’ÿçêè çàäà÷ (67), (68) çàïèñóþòüñÿ ó âèãëÿä³

� �
�

�
�

�
�

n n
n

n

n
n

n

t
q

E t
q( , ) ( , )

( , )

( , )

(
( ) ( ) ( )1 2 1 2

1 2

1 2� � � �
1 2, )

( ) ,n N


äå E� ( )� — îäíîïàðàìåòðè÷íà ôóíêö³ÿ Ì³òòàã-Ëåôôëåðà [25].
Ïîäàëüø³ âèêëàäêè ó ðîçâ’ÿçàíí³ ö³º¿ çàäà÷³ ïîâí³ñòþ ïîâòîðþþòü âèêëàäå-

íå ðàí³øå.
Íà ðèñ.1 íàâåäåíî ãðàô³êè ðîçðàõóíêîâèõ êðèâèõ íàï³ðíî¿ ôóíêö³¿ ó âåðõíüî-

ìó ( ( , ))h h x t� 1 øàð³ òðèøàðîâîãî ãåîïîðèñòîãî ìàñèâó äëÿ ð³çíèõ ìîìåíò³â ÷àñó ó

ðàç³ äèñêðåòíîãî çíà÷åííÿ ïîðÿäêó äðîáîâî¿ ïîõ³äíî¿ � � 0 9. . Ö³ ãðàô³êè â³äïîâ³äà-

þòü òàêèì çíà÷åííÿì ÷àñîâî¿ çì³ííî¿ (äîáà): t �10 (êðèâà 1), t � 25 (êðèâà 2), t � 50

(êðèâà 3), òà âõ³äíèì ïàðàìåòðàì: l � 50 ì, H h� �0 10 ì, k1 5� ì/äîáà, k2 10� ì/äîáà,

m m1 2 5� � ì, m0 4� ì , k0 0 01� . ì/äîáà, � � 0 02. ì/äîáà, Q � 0 2. , �1 0 1% � . ,

� 2 0 002% � . .

Ðåçóëüòàòè ðîçðàõóíê³â äàþòü çìîãó, çîêðåìà, ä³éòè âèñíîâêó, ùî äèíàì³êà

íàï³ðíèõ êðèâèõ ó ðàç³ îïèñó ô³ëüòðàö³éíîãî ïðîöåñó íà îñíîâ³ íåêëàñè÷íî¿

äðîáîâî-äèôåðåíö³éíî¿ ìîäåë³ â ïåâíîìó ñåíñ³ (ÿê³ñíî) óçãîäæóºòüñÿ ç ðåçóëüòà-

òàìè ìîäåëþâàííÿ âêàçàíî¿ äèíàì³êè â ðàìêàõ êëàñè÷íî¿ ìàòåìàòè÷íî¿ ìîäåë³ [4].

ÂÈÑÍÎÂÎÊ

Ó ðîáîò³ íàâåäåíî ïîñòàíîâêè òà îäåðæàíî çàìêíåí³ ðîçâ’ÿçêè äåÿêèõ êðàéî-

âèõ çàäà÷ àíîìàëüíî¿ ãåîô³ëüòðàö³éíî¿ äèíàì³êè â øàðóâàòèõ ïëàñòàõ çà ïðè-

ïóùåíü, ùî ô³ëüòðàö³éí³ ïðîöåñè â íèõ àäåêâàòíî îïèñóþòüñÿ íà îñíîâ³ ìî-

äåëåé äðîáîâî¿ äèôóç³¿ ðîçïîä³ëåíîãî ïîðÿäêó. Äëÿ âèõ³äíî¿ ìàòåìàòè÷íî¿
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Ðèñ. 1

h

x



ô³ëüòðàö³éíî¿ ìîäåë³ ç ïîõ³äíèìè ðîçïîä³ëåíîãî ïîðÿäêó îäåðæàíî çàìêíå-

íèé ðîçâ’ÿçîê çàäà÷³ ïðî ïðèò³ê äî ãàëåðå¿, ðîçì³ùåíî¿ ì³æ äâîìà êîíòóðàìè

æèâëåííÿ â òðèøàðîâîìó ãåîïîðèñòîìó ñåðåäîâèù³, à äëÿ ñïðîùåíîãî

âàð³àíòó ö³º¿ ìîäåë³ îäåðæàíî ðîâ’ÿçêè ïðÿìî¿ òà îáåðíåíî¿ êðàéîâèõ çàäà÷

ô³ëüòðàö³éíî¿ äèíàì³êè ³ çàäà÷³ ç íåëîêàëüíèìè ãðàíè÷íèìè óìîâàìè.
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V.M. Bulavatsky

SOME BOUNDARY-VALUE PROBLEMS OF FILTRATION DYNAMICS
CORRESPONDING TO FRACTIONAL DIFFUSION MODELS OF DISTRIBUTED ORDER

Abstract. On the basis of distributed-order fractional diffusion models, statements are made
and closed solutions are obtained for some boundary-value problems of anomalous geofiltration
dynamics, in particular, the problem of inflow to a gallery located between two supply lines in
a three-layer geoporous medium. For a simplified version of the filtration model of distributed
order, solutions are obtained for the direct and inverse boundary-value problems of filtration
dynamics, as well as for the filtration problem with nonlocal boundary conditions.

Keywords: mathematical modeling, fractional-differential dynamics of filtration processes,
geoporous media, non-classical models, model of filtration with distributed order derivative,
boundary-value problem, closed-form solution.
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