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Àíîòàö³ÿ. Ðîçãëÿíóòî çàäà÷ó îïòèìàëüíîãî ë³í³éíîãî îö³íþâàííÿ ôóíêö³îíàë³â â³ä

íåâ³äîìèõ çíà÷åíü ñòîõàñòè÷íî¿ ñòàö³îíàðíî¿ ïîñë³äîâíîñò³ çà ñïîñòåðåæåííÿìè

ïîñë³äîâíîñò³ ç ïðîïóùåíèìè çíà÷åííÿìè. Çíàéäåíî ôîðìóëè äëÿ îá÷èñëåííÿ çíà-

÷åííÿ ñåðåäíüîêâàðàòè÷íî¿ ïîõèáêè òà ñïåêòðàëüíî¿ õàðàêòåðèñòèêè îïòèìàëüíî¿

ë³í³éíî¿ îö³íêè ôóíêö³îíàë³â çà óìîâè ñïåêòðàëüíî¿ âèçíà÷åíîñò³, êîëè ñïåêòðàëüíà

ù³ëüí³ñòü ïîñë³äîâíîñò³ òî÷íî â³äîìà. Ó âèïàäêó, êîëè ñïåêòðàëüíà ù³ëüí³ñòü

ïîñë³äîâíîñò³ òî÷íî íå â³äîìà, à çàäàþòüñÿ ëèøå äåÿê³ êëàñè äîïóñòèìèõ ñïåêòðàëü-

íèõ ù³ëüíîñòåé, çàñòîñîâàíî ì³í³ìàêñíî-ðîáàñòíèé ìåòîä. Çíàéäåíî ôîðìóëè äëÿ

âèçíà÷åííÿ íàéìåíø ñïðèÿòëèâèõ ñïåêòðàëüíèõ ù³ëüíîñòåé òà ì³í³ìàêñíèõ ñïåê-

òðàëüíèõ õàðàêòåðèñòèê äëÿ îïòèìàëüíîãî ë³í³éíîãî îö³íþâàííÿ ôóíêö³îíàë³â äëÿ

êîíêðåòíèõ êëàñ³â ñïåêòðàëüíèõ ù³ëüíîñòåé.

Êëþ÷îâ³ ñëîâà: ñòàö³îíàðíà ïîñë³äîâí³ñòü, ì³í³ìàêñíî-ðîáàñòíà îö³íêà, íàéìåíø

ñïðèÿòëèâà ñïåêòðàëüíà ù³ëüí³ñòü, ì³í³ìàêñíà ñïåêòðàëüíà õàðàêòåðèñòèêa.

ÂÑÒÓÏ

Çàäà÷³ îö³íþâàííÿ íåâ³äîìèõ çíà÷åíü âèïàäêîâèõ ïðîöåñ³â âàæëèâ³ â òåîð³¿

âèïàäêîâèõ ïðîöåñ³â. Ïîñòàíîâêà çàäà÷ ³íòåðïîëÿö³¿, åêñòðàïîëÿö³¿ òà

ô³ëüòðàö³¿ äëÿ ñòàö³îíàðíèõ ïðîöåñ³â òà ¿õíº çâåäåííÿ äî çàäà÷ òåîð³¿

ôóíêö³é íàëåæèòü Êîëìîãîðîâó [1]. Åôåêòèâí³ ìåòîäè ïîøóêó îö³íîê

íåâ³äîìèõ çíà÷åíü ñòàö³îíàðíèõ ïîñë³äîâíîñòåé òà ïðîöåñ³â áóëè ðîçðîá-

ëåí³ Â³íåðîì [2] òà ßãëîìîì [3]. Ó ïîäàëüøîìó ö³ ìåòîäè áóëè ðîçâèíóò³

â [4, 5]. Êëàñè÷íà òåîð³ÿ îö³íþâàííÿ áàçóºòüñÿ íà ïðèïóùåíí³, ùî ñïåê-

òðàëüí³ ù³ëüíîñò³ ïîñë³äîâíîñòåé òà ïðîöåñ³â â³äîì³. Íà ïðàêòèö³, îäíàê,

ïîâíî¿ ³íôîðìàö³¿ ïðî ñïåêòðàëüí³ ù³ëüíîñò³ çäåá³ëüøîãî íåìàº. Ó òàêîìó

âèïàäêó, ùîá óíèêíóòè òðóäíîù³â, øóêàþòü ïàðàìåòðè÷í³ ÷è íåïàðàìåò-

ðè÷í³ îö³íêè ñïåêòðàëüíèõ ù³ëüíîñòåé àáî äîáèðàþòü ù³ëüíîñò³, âèõîäÿ÷è

ç ³íøèõ ì³ðêóâàíü. Çã³äíî ç [6] òàêèé ï³äõ³ä ìîæå ïðèçâåñòè äî çíà÷íîãî

çðîñòàííÿ âåëè÷èíè ïîõèáêè îö³íêè. Òîæ äîö³ëüíî øóêàòè îö³íêè, ÿê³ º

îïòèìàëüíèìè âîäíî÷àñ äëÿ âñ³õ ù³ëüíîñòåé ç äåÿêîãî êëàñó ìîæëèâèõ

ñïåêòðàëüíèõ ù³ëüíîñòåé. Òàê³ îö³íêè íàçèâàþòü ì³í³ìàêñíèìè, îñê³ëüêè

âîíè ì³í³ì³çóþòü ìàêñèìàëüíå çíà÷åííÿ âåëè÷èíè ïîõèáêè. Ó [7] áóëî

âïåðøå çàñòîñîâàíî òàêèé ï³äõ³ä äî çàäà÷³ åêñòðàïîëÿö³¿ ñòàö³îíàðíèõ ïðî-

öåñ³â. Îãëÿä ðåçóëüòàò³â ç ì³í³ìàêñíèõ (ðîáàñòíèõ) ìåòîä³â àíàë³çó äàíèõ

íàâåäåíî â [8]. Îñòàíí³ ðåçóëüòàòè ç ì³í³ìàêñíîãî îö³íþâàííÿ äëÿ

ñòàö³îíàðíèõ ïðîöåñ³â, ïåð³îäè÷íî êîðåëüîâàíèõ ïðîöåñ³â òà ïðîöåñ³â ³ç

ñòàö³îíàðíèìè ïðèðîñòàìè îïèñàí³ â [9–14].
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Ó çàïðîïîíîâàí³é ñòàòò³ äîñë³äæóºòüñÿ çàäà÷à îïòèìàëüíîãî ñåðåäíüî-

êâàäðàòè÷íîãî îö³íþâàííÿ ôóíêö³îíàë³â
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Çàäà÷à äîñë³äæóºòüñÿ äëÿ âèïàäêó ñïåêòðàëüíî¿ âèçíà÷åíîñò³, êîëè

ñïåêòðàëüíà ù³ëüí³ñòü ïîñë³äîâíîñò³ â³äîìà, òà äëÿ âèïàäêó ñïåêòðàëüíî¿

íåâèçíà÷åíîñò³, êîëè çàäàíî ëèøå ìíîæèíó äîïóñòèìèõ ñïåêòðàëüíèõ

ù³ëüíîñòåé.

ÊËÀÑÈ×ÍÈÉ ÌÅÒÎÄ ²ÍÒÅÐÏÎËßÖ²¯

Íåõàé �( )j , j��, — ñòàö³îíàðíà (ó øèðîêîìó ðîçóì³íí³) ñòîõàñòè÷íà
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êàííÿ íåâ³äîìèõ êîåô³ö³ºíò³â c j( ), j Z S� \ 1 ,

a k c j b j k k N

j Z S

( ) ( ) ( ), ,

\

� � � �
�
�

1

0 ,

a N M k c j b N M k j

j Z S

( ) ( ) ( )

\

� � � � � �
�
�2 2

1

, k � 1, (9)
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òà êîåô³ö³ºíò³â c j( ) , j Z S� \ 2 ,

a M k c j b M k j

j Z S

( ) ( ) ( )

\

� � � � � �
�
�1 1

2

, k � 1,

a k c j b j k

j Z S

( ) ( ) ( )

\

� � �
�
�

2

, k N� 0, ,

a N M k c j b N M k j

j Z S

( ) ( ) ( )

\

� � � � � �
�
�2 2

2

, k � 1. (10)

Ïîçíà÷èìî
� � �
a a a

N N M1 12

T T T�
� �

( , ),
�
a

M� �1 1

T âåêòîðè, ùî óòâîðåí³

ç êîåô³ö³ºíò³â a j( )

�
�a a a a N

N
T � ( ( ), ( ), , ( ))0 1 ,

�
�a a M a M

M� �
� � � � �

1 1 1 11 2T ( ( ), ( ), ),

a a N M
N M� �

� � �
2 1 2 1T ( ( ), a N M( ), )� �2 2 � ,

òà BS 1
— ìàòðèöþ B

B B

B B
s1

1 2

3 4

�
�

�
��

�

�
�� , äå Bk — ìàòðèö³, ùî óòâîðåí³

êîåô³ö³ºíòàìè Ôóð’º ôóíêö³¿ ( ( ))f � �1

B i j b i j i j N B i j b i j i j1 40 0( , ) ( ), , , ( , ) ( ), , ,� � � � � � � � �

B i j b N M i j i N j2 2 1 0 0( , ) ( ), , ,� � � � � � � � � � �

B i j b N M i j j N i3 2 1 0 0( , ) ( ), , .� � � � � � � � � �

Òîä³ ñèñòåìó ð³âíÿíü (9) ìîæíà çàïèñàòè ó âèãëÿä³
� �
a B cS1 11

� , (11)

à ñèñòåìó ð³âíÿíü (10) — ó âèãëÿä³

� � � �
a B c B c B cN N M N M� � �� � � �1 5 1 2 11 2

,
� � � �
a B c B c B cM N M N M� � � � � �� � �

1 1 21 6 7 1 8 1 ,
� � � �
a B c B c B cN M N M N M� � � � � �� � �

2 1 21 3 9 1 4 1 , (12)

äå
� � �
c c c

N N M1 12

T T T�
� �

( , ),
�
c

M� �1 1

T — âåêòîðè, ùî óòâîðåí³ ç íåâ³äîìèõ

êîåô³ö³ºíò³â c j( )

�
�c c c c N

N
T � ( ( ), ( ), , ( ))0 1 ,

�
c c M

M� �
� � �

1 1 1 1T ( ( ), c M( ), )� �1 2 � ,

�
c c N M

N M� �
� � �

2 1 2 1T ( ( ), c N M( ), )� �2 2 � ,

à Bk — ìàòðèö³, ùî óòâîðåí³ êîåô³ö³ºíòàìè Ôóð’º ôóíêö³¿ ( ( ))f � �1

B i j b M i j i N j5 1 1 0 0( , ) ( ), , ,� � � � � � � � �

B i j b M i j j N i B i j b j i6 1 71 0 0 0( , ) ( ), , , ( , ) ( ),� � � � � � � � � � � � � i j, ,� �

B i j b N M j M i i j8 2 11 1 0( , ) ( ), , ,� � � � � � � � � � �

B i j b N M i M j i j9 2 11 1 0( , ) ( ), , .� � � � � � � � � �
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Îñê³ëüêè ìàòðèöÿ BS 1
ìàº îáåðíåíó [16], ç (11) îòðèìàºìî, ùî

� �
c B a

S1
1

1
1

� � .

Îòæå, íåâ³äîì³ êîåô³ö³ºíòè c j( ), j Z S� \ 1, îá÷èñëþþòüñÿ çà ôîðìóëîþ

c j B a j
S

( ) ( )( )� �
1

1
1

�
, j Z S� \ 1 ,

äå ( )( )B a j
S 1

1
1

� �
— j-é åëåìåíò âåêòîðà B a

S 1

1
1

� �
. Òàêèì ÷èíîì, ñïåêòðàëüíà õà-

ðàêòåðèñòèêà îö³íêè �AS 1
� îá÷èñëþºòüñÿ çà ôîðìóëîþ

h e a j e a j ei

j N M

ij

j

N
ij

1
1 02

( ) ( ) ( )� � �� � �
� � �

�

�
� �

�
�

�
�
�

�

�
�
� �

���

�
�

�
� �b m e B a j e Bim

m
S

j

N
ij

S
( ) ( )( ) (� �

1 1

1
1

0

� �

� � �

�

�
�

�

�
�

�

�

�
�

1
1

12

�
a j e

j N M

ij)( ) � , (13)

à ñåðåäíüîêâàäðàòè÷í³ ïîõèáêè îö³íîê ôóíêö³îíàë³â �AS 1
�, �AS 2

� îá÷èñëþ-

þòüñÿ çà ôîðìóëàìè

� ( ; ) ( ) ( )h f c j e c j e

j

N
ij

j N M

ij
1

0 1

1

2
2

� �
�

�

�
�

�

�

�

� � � �

�

� �
�

� �

�
�

�

�

�
�

�

��
 c j e

j

N
ij( )

0

�

��

�

�
�

�

�
�
�
�

�
�
�

�

�
�
� ��

� � �

�

���

�

� �c j e b m e dij

j N M

im

m

( ) ( )� � �

2 1

� � � �
c B c B a aS S1 1

1
1 11 1

, ,� � , (14)

� ( ; ) ( ) ( ) ( )h f c j e c j e c j

j

M
ij

j

N
ij

j
2

1

0

1

2

1

� � �
���

� �

� �
� �

�

� �

N M

ije

� �

�

�

�

�

�
�

�

�

�
�
�

2 1

�

��

�

� � �
���

� �
�

�

�

� � �

�

� � �c j e c j e c j

j

M
ij

j

N
ij

j N M

( ) ( ) ( )
1

2

1

0 1

� � e b m e dij im

m

�

���

��

�

�
�

�

�

�
�

�

�
�
�

�

�
�
� ��� � �( )

� � �
� � � � � � � �

� � � � � �
c a c a c a

N N M M N M N M
, , ,

1 1 1 1 2 1 2 1
, (15)

äå � �, — ïîçíà÷åííÿ ñêàëÿðíîãî äîáóòêó ó ïðîñòîð³ l2.

Ñôîðìóëþºìî îòðèìàíèé ðåçóëüòàò ó âèãëÿä³ òåîðåìè.

Òåîðåìà 1. Íåõàé �( )j — ñòàö³îíàðíà ñòîõàñòè÷íà ïîñë³äîâí³ñòü, ùî ìàº

ñïåêòðàëüíó ù³ëüí³ñòü f ( ),� ÿêà çàäîâîëüíÿº óìîâó ì³í³ìàëüíîñò³ (1). Ñåðåä-

íüîêâàäðàòè÷í³ ïîõèáêè � ( , )h fk òà ñïåêòðàëüí³ õàðàêòåðèñòèêè h ek
i( )� îïòè-

ìàëüíèõ ë³í³éíèõ îö³íîê �AS k
� ôóíêö³îíàë³â AS k

� ìîæíà îá÷èñëèòè çà ôîðìó-

ëàìè (8), (13)–(15).

Ðîçãëÿíåìî çàäà÷ó ñåðåäíüîêâàäðàòè÷íîãî îïòèìàëüíîãî îö³íþâàííÿ

ôóíêö³îíàë³â

A a j j a j jS
j j N M

N M N

3

2

2 2

0 1

�� � �( ) ( ) ( ) ( )

� � � �

� �

� ��
N

,

A a j j a j j a j jS
j N j

N

4

1 1

1 1

0

�� � � �( ) ( ) ( ) ( ) ( ) ( )

�� �

� �

�
� �� �
M

M

j N M

N M N

� � �

� �

�
2

2 2

1

,
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â³ä íåâ³äîìèõ çíà÷åíü ñòàö³îíàðíî¿ ïîñë³äîâíîñò³ �( )j , j��, çà äàíèìè

ñïîñòåðåæåíü ïîñë³äîâíîñò³ â òî÷êàõ j Sk� , äå

S Z N N M N M N3 2 2 10 1� � � � � �\ ({ , , } { , , })� � ,

S Z M N M N N M N M N4 1 1 1 2 2 11 0 1� � � � � � � � � � �\ ({ , , } { , , } { , , })� � � .

Ïîçíà÷èìî
� � � � � � �
a a a a a a a

N N M

N
N M

N

N3 1 4 12

2

1

1T T T T T T� �
� � � � �

( , ), ( , ,
M

N

2

2

1�
T

) âåêòîðè,

óòâîðåí³ ç êîåô³ö³ºíò³â a j( ):

�
�

�
a a a a N a a M a M

N M

NT T� � � � �
� �

( ( ), ( ), , ( )), ( ( ), (0 1 1
1

1

1 1 1 � � �2 1 1), , ( )),� a M N

�
�a a N M a N M a N M N

N M

N

� �
� � � � � � �

2

2

1 2 2 2 21 2
T

( ( ), ( ), , ( )).

Íåõàé B
B B

B B
s3

1 5

6 7

�
�

�
��

�

�
�� , B

B B B

B B B

B B B

s4

1 2 5

3 4 8

6 9 7

�

�

�

�
�
�

�

�

�
�
�

— ìàòðèö³, ùî óòâîðåí³

êîåô³ö³ºíòàìè Ôóð’º ôóíêö³¿ ( ( ))f � �1:

B i j b i j i j N B i j b j i i j N1 4 10 0( , ) ( ), , , ( , ) ( ), ,� � � � � � � � ,

B i j b M i j i N j N2 1 11 0 0( , ) ( ), ,� � � � � � � � ,

B i j b M i j j N i N3 1 11 0 0( , ) ( ), ,� � � � � � � � � ,

B i j b N M i j i N j N5 2 21 0 0( , ) ( ), ,� � � � � � � � � � ,

B i j b N M i j j N i N6 2 21 0 0( , ) ( ), ,� � � � � � � � � ,

B i j b i j i j N7 20( , ) ( ), ,� � � � ,

B i j b N M j M i i N j N8 2 1 1 21 1 0 0( , ) ( ), ,� � � � � � � � � � � � ,

B i j b N M i M j i N j N9 2 1 1 21 1 0 0( , ) ( ), ,� � � � � � � � � � � .

Íàñë³äîê 1. Íåõàé �( )j — ñòàö³îíàðíà ñòîõàñòè÷íà ïîñë³äîâí³ñòü, ùî ìàº

ñïåêòðàëüíó ù³ëüí³ñòü f ( ),� ÿêà çàäîâîëüíÿº óìîâó ì³í³ìàëüíîñò³ (1). Ñåðåä-

íüîêâàäðàòè÷í³ ïîõèáêè � ( , )h fk òà ñïåêòðàëüí³ õàðàêòåðèñòèêè h ek
i( )� îïòè-

ìàëüíèõ ë³í³éíèõ îö³íîê �AS k
� ôóíêö³îíàë³â AS k

� çà äàíèìè ñïîñòåðåæåíü

ïîñë³äîâíîñò³ �( )j äëÿ j Sk� , äå k � 3 4, , ìîæíà îá÷èñëèòè òàê:

h e a j e a j ei

j

N
ij

j N M

N M N
ij

3
0 12

2 2

( ) ( ) ( )� � �� � �
� � � �

� �

� �

�
�

�
�
�

�

�
�
� �

���

�
�

�
� �b m e B a j e Bim

m
S

j

N
ij

S
( ) ( )( ) (� �

3 3

1
3

0

� �

� � �

� �

�
�

�

�
�

�

�

�
�

1
3

12

2 2 �
a j e

j N M

N M N
ij)( ) � , (16)

� ( ; ) ,h f B a a
S3

1
3 3

3
� � � �

, (17)

h e a j e a j e a ji

j M N

M
ij

j

N
ij

j
4

1

01 1

1

( ) ( ) ( ) ( )� � �� � �
�� �

� �

�
� �

� � �

� �

� �
N M

N M N
ije

2

2 2

1

�
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�
�

�
�
�

�

�
�
�� �

���

�
�

�
� �b m e B a j e Bim

m
S

j

N
ij

S
( ) ( )( ) (� �

4

1
4

0

�

4
1

1
1

4
1

1
�

�� � �

� �

� �
�

�

�
�

�
a j e

j M N

M
ij)( ) �

�
�

�

�
�

�

� � �

� �

� ( )( )B a j e
S

ij

j N M

N M N

4
2

2 2
1

4
1

� � , (18)

� ( ; ) ,h f B a a
S4

1
4 4

4
� � � �

. (19)

Ì²Í²ÌÀÊÑÍÈÉ (ÐÎÁÀÑÒÍÈÉ) ÌÅÒÎÄ ²ÍÒÅÐÏÎËßÖ²¯

Êëàñè÷íèé ìåòîä ³íòåðïîëÿö³¿ çàñòîñîâóþòü ó âèïàäêó, êîëè òî÷íî â³äîìà

ñïåêòðàëüíà ù³ëüí³ñòü f ( )� ïîñë³äîâíîñò³. Îäíàê, ÿê óæå çàçíà÷àëîñü, íà

ïðàêòèö³ ïîâíî¿ ³íôîðìàö³¿ ïðî ñïåêòðàëüíó ù³ëüí³ñòü çäåá³ëüøîãî íåìàº.

Ïðîòå, ÿêùî â³äîìî, ùî ù³ëüí³ñòü f ( )� íàëåæèòü ïåâíîìó êëàñó ñïåêòðàëü-

íèõ ù³ëüíîñòåé D, òî äîö³ëüíî çàñòîñîâóâàòè ì³í³ìàêñíèé ï³äõ³ä. Òîä³

çàì³ñòü â³äøóêàííÿ îö³íêè, ÿêà áóëà á îïòèìàëüíîþ äëÿ äåÿêî¿ ñïåêòðàëüíî¿

ù³ëüíîñò³, øóêàþòü îö³íêó, ÿêà ì³í³ì³çóº âåëè÷èíó ïîõèáêè âîäíî÷àñ äëÿ

âñ³õ ñïåêòðàëüíèõ ù³ëüíîñòåé ³ç äàíîãî êëàñó D.

Îçíà÷åííÿ 1. Äëÿ çàäàíîãî êëàñó ñïåêòðàëüíèõ ù³ëüíîñòåé D ñïåêòðàëü-

íà ù³ëüí³ñòü f D
k
0 ( )� � íàçèâàºòüñÿ íàéìåíø ñïðèÿòëèâîþ â D äëÿ îïòèìàëü-

íî¿ ë³í³éíî¿ ³íòåðïîëÿö³¿ ôóíêö³îíàëà AS k
�, ÿêùî

� � �( ) ( ( ); ) ( ( ); )f h f f h f f
k k k k

f D
k

0 0 0� �
�

max .

Îçíà÷åííÿ 2. Äëÿ çàäàíîãî êëàñó ñïåêòðàëüíèõ ù³ëüíîñòåé D ñïåêòðàëü-

íà õàðàêòåðèñòèêà h e
k

i0 ( )� îïòèìàëüíî¿ îö³íêè ôóíêö³îíàëà AS k
� íàçèâàºòüñÿ

ì³í³ìàêñíîþ (ðîáàñòíîþ), ÿêùî

h e H L f
k

i
D
k

f D

S k0
2

( ) ( )� � �
�
� , min max max

h H f D f D
k

D
k

h f h f
� � �

��� � � �� 0 ; ).

Ëåìà 1. Ñïåêòðàëüíà ù³ëüí³ñòü f D
k
0 ( )� � íàéìåíø ñïðèÿòëèâà â êëàñ³ D

äëÿ îïòèìàëüíî¿ ë³í³éíî¿ ³íòåðïîëÿö³¿ ôóíêö³îíàëà AS k
�, k �1 3 4, , , ÿêùî

êîåô³ö³ºíòè Ôóð’º ôóíêö³¿ ( ( ))f
k
0 1� � çàäàþòü ìàòðèöþ B

S k

0 , ùî âèçíà÷àº ðîç-

â’ÿçîê åêñòðåìàëüíî¿ çàäà÷³

max
f D S k k S k kB a a B a a

k k�

� ��1 0 1� � � �
, , . (20)

Ì³í³ìàêñíà ñïåêòðàëüíà õàðàêòåðèñòèêà h h f
k k k
0 0� ( ) îá÷èñëþºòüñÿ çà ôîð-

ìóëàìè (13), (16), (18) çà óìîâè, ùî h f Hk k D
k( )0 � .

Ëåìà 2. Ñïåêòðàëüíà ù³ëüí³ñòü f D
2
0 ( )� � íàéìåíø ñïðèÿòëèâà â êëàñ³ D

äëÿ îïòèìàëüíî¿ ë³í³éíî¿ ³íòåðïîëÿö³¿ ôóíêö³îíàëà AS 2
�, ÿêùî êîåô³ö³ºíòè

Ôóð’º ôóíêö³¿ ( ( ))f
2
0 1� � çàäàþòü ìàòðèö³ B

k
0, ùî âèçíà÷àþòü ðîçâ’ÿçîê
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åêñòðåìàëüíî¿ çàäà÷³

max
f D

N N M M N M N Mc a c a c a
�

� � � � � � � �� � �( , , , )
� � � � � �

1 1 2 21 1 1 1

� � �
� � � � � � � �

� � � � � �
c a c a c a

N N M M N M N M
0

1

0
1 1

0
1

1 1 2 2
, , , . (21)

Ì³í³ìàêñíà ñïåêòðàëüíà õàðàêòåðèñòèêà h h f
2
0

2 2
0� ( ) îá÷èñëþºòüñÿ çà ôîð-

ìóëîþ (8) çà óìîâè, ùî h f H
D2 2

0 2( )� .

Íàéìåíø ñïðèÿòëèâà ñïåêòðàëüíà ù³ëüí³ñòü f
k
0 òà ì³í³ìàêñíà ñïåêòðàëü-

íà õàðàêòåðèñòèêà h
k
0 óòâîðþþòü ñ³äëîâó òî÷êó ôóíêö³¿ � ( ; )h f íà ìíîæèí³
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D
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� � �( ; ) ( ; ) ( ; ) ,h f h f h f f D
k k k k
0 0 0 0� � � � � �h H

D
k

âèêîíóþòüñÿ, ÿêùî h h f
k k k
0 0� ( ) òà h f Hk k D

k( )0 � , äå f
k
0 — ðîçâ’ÿçîê çàäà÷³

íà óìîâíèé åêñòðåìóì

~
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k
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f

f
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Çàäà÷à íà óìîâíèé åêñòðåìóì (22) åêâ³âàëåíòíà çàäà÷³ íà áåçóìîâíèé

åêñòðåìóì

� �
D
k

kf f f D( )
~

( ) ( | ) inf� � �	 ,

äå 	( | )f D — ³íäèêàòîðíà ôóíêö³ÿ ìíîæèíè D. Ðîçâ’ÿçîê f
k
0 ö³º¿ çàäà÷³ õà-

ðàêòåðèçóºòüñÿ óìîâîþ 0 0���
D
k

k
f( ), äå ��

D
k

k
f( )0 — ñóáäèôåðåíö³àë îïóê-

ëîãî ôóíêö³îíàëà �
D
k f( ). Öÿ óìîâà äàº çìîãó â³äøóêàòè íàéìåíø ñïðèÿò-

ëèâ³ ñïåêòðàëüí³ ù³ëüíîñò³ äëÿ êîíêðåòíèõ êëàñ³â D [17, 18]. Çàóâàæèìî,

ùî âèãëÿä ôóíêö³îíàëà � ( ; )h f
k
0 çðó÷íèé äëÿ çàñòîñóâàííÿ ìåòîäó íåâèçíà-
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÷åíèõ ìíîæíèê³â Ëàãðàíæà äî âèçíà÷åííÿ ðîçâ’ÿçêó çàäà÷³ (22). Âèêîðèñòî-

âóþ÷è ìåòîä ìíîæíèê³â Ëàãðàíæà ³ âèãëÿä ñóáäèôåðåíö³àëà ³íäèêàòîðíî¿

ôóíêö³¿, ìîæíà îïèñàòè â³äíîøåííÿ, ÿê³ âèçíà÷àþòü íàéìåíø ñïðèÿòëèâ³

ñïåêòðàëüí³ ù³ëüíîñò³ â äåÿêèõ êëàñàõ ñïåêòðàëüíèõ ù³ëüíîñòåé.

ÍÀÉÌÅÍØ ÑÏÐÈßÒËÈÂ² ÑÏÅÊÒÐÀËÜÍ² Ù²ËÜÍÎÑÒ² Â ÊËÀÑ² D0
�

Ðîçãëÿíåìî çàäà÷ó ì³í³ìàêñíîãî îö³íþâàííÿ ôóíêö³îíàë³â A AS S1 2
� �, â³ä

íåâ³äîìèõ çíà÷åíü ñòàö³îíàðíî¿ ïîñë³äîâíîñò³ �( )j , ùî ìàº ñïåêòðàëüíó

ù³ëüí³ñòü ç êëàñó
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,

äå p — çàäàíå ÷èñëî, à ïîñë³äîâí³ñòü a k( ), k Z Sk� \ , ùî âèçíà÷àº

ôóíêö³îíàë AS k
�, ñòðîãî ïîçèòèâíà [19]. Ùîá çíàéòè ðîçâ’ÿçîê çàäà÷³ (22),

âèêîðèñòàºìî ìåòîä íåâèçíà÷åíèõ ìíîæíèê³â Ëàãðàíæà. Îòðèìàºìî òàê³

ð³âíÿííÿ:

C e f f
k

i
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0
2
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äå 

k
2 — íåâ³äîì³ ìíîæíèêè Ëàãðàíæà. Çâ³äñè ìàºìî, ùî êîåô³ö³ºíòè
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2
1
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2

( ) ( )� � 
 , (23)
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N
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 , (24)

äå c j( ), j Z S� \ 1, — êîîðäèíàòè âåêòîðà
�
c1, ùî çàäîâîëüíÿº ð³âíÿííÿ

B c
S 1

0
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� �
� a , ìàòðèöÿ B
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1
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�
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�
c M� �1 1,

�
cN M� �2 1, ùî çàäîâîëüíÿþòü ð³âíÿííÿ

� � � �
a B c B c B cN N M N M� � �� � � �1

0
2
0
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0

11 2
,

� � � �
a B c B c B cM N M N M� � � � � �� � �

1 1 21 3
0

4
0

1 8
0

1,

� � � �
a B c B c B cN M N M N M� � � � � �� � �

2 1 21 6
0

9
0

1 7
0

1 ,

à ìàòðèö³ B
k
0 óòâîðåí³ ç êîåô³ö³ºíò³â Ôóð’º ôóíêö³¿

( ( )) ( )f b k eij

k
2
0 1

2
0� ��

���

�
� � .

Ð³âíÿííÿ (23) òà ð³âíÿííÿ B c a
S 1

0
1 1

� �
� çàäîâîëüíÿþòü êîåô³ö³ºíòè Ôóð’º

b n b n
1
0

1
0( ) ( )� � , n Z S� \ 1, ÿê³ ìîæíà â³äøóêàòè ç ð³âíÿííÿ B a
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0
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� �

 � , äå
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�
�
 
1 1 0 0� ( , , , ). Îñòàííþ ð³âí³ñòü ìîæíà çàïèñàòè ó âèãëÿä³ ñèñòåìè ð³âíÿíü


1 1
0b n a n( ) ( )� , n Z S� \ 1. Ç ïåðøîãî ð³âíÿííÿ ñèñòåìè (n � 0) ìàºìî íåâ³äîìå


1 1
0 10 0� �a b( ) ( ( )) . Âíàñë³äîê åêñòðåìàëüíî¿ óìîâè (20) ³ îáìåæåííÿ íà ñïåê-

òðàëüí³ ù³ëüíîñò³ â êëàñ³ D0
� îòðèìàºìî
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Áàçóþ÷èñü íà ðåçóëüòàò³ [19], ôóíêö³þ ( ( ))f
1
0 1� � ìîæíà ïðåäñòàâèòè òàê:

( ( ))f en
j

in
1
0 1

1
0
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� � ��

�

�
� � , � � �� �[ , ], (26)
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0( ) îïòèìàëüíî¿ ë³í³éíî¿ îö³íêè ôóíêö³îíàëà AS 1
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ìóëîþ (7), äå
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0 12

� � . (27)

Ñôîðìóëþºìî îòðèìàíèé ðåçóëüòàò ó âèãëÿä³ òåîðåìè.

Òåîðåìà 2. Íàéìåíø ñïðèÿòëèâîþ ñïåêòðàëüíîþ ù³ëüí³ñòþ â êëàñ³ D0
�

äëÿ îïòèìàëüíî¿ ë³í³éíî¿ ³íòåðïîëÿö³¿ ôóíêö³îíàëà AS 1
�, ùî çàäàºòüñÿ ñòðîãî

ïîçèòèâíîþ ïîñë³äîâí³ñòþ a k( ), k Z S� \ 1, º ñïåêòðàëüíà ù³ëüí³ñòü (25)

ç êîåô³ö³ºíòàìè Ôóð’º

b n b n p a n a
1
0

1
0 10( ) ( ) ( )( ( ))� � � � , n Z S� \ 1.

Ì³í³ìàêñíà ñïåêòðàëüíà õàðàêòåðèñòèêà h f1 1
0( ) îá÷èñëþºòüñÿ çà ôîðìóëîþ

(27). Íàéìåíø ñïðèÿòëèâà ñïåêòðàëüíà ù³ëüí³ñòü ó êëàñ³ D0
� äëÿ îïòèìàëü-

íî¿ ë³í³éíî¿ ³íòåðïîëÿö³¿ ôóíêö³îíàëà AS 2
�, ùî çàäàºòüñÿ ñòðîãî ïîçèòèâ-

íîþ ïîñë³äîâí³ñòþ a k( ), k Z S� \ ,2 çàäîâîëüíÿº ñï³ââ³äíîøåííÿ (24) òà âèç-

íà÷àº ðîçâ’ÿçîê åêñòðåìàëüíî¿ çàäà÷³ (21). Ì³í³ìàêñíà ñïåêòðàëüíà õàðàêòå-

ðèñòèêà h f2 2
0( ) îá÷èñëþºòüñÿ çà ôîðìóëîþ (8).
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Ðîçãëÿíåìî çàäà÷ó ì³í³ìàêñíîãî îö³íþâàííÿ ôóíêö³îíàë³â AS k
�, äå

k � 3 4, . Ùîá îòðèìàòè ðîçâ’ÿçîê çàäà÷³ (22), âèêîðèñòàºìî ìåòîä íåâèçíà÷å-

íèõ ìíîæíèê³â Ëàãðàíæà. Îòðèìàºìî òàê³ ð³âíÿííÿ:
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 , (29)

äå 

k
2 — íåâ³äîì³ ìíîæíèêè Ëàãðàíæà, c j( ), j Z Sk� \ , — êîîðäèíàòè âåê-

òîð³â
�
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2
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T
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ùî çàäîâîëüíÿþòü ð³âíÿííÿ B c a
S k k

k

0 � �
� , à ìàòðèö³ B

S k

0 óòâîðåí³

ç êîåô³ö³ºíò³â Ôóð’º ôóíêö³¿ ( ( ))f
k
0 1� � . Ð³âíÿííÿ (23) òà ð³âíÿííÿ
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S k k
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0 � �
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3 3 0 0 0� ( , , , , ) ,

�
�
 
4 40 0� ( , , , ) . Îñòàííþ ð³âí³ñòü ìîæíà çàïèñàòè ó âèãëÿä³ ñèñòåìè

ð³âíÿíü
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Áàçóþ÷èñü íà ðåçóëüòàò³ [19], ôóíêö³¿ ( ( )) ,f
k
0 1� � k � 3 4, , ìîæíà ïðåäñòà-

âèòè òàê:
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Íàñë³äîê 1. Íàéìåíø ñïðèÿòëèâèìè ñïåêòðàëüíèìè ù³ëüíîñòÿìè â êëàñ³

D0
� äëÿ îïòèìàëüíî¿ ë³í³éíî¿ ³íòåðïîëÿö³¿ ôóíêö³îíàë³â Ak �, k � 3 4, , ùî çàäà-

þòüñÿ ñòðîãî ïîçèòèâíîþ ïîñë³äîâí³ñòþ a n( ), n Z Sk� \ , º ñïåêòðàëüí³

ù³ëüíîñò³ (30), (31) ç êîåô³ö³ºíòàìè Ôóð’º

b n b n pa n a
3
0

3
0 10( ) ( ) ( )( ( ))� � � � , n Z S� \ 3 ,

b n N M N b N M N n
4
0

2 2 4
0

2 2( ) ( )� � � � � � � �

� � � ��pa n a N M N n Z S( )( ( )) , \2 2
1

4 .

Ì³í³ìàêñí³ ñïåêòðàëüí³ õàðàêòåðèñòèêè h fk k
( )0 îá÷èñëþþòüñÿ çà ôîðìó-

ëàìè (33), (34).

ÂÈÑÍÎÂÊÈ

Ó çàïðîïîíîâàí³é ñòàòò³ íàâåäåíî ìåòîäè ðîçâ’ÿçàííÿ çàäà÷³ îïòèìàëüíîãî

ë³í³éíîãî îö³íþâàííÿ ôóíêö³îíàë³â â³ä íåâ³äîìèõ çíà÷åíü ñòîõàñòè÷íî¿

ñòàö³îíàðíî¿ ïîñë³äîâíîñò³.

Çàäà÷ó äîñë³äæåíî äëÿ âèïàäêó ñïåêòðàëüíî¿ âèçíà÷åíîñò³, êîëè ñïåê-

òðàëüí³ ù³ëüíîñò³ ïîñë³äîâíîñòåé òî÷íî â³äîì³. Òîæ çàïðîïîíîâàíî ï³äõ³ä, çà-

ñíîâàíèé íà ìåòîä³ îðòîãîíàëüíèõ ïðîºêö³é ó Ã³ëüáåðòîâîìó ïðîñòîð³. Âèâå-

äåíî ôîðìóëè äëÿ îá÷èñëåííÿ ñïåêòðàëüíèõ õàðàêòåðèñòèê òà ñåðåäíüîêâàäðà-

òè÷íèõ ïîõèáîê îïòèìàëüíèõ îö³íîê ôóíêö³îíàë³â. Ó âèïàäêó ñïåêòðàëüíî¿

íåâèçíà÷åíîñò³, êîëè ñïåêòðàëüí³ ù³ëüíîñò³ òî÷íî íå â³äîì³, à çàäàþòüñÿ äåÿê³

êëàñè äîïóñòèìèõ ñïåêòðàëüíèõ ù³ëüíîñòåé, çàñòîñîâóºòüñÿ ì³í³ìàêñíî-ðî-

áàñòíèé ìåòîä. Îòðèìàíî çîáðàæåííÿ ñåðåäíüîêâàäðàòè÷íî¿ ïîõèáêè ó âèã-

ëÿä³ ë³í³éíîãî ôóíêö³îíàëà â³äíîñíî ñïåêòðàëüíèõ ù³ëüíîñòåé, ùî íàäàº çìî-

ãó ðîçâ’ÿçàòè â³äïîâ³äíó çàäà÷ó óìîâíî¿ îïòèì³çàö³¿ òà îïèñàòè ì³í³ìàêñí³ (ðî-

áàñòí³) îö³íêè ôóíêö³îíàë³â. Âèâåäåíî ôîðìóëè, ùî âèçíà÷àþòü íàéìåíø

ñïðèÿòëèâ³ ñïåêòðàëüí³ ù³ëüíîñò³ òà ì³í³ìàêñíó (ðîáàñòíó) ñïåêòðàëüíó õàðàê-

òåðèñòèêó îïòèìàëüíèõ ë³í³éíèõ îö³íîê ôóíêö³îíàë³â äëÿ ïåâíèõ êëàñ³â äî-

ïóñòèìèõ ñïåêòðàëüíèõ ù³ëüíîñòåé.
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O.Yu. Masyutka, M.P. Moklyachuk
ON THE PROBLEM OF MINIMAX INTERPOLATION OF STATIONARY SRQUENCES

Abstract. The problem of the mean-square optimal estimation of the linear functionals

that depend on the unknown values of a stochastic stationary sequence from observations

of the sequence with missing values is considered. Formulas for calculating the

mean-square error and the spectral characteristic of the optimal linear estimate of the

functionals are derived under the condition of spectral determinacy, where the spectral

density of the sequence is exactly known. The minimax (robust) method of estimation is

applied in the case where the spectral density of the sequence is not known exactly while

some sets of admissible spectral densities are given. Formulas that determine the least

favourable spectral densities and the minimax spectral characteristics are derived for some

special sets of feasible densities.

Keywords: stationary sequence, minimax-robust estimate, least favourable spectral density,

minimax spectral characteristic.
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