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Àíîòàö³ÿ. Ðîçãëÿíóòî çàñòîñóâàííÿ ìåòîä³â òåîð³¿ íàáëèæåííÿ äî ïðèíöèï³â îïòè-

ìàëüíîñò³ â òåîð³¿ ïðèéíÿòòÿ ð³øåíü. ×àñòî ôóíêö³ÿ ðèçèêó â ïðîöåñ³ â³äøóêàííÿ

îïòèìàëüíèõ ð³øåíü ìàº äîñèòü ñêëàäíó ñòðóêòóðó äëÿ âèâ÷åííÿ ¿¿ âëàñòèâîñòåé,

òîìó âèíèêàº ïîòðåáà íàáëèçèòè ôóíêö³þ ðèçèê³â äî ³íøî¿ ôóíêö³¿ ç ïðîñòèìè òà

çðîçóì³ëèìè õàðàêòåðèñòèêàìè. Äîñë³äæåíî àñèìïòîòè÷í³ âëàñòèâîñò³ ðîçâ’ÿçê³â

á³ãàðìîí³éíèõ ð³âíÿíü ÿê ôóíêö³é íàáëèæåííÿ. Îòðèìàíî ïîâí³ àñèìïòîòè÷í³ ðîç-

êëàäè âåðõí³õ ìåæ â³äõèëåíü ôóíêö³é êëàñó Ñîáîëºâà W 2 (öå ìíîæèíà, ÿê³é íàëå-

æàòü ôóíêö³¿ ðèçèêó â ïðîöåñ³ îïòèì³çàö³¿ ïðèéíÿòòÿ ð³øåíü) â³ä îïåðàòîð³â, ùî º

ðîçâ’ÿçêàìè á³ãàðìîí³éíèõ ð³âíÿíü ³ç ïåâíèìè êðàéîâèìè óìîâàìè. Îòðèìàí³ ðîç-

êëàäè äàþòü çìîãó â³äøóêàòè êîíñòàíòè Êîëìîãîðîâà–Í³êîëüñüêîãî ÿê çàâãîäíî âè-

ñîêîãî ñòåïåíÿ ìàëîñò³, çàâäÿêè ÷îìó ìîæíà îö³íþâàòè ïîõèáêó íàáëèæåííÿ ï³ä ÷àñ

ðîçâ’ÿçóâàííÿ îïòèì³çàö³éíèõ çàäà÷ ³ç äîâ³ëüíîþ òî÷í³ñòþ. Çàçíà÷åíî, ùî çà äîïîìî-

ãîþ á³ãàðìîí³éíèõ ð³âíÿíü ìîæíà åôåêòèâíî áóäóâàòè ìàòåìàòè÷í³ ìîäåë³ ïðèðîä-

íè÷èõ òà ñîö³àëüíèõ ÿâèù.

Êëþ÷îâ³ ñëîâà: ïîõèáêà íàáëèæåííÿ, îïòèì³çàö³éí³ âëàñòèâîñò³ ôóíêö³é, á³ãàð-

ìîí³éí³ ð³âíÿííÿ, ïîâí³ àñèìïòîòè÷í³ ðîçêëàäè, êëàñè Ñîáîëºâà.

ÂÑÒÓÏ

Ùå íà ïî÷àòêó ÕÕ ñòîë³òòÿ áóëî çàïî÷àòêîâàíî íàñïðàâä³ ðåâîëþö³éí³ çì³íè

â ìàòåìàòè÷í³é íàóö³, çîêðåìà, àêòèâíî ïîøèðþâàëàñü ³äåÿ ïðî óçàãàëüíåííÿ

ðîçâ’ÿçê³â äèôåðåíö³àëüíèõ ð³âíÿíü ç ÷àñòèííèìè ïîõ³äíèìè. Ç îäíîãî áîêó, íå-

îáõ³äí³ñòü ó ðîçøèðåíí³ êëàñ³â ôóíêö³é âèíèêàº ó áàãàòîâèì³ðíèõ âàð³àö³éíèõ

çàäà÷àõ, à ç ³íøîãî, — â ïðîöåñ³ äîñë³äæåííÿ õâèëüîâîãî ð³âíÿííÿ ³ ð³âíÿíü

ã³äðîäèíàì³êè. Ó öèõ çàäà÷àõ êëàñ³â íåïåðåðâíèõ ôóíêö³é áóëî íåäîñòàòíüî.

Ñ.Ë. Ñîáîëºâ ââ³â óçàãàëüíåí³ ðîçâ’ÿçêè îñíîâíèõ âèä³â ë³í³éíèõ ð³âíÿíü

ç ÷àñòèííèìè ïîõ³äíèìè äðóãîãî ïîðÿäêó ç êëàñ³â ôóíêö³é, ÿê³ ïîò³ì áóëè íà-

çâàí³ ïðîñòîðàìè Ñîáîëºâà. Îñòàíí³ ìàþòü ïðèíöèïîâå çíà÷åííÿ íå ëèøå

ó òåîð³¿ äèôåðåíö³àëüíèõ ð³âíÿíü ç ÷àñòèííèìè ïîõ³äíèìè, àëå é ó âàð³àö³éíèõ

çàäà÷àõ, òåîð³¿ ôóíêö³é, òåîð³¿ íàáëèæåíü, ìåòîäàõ îá÷èñëåííÿ, òåîð³¿ êåðóâàí-

íÿ òà áàãàòüîõ ³íøèõ ðîçä³ëàõ àíàë³çó.

Çàçâè÷àé ìàòåìàòè÷íà ìîäåëü îïòèì³çàö³éíî¿ çàäà÷³ ñêëàäàºòüñÿ

ç äåê³ëüêîõ íåçàëåæíèõ ìàòåìàòè÷íèõ îá’ºêò³â: ð³âíÿííÿ ñòàíó, îáìåæåííÿ íà

ñòàí ñèñòåìè êåðóâàííÿ, ôóíêö³îíàë ÿêîñò³. Òàêîæ âàæëèâèì º òå, ùî êîæíà

ç öèõ ñêëàäîâèõ çàëåæèòü â³ä îáëàñò³, íà ÿê³é âèâ÷àºòüñÿ îá’ºêò êåðóâàííÿ.

Îòæå, ÿêùî îáëàñòü ÿêèìîñü ñïîñîáîì çì³íþºòüñÿ, òî ìàºìî àáñîëþòíî ³íøó

çàäà÷ó îïòèìàëüíîãî êåðóâàííÿ, ìîæëèâî, ç ³íøèìè îáìåæåííÿìè, ôóíêö³îíà-

ëîì ÿêîñò³ ³ êðàéîâîþ çàäà÷åþ.

Íåìîæëèâî íåäîîö³íþâàòè ïðèêëàäíå çíà÷åííÿ òàêèõ çàäà÷ äëÿ êåðóâàí-

íÿ ïðîöåñàìè òà çàáåçïå÷åííÿ ñò³éêîñò³ â çàäà÷àõ ³íäóñòð³àëüíî¿ ³íôîðìàòèêè,

êåðóâàííÿ âèðîáíè÷èìè ïðîöåñàìè [1–3] òîùî. Íàïðèêëàä, ñõîæó òåõí³êó âè-

êîðèñòîâóþòü ó äîñë³äæåííÿõ äèôåðåíö³àëüíèõ ³ãîð, êîëè ïåâíèì ñïîñîáîì
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çàäàþòü óìîâè òà îñîáëèâîñò³ êåðîâàíèõ êîíôë³êò³â [4, 5], óìîâè äëÿ çàâåð-

øåííÿ ãðè â êîíôë³êòíî-êåðâàíèõ ïðîöåñàõ [6, 7].

Âèêîðèñòàííÿ ñó÷àñíèõ ³äåé ³ ìåòîä³â òåîð³¿ îïòèìàëüíèõ ð³øåíü ñïðèÿº

¿¿ ïðîíèêíåííþ â íàéð³çíîìàí³òí³ø³ îáëàñò³ ïðèêëàäíèõ äîñë³äæåíü [8]. Òàê,

çíà÷íó ê³ëüê³ñòü ð³çíîãî ðîäó ïðèðîäíè÷èõ ³ ñîö³àëüíèõ ïðîöåñ³â íàéîïòè-

ìàëüí³øå îïèñóþòü çà äîïîìîãîþ äèôåðåíö³àëüíèõ ð³âíÿíü ó ÷àñòèííèõ

ïîõ³äíèõ åë³ïòè÷íîãî òèïó [9–13]. Îäíèì ³ç âàæëèâèõ ÷àñòèííèõ âèïàäê³â

ð³âíÿíü òàêîãî òèïó º á³ãàðìîí³éí³ ð³âíÿííÿ [14–16].

Ð³çíîìàí³òí³ çàñòîñóâàííÿ êðàéîâèõ çàäà÷ äëÿ á³ãàðìîí³éíèõ ð³âíÿíü ÿê

ó ìàòåìàòè÷íîìó ìîäåëþâàíí³, òàê ³ â òåîð³¿ ³ãðîâèõ çàäà÷ äèíàì³êè [17, 18],

ñòèìóëþþòü ïîäàëüø³ äîñë³äæåííÿ â ö³é îáëàñò³ çíàíü. Âèâ÷åííÿ àñèìïòîòè÷-

íî¿ ïîâåä³íêè ðîçâ’ÿçê³â á³ãàðìîí³éíèõ ð³âíÿíü ç ïåâíèìè êðàéîâèìè óìîâàìè

äàñòü çìîãó òî÷í³øå âèâ÷àòè ðåàëüí³ ïðîöåñè. Çàïðîïîíîâàíà ðîáîòà ïðèñâÿ-

÷åíà ïèòàííÿì çàñòîñóâàííÿ ìåòîä³â òåîð³¿ íàáëèæåííÿ äî ïðèíöèï³â îïòè-

ìàëüíîñò³ â òåîð³¿ ïðèéíÿòòÿ ð³øåíü.

ÎÑÍÎÂÍ² ÏÎÍßÒÒß ÒÀ ÏÎÑÒÀÍÎÂÊÀ ÇÀÄÀ×²

Ïîçíà÷èìî C ïðîñò³ð íåïåðåðâíèõ 2�-ïåð³îäè÷íèõ ôóíêö³é, ó ÿêîìó íîðìà

åëåìåíòà çàäàºòüñÿ çà äîïîìîãîþ ð³âíîñò³ f f t
C t

� max| ( )|.
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(äèâ., íàïðèêëàä, [20, 21]). Ïîêëàâøè â (3) � �� �e , �� �, çã³äíî ç [22]

á³ãàðìîí³éíèé ³íòåãðàë Ïóàññîíà (3) çàïèøåìî ó âèãëÿä³
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ßê çàãàëüíî ïðèéíÿòî, êëàñîì ôóíêö³é Ñîáîëºâà W r íàçèâàòèìåìî ìíî-

æèíó 2�-ïåð³îäè÷íèõ ôóíêö³é, ÿê³ ìàþòü àáñîëþòíî íåïåðåðâí³ ïîõ³äí³ äî

( )r �1 -ãî ïîðÿäêó âêëþ÷íî ³ | ( )|( )f xr 	 1.

Ïîçíà÷èìî çã³äíî ç [23, ñ. 198]

� � �( , ) ( ) ( , )W U f U fr
C

f W
Cr

� � � �
�
sup . (5)
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ßêùî â ÿâíîìó âèãëÿä³ çíàéäåìî ôóíêö³þ � �( ) òàêó, ùî äëÿ � �0 ìàº

ì³ñöå àñèìïòîòè÷íà ð³âí³ñòü � � � � ��( , ) ( ) ( ( ))W U or
C � � , òî íàñë³äóþ÷è

Î.². Ñòåïàíöÿ [23, ñ. 198], áóäåìî ãîâîðèòè, ùî ðîçâ’ÿçàíî çàäà÷ó Êîëìîãîðî-

âà–Í³êîëüñüêîãî äëÿ êëàñó ôóíêö³é Ñîáîëºâà W r ³ ðîçâ’ÿçêó çàäà÷³ (1), (2)

U f x� ( , ), çàäàíîãî çà äîïîìîãîþ ñï³ââ³äíîøåííÿ (4), ó ð³âíîì³ðí³é ìåòðèö³.
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Á³ãàðìîí³éíèé ³íòåãðàë Ïóàññîíà ÿê ðîâ’ÿçîê á³ãàðìîí³éíîãî ð³âíÿííÿ (1)

ç ïî÷àòêîâèìè óìîâàìè (2) º äîäàòíèì ë³í³éíèì îïåðàòîðîì ³ òîìó çã³äíî

ç [26] éîãî íàéêðàù³ àñèìïòîòè÷í³ âëàñòèâîñò³ äîñÿãàþòüñÿ ñàìå íà êëàñ³

ôóíêö³é Ñîáîëºâà W 2. Òîæ îñíîâíîþ ìåòîþ çàïðîïîíîâàíî¿ ðîáîòè º ðîçâ’ÿ-

çàííÿ çàäà÷³ Êîëìîãîðîâà–Í³êîëüñüêîãî äëÿ âåëè÷èíè (5) äëÿ îòðèìàííÿ

àñèìïòîòè÷íî¿ ïîâåä³íêè ðîçâ’ÿçê³â çàäà÷³ (1), (2) íà êëàñàõ ôóíêö³é Ñîáîëºâà

W 2 ó ð³âíîì³ðí³é ìåòðèö³.
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Òåîðåìà 1. ßêùî ( ( ))g t 2� — ïàðíå 2�-ïåð³îäè÷íå ïðîäîâæåííÿ ôóíêö³¿

g t

t

t

t

t

( )

,

)
,

,

,

�

�

	 	

	 	

�

�
��

�
�
�

2

2 2
2

4 2

0
2

2
� 	�


�

�
�

òî äëÿ 0
2

� ��
�

áóäå âèêîíóâàòèñü ð³âí³ñòü

�
�

�
� �

��
�

�

( , )
( ( ))

W U
g t

t
dtC

2 2

2

2

2

4 4
� � �

�

�
��

�
�
�

�

�
��

�
�
�

�

� � �
�

�
 

!
"
" �

�

�

� ( )
( )

1
2

2 1

2

2 1
0

k
k

k
k k �

�

#

$

%
%
%
%

� � � 

�

�
� ��

( ( ))
( ) ( )

g t

t
dt e

k

k k2

2 1

2

2 2 21
1 1

2�

�

��
� ��

�



�
� �

�

�
�
�

�
�
�

�
 

!
"
" �

�

�
2

2 2

1 2

2

2 1

k
k

k k

�

�
� �

( )

� � #

$%
� � �




�
�




�
�
&

���
�

�

�

� �

�
2 2

1
1 12 2

2

2

( ) ( )
( ( ))

e
g t

t

dt

t

k

k

�

�

�

�

�

� ��

�

�
��

�
�
�

�

�
��

�
�
�

( ( ))g t

t
dt

k
k

k2

2 2

2

0

2�

�

� . (6)

110 ISSN 1019-5262. Ê³áåðíåòèêà òà ñèñòåìíèé àíàë³ç, 2022, òîì 58, ¹ 2



Äîâåäåííÿ. ²ç îçíà÷åííÿ ìåòðèêè Ñ ³ ñï³ââ³äíîøåííÿ (5) âèïëèâàº, ùî
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Ìîæíà ïîêàçàòè, ùî äëÿ ôóíêö³¿
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²íòåãðóþ÷è ÷àñòèíàìè ³íòåãðàë ç ïðàâî¿ ÷àñòèíè (9) ³ ï³äáèðàþ÷è äî òîãî

æ ñòàë³ ³íòåãðóâàííÿ òàêèì ÷èíîì, ùîá ³íòåãðàëüí³ ÷ëåíè [22, ñ. 175] ïåðåòâî-
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Äàë³, âèêîðèñòîâóþ÷è ìåòîäè ç [22, 28], ìîæíà ïîêàçàòè ñïðàâåäëèâ³ñòü
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Ïåðåõîäÿ÷è äî îá÷èñëåííÿ ïåðøîãî äîäàíêó ³ç ïðàâî¿ ÷àñòèíè (12), ³ç

ñï³ââ³äíîøåííÿ (11) îòðèìóºìî
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Äëÿ îö³íþâàííÿ äðóãîãî äîäàíêà I 2 ç ïðàâî¿ ÷àñòèíè (12) çàïèøåìî éîãî
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ðàç äëÿ âåëè÷èíè

I

k

k

k

k

k5
0

2 1

2 12
1

2 1
2

2 4
1� � �

� 


�
�




�
�

� � �
�

� �

���
� �

�

� �
( )

( )

( )k
k

k

k

2
2

2

0 �
�




�
�




�
�




�

�
�
�
�
�




�

�
�
�
�
�

�
�

�

�

� � 


�
�




�
� �

�




�
��




�
�� � �

�

�

� ( )
( )

1
2

4

2

2 1 20

2
2 2k

k

k
k

k�

�

�
� �

�
�

�

2
. (22)

²íòåãðàë I 6, çàäàíèé çà äîïîìîãîþ ñï³ââ³äíîøåííÿ (20), çàïèøåìî ó âèã-
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Ðîçãëÿíåìî ñïî÷àòêó âåëè÷èíó
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Îá’ºäíóþ÷è ñï³ââ³äíîøåííÿ (12), (17) ³ (27), ïåðåêîíóºìîñÿ â ñïðàâåäëè-

âîñò³ ð³âíîñò³ (6). Òåîðåìó äîâåäåíî.
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ÂÈÑÍÎÂÊÈ

Ó ðîáîò³ ðîçâ’ÿçàíà çàäà÷à Êîëìîãîðîâà–Í³êîëüñüêîãî â òåðì³íîëîã³¿

Î.². Ñòåïàíöÿ äëÿ ðîçâ’ÿçêó á³ãàðìîí³éíîãî ð³âíÿííÿ íà êëàñàõ ôóíêö³é

Ñîáîëºâà W 2 ó ð³âíîì³ðí³é ìåòðèö³. Çîêðåìà, îòðèìàíî ïîâíèé àñèìïòî-

òè÷íèé ðîçêëàä âåëè÷èíè òî÷íî¿ âåðõíüî¿ ìåæ³ â³äõèëåíü ôóíêö³é êëàñó

Ñîáîëºâà W 2 â³ä ¿õí³õ á³ãàðìîí³éíèõ ³íòåãðàë³â Ïóàññîíà. Îñê³ëüêè êëàñ

ôóíêö³é W 2 íàéîïòèìàëüí³øå õàðàêòåðèçóº àñèìïòîòè÷í³ âëàñòèâîñò³

á³ãàðìîí³éíèõ ³íòåãðàë³â Ïóàññîíà, îòðèìàí³ â ðîáîò³ ðåçóëüòàòè ìàþòü ³

ìàòèìóòü äîñèòü øèðîêèé ñïåêòð çàñòîñóâàíü [30–33] ó âàð³àö³éíèõ çàäà-

÷àõ, òåîð³¿ ôóíêö³é, òåîð³¿ íàáëèæåíü, ìåòîäàõ îá÷èñëåííÿ, òåîð³¿ êåðóâàí-

íÿ òà ïðèêëàäí³é ìàòåìàòèö³.
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Yu.I. Kharkevych
ON SOME ASYMPTOTIC PROPERTIES OF SOLUTIONS TO BIHARMONIC EQUATIONS

Abstract. The author considers the application of the approximation theory methods to

the principles of optimality in the decision-making theory. In finding optimal solutions,

the risk function often has rather complex structure for studying its properties, which

makes it necessary to approximate the risk function to another function with simple and

clear characteristics. In this regard, the asymptotic properties of the solutions of

biharmonic equations as approximate functions are investigated. Complete asymptotic

expansions of the upper limits of deviations of the Sobolev class functions W (the set that

the risk functions in decision-making optimization belong to) from operators that are

solutions of biharmonic equations with certain boundary conditions are obtained. The

expansions allow us to find the Kolmogorov-Nikol’skii constants of arbitrarily high degree

of smallness that allows us to estimate the approximation error when solving optimization

problems with arbitrary accuracy. It is mentioned that the biharmonic equations can be

used to efficiently generate mathematical models of natural and social phenomena.

Keywords: approximation error, optimization properties of functions, biharmonic

equations, complete asymptotic expansions, Sobolev classes.
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