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Àíîòàö³ÿ. Çàïðîïîíîâàíî ìåòîä ðîçâ’ÿçàííÿ ïðîáëåìè çáëèæåííÿ êåðîâàíèõ îá’ºêò³â
â ³ãðîâèõ çàäà÷àõ äèíàì³êè ç òåðì³íàëüíîþ ôóíêö³ºþ ïëàòè, ÿêèé çâîäèòüñÿ äî
ñèñòåìàòè÷íîãî âèêîðèñòàííÿ ³äåé Ôåíõåëÿ–Ìîðî ñòîñîâíî çàãàëüíî¿ ñõåìè ìåòîäó
ðîçâ’ÿçóâàëüíèõ ôóíêö³é. Ñóòí³ñòü ìåòîäó ïîëÿãàº â òîìó, ùî ðîçâ’ÿçóâàëüíó
ôóíêö³þ ìîæíà âèðàçèòè ÷åðåç ñïðÿæåíó äî ôóíêö³¿ ïëàòè ³, âèêîðèñòîâóþ÷è
³íâîëþòèâí³ñòü îïåðàòîðà ñïîëó÷åííÿ äëÿ îïóêëî¿ çàìêíóòî¿ ôóíêö³¿, îòðèìàòè
ãàðàíòîâàíó îö³íêó òåðì³íàëüíîãî çíà÷åííÿ ôóíêö³¿ ïëàòè, ÿêó ïðåäñòàâëåíî
çíà÷åííÿì ïëàòè â ïî÷àòêîâèé ìîìåíò òà ³íòåãðàëîì â³ä ðîçâ’ÿçóâàëüíî¿ ôóíêö³¿.
Îñîáëèâ³ñòþ ìåòîäó º íàêîïè÷óâàëüíèé ïðèíöèï, ùî âèêîðèñòîâóºòüñÿ â ïîòî÷íîìó
ï³äñóìîâóâàíí³ ðîçâ’ÿçóâàëüíî¿ ôóíêö³¿ äëÿ îö³íêè ÿêîñò³ ãðè äî äîñÿãíåííÿ äåÿêîãî
ïîðîãîâîãî çíà÷åííÿ. Óâåäåíî ïîíÿòòÿ âåðõíüî¿ òà íèæíüî¿ ðîçâ’ÿçóâàëüíèõ ôóíêö³é
äâîõ òèï³â ³ îòðèìàíî äîñòàòí³ óìîâè ãàðàíòîâàíîãî ðåçóëüòàòó â äèôåðåíö³àëüí³é
ãð³ ç òåðì³íàëüíîþ ôóíêö³ºþ ïëàòè â ðàç³, êîëè óìîâà Ïîíòðÿã³íà íå âèêîíóºòüñÿ.
Ïîáóäîâàíî äâ³ ñõåìè ìåòîäó ðîçâ’ÿçóâàëüíèõ ôóíêö³é ç åêñòðåìàëüíèìè
ñòðàòåã³ÿìè çáëèæåííÿ êåðîâàíèõ îá’ºêò³â ³ äàíî ïîð³âíÿííÿ ãàðàíòîâàíèõ ÷àñ³â.

Êëþ÷îâ³ ñëîâà: òåðì³íàëüíà ôóíêö³ÿ ïëàòè, êâàç³ë³í³éíà äèôåðåíö³àëüíà ãðà,
áàãàòîçíà÷íå â³äîáðàæåííÿ, âèì³ðíèé ñåëåêòîð, åêñòðåìàëüíà ñòðàòåã³ÿ,
ðîçâ’ÿçóâàëüíà ôóíêö³ÿ.

ÂÑÒÓÏ

Ó ðîáîò³ ðîçãëÿíóòî ïðîáëåìó çáëèæåííÿ êåðîâàíèõ îá’ºêò³â â ³ãðîâèõ çàäà-
÷àõ äèíàì³êè ç òåðì³íàëüíîþ ôóíêö³ºþ ïëàòè íà îñíîâ³ ìåòîäó ðîçâ’ÿçó-
âàëüíèõ ôóíêö³é [1] ³ éîãî ñó÷àñíî¿ âåðñ³¿ [2]. Íà â³äì³íó â³ä îñíîâíî¿ ñõå-
ìè ìåòîäó ðîçâ’ÿçóâàëüíèõ ôóíêö³é â ö³é ñòàòò³ âèâ÷àºòüñÿ âèïàäîê, êîëè
óìîâà Ïîíòðÿã³íà íå ìàº ì³ñöÿ. Ðîçãëÿäàþòüñÿ ñïåö³àëüí³ áàãàòîçíà÷í³
â³äîáðàæåííÿ, ÿê³ ïîðîäæóþòü âåðõí³ ³ íèæí³ ðîçâ’ÿçóâàëüí³ ôóíêö³¿ äâîõ
òèï³â, âïåðøå ââåäåí³ â [3]. Çà äîïîìîãîþ öèõ ôóíêö³é îòðèìàíî äîñòàòí³
óìîâè çàâåðøåííÿ ãðè çà äåÿêèé ãàðàíòîâàíèé ÷àñ. Çàïðîïîíîâàíî äâ³ ñõå-
ìè ìåòîäó ðîçâ’ÿçóâàëüíèõ ôóíêö³é, ïîáóäîâàíî åêñòðåìàëüí³ ñòðàòåã³¿
êåðóâàííÿ ³ äàíî ïîð³âíÿííÿ ãàðàíòîâàíèõ ÷àñ³â.

Ðîáîòà ïðîäîâæóº äîñë³äæåííÿ [1–3], äîòè÷íà äî ïóáë³êàö³é [4–14], ðîç-
øèðþº êëàñ ³ãðîâèõ çàäà÷ çáëèæåííÿ êåðîâàíèõ îá’ºêò³â, ÿê³ ìàþòü ðîçâ’ÿçîê,
³ îêðåñëþº íîâ³ ìîæëèâîñò³ çàñòîñóâàííÿ îïóêëîãî àíàë³çó äî òåîð³¿
êîíôë³êòíî-êåðîâàíèõ ïðîöåñ³â.

ÇÀÃÀËÜÍÀ ÑÕÅÌÀ ÌÅÒÎÄÓ. ÐÎÇÂ’ßÇÓÂÀËÜÍ² ÔÓÍÊÖ²¯ ÏÅÐØÎÃÎ ÒÈÏÓ

Ðîçãëÿíåìî êîíôë³êòíî-êåðîâàíèé ïðîöåñ, åâîëþö³ÿ ÿêîãî îïèñóºòüñÿ ð³âí³ñòþ
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Òóò z t R n( )� , ôóíêö³ÿ g t( ) , g R R n: � � , âèì³ðíà çà Ëåáåãîì [8] ³ îáìåæåíà

äëÿ t 	 0 , ìàòðè÷íà ôóíêö³ÿ �( , )t � , t � �� 0 , âèì³ðíà çà t , à òàêîæ ñóìîâà-
íà çà � äëÿ êîæíîãî t R� � . Áëîê êåðóâàííÿ çàäàþòü ôóíêö³ºþ � �( , )u ,

�: U V R n
 � , ÿêà ââàæàºòüñÿ áåçïåðåðâíîþ çà ñóêóïí³ñòþ çì³ííèõ íà ïðÿ-

ìîìó äîáóòêó íåïîðîæí³õ êîìïàêò³â U ³ V , m, l, n — íàòóðàëüí³ ÷èñëà.

Êåðóâàííÿ ãðàâö³â u( )� , u R U: � � , òà � �( ) , � : R V� � , º âèì³ðíèìè
ôóíêö³ÿìè ÷àñó. Êð³ì ïðîöåñó (1), çàäàíà âëàñíà îïóêëà çàìêíóòà îáìåæåíà

çíèçó çà z ôóíêö³ÿ �( )z , �: R Rn � 1, çíà÷åííÿ ÿêî¿ íà òðàºêòîð³ÿõ ïðîöåñó (1)

âèçíà÷àþòü ìîìåíò çàê³í÷åííÿ ãðè. ßêùî z t( ) , t � 0 , — òðàºêòîð³ÿ
ñèñòåìè (1), òî ãðó ââàæàòèìåìî çàê³í÷åíîþ â ìîìåíò t1 0	 , êîëè

�( ( ))z t1 0� . (2)

Ö³ë³ ïåðøîãî ³ äðóãîãî ãðàâö³â ïðîòèëåæí³. Ïåðøèé (ïåðåñë³äóâà÷)
íàìàãàºòüñÿ äîìîãòèñÿ âèêîíàííÿ íåð³âíîñò³ (2) íà â³äïîâ³äí³é òðàºêòîð³¿
ïðîöåñó (1) çà íàéêîðîòøèé ÷àñ, à äðóãèé (âò³êà÷) — ìàêñèìàëüíî
â³äòåðì³íóâàòè ìîìåíò âèêîíàííÿ ö³º¿ íåð³âíîñò³ àáî âçàãàë³ óíèêíóòè
çóñòð³÷³.

Ñòàíåìî íà á³ê ïåðøîãî ãðàâöÿ ³ áóäåìî îð³ºíòóâàòèñÿ íà âèá³ð âò³êà÷åì ÿê
êåðóâàííÿ äîâ³ëüíî¿ âèì³ðíî¿ ôóíêö³¿, ùî íàáóâàº çíà÷åííÿ ç V . ßêùî
ãðà (1), (2) òðèâàº íà ³íòåðâàë³ [ , ]0 T , òî êåðóâàííÿ ïåðøîãî ãðàâöÿ â ìîìåíò t

âèáèðàòèìåìî íà îñíîâ³ ³íôîðìàö³¿ ïðî g T( ) ³ � t ( )� , òîáòî ó âèãëÿä³ âèì³ðíî¿
ôóíêö³¿

u t u g T t( ) ( ( ), ( ))� �� , t T�[ , ]0 , u t U( )� , (3)

äå � �t s s t( ) { ( ): [ , ]}� � � 0 — ïåðåä³ñòîð³ÿ êåðóâàííÿ äðóãîãî ãðàâöÿ äî ìîìåíòó t,
àáî ó âèãëÿä³ êîíòðêåðóâàííÿ

u t u g T( ) ( ( ), ( ))� �� , t T�[ , ]0 , u t U( )� . (4)

ßêùî, çîêðåìà, g t e zAt( ) � 0, �( , ) ( )t eA t� ��  , z z( )0 0� , à eAt — ìàòðè÷íà

eêñïîíåíòà, òî ââàæàþòü, ùî êåðóâàííÿ u t u z t( ) ( , ( ))� �0 � ðåàë³çóº êâàç³-
ñòðàòåã³þ [7], à êîíòðêåðóâàííÿ [4] u t u z( ) ( , ( ))� �0 � º ïðîÿâîì ñòðîáîñêîï³÷íî¿
ñòðàòåã³¿ Õàºêà [8].

Çã³äíî ç âèçíà÷åííÿì ñïîëó÷åíî¿ ôóíêö³¿ ³ ç óðàõóâàííÿì òåîðåìè
Ôåíõåëÿ–Ìîðî [10] ìàºìî

� � � �
�

( ) [( , ) ( )]*z z
Rn

� 
�

sup ,

äå
� � � �* ( ) [( , ) ( )]� 

�

sup
z Rn

z z . (5)

Ôóíêö³ÿ � �* ( ) âëàñíà çàìêíóòà ³ îïóêëà [10]. Åôåêòèâíà ìíîæèíà ôóíêö³¿

� �* ( ) ìàº âèãëÿä dom � � � �* *{ : ( ) }� � � ��R n . Âðàõîâóþ÷è îáìåæåí³ñòü

çíèçó âëàñíî¿ ôóíêö³¿ �( )z ³ ñï³ââ³äíîøåííÿ (5), îòðèìóºìî

� �* ( ) ( )0 � 
�
inf
z Rn

z , îòæå, 0�dom �*.
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Ââàæàòèìåìî, ùî L — ë³í³éíà îáîëîíêà ìíîæèíè dom �* (ïåðåòèí âñ³õ

ë³í³éíèõ ï³äïðîñòîð³â, ÿê³ ì³ñòÿòü ìíîæèíó dom �*). Òîä³ âîíà º ë³í³éíèì

ï³äïðîñòîðîì. Íåõàé � � � �{ : || || }� �L 1 ³ � — îïåðàòîð îðòîãîíàëüíîãî

ïðîºêòóâàííÿ ç R n ó L. ßêùî � �* ( ) íåïåðåðâíà çà � �� , òî ñëóøíå ñï³ââ³äíî-

øåííÿ
� � � � � � �

�

( ) ( ) max [( , ) ( )]*z z z� � 
��

, z R n� .

ßêùî ôóíêö³ÿ � �* ( ) íåïåðåðâíà çà � �� , òî, çâàæàþ÷è íà ð³âí³ñòü

� � �( ( )) ( ( ))z t z t� , ôîðìóëó (1) ³ âèçíà÷åííÿ ñïîëó÷åíî¿ ôóíêö³¿, îòðèìóºìî

� � � � � � � � � � �
�

( ( )) max ( , ( )) ( , ( , ) ( ( ), ( )))z t g t t u d� � 
��

� * ( )�

0

t

�
�

�

�
�

�

�

�
�

, t � 0 . (6)

Ïîêëàâøè � �( , )U � { � �( , ) :u u U� }, ðîçãëÿíåìî íà ìíîæèí³ � 
V áàãà-
òîçíà÷íå â³äîáðàæåííÿ

W t t U( , , ) ( , ) ( , )� � � � � �� co � .

Òóò coA — îïóêëåííÿ ìíîæèíè A [10], � = {( , ):t t� �0 � � � �}.

Óìîâà 1. Ôóíêö³ÿ � �* ( ) íåïåðåðâíà çà � ��, â³äîáðàæåííÿ

� � � ��( , ) ( , )t U º çàìêíóòîçíà÷íèì, à ãðàíèö³ ìíîæèí W t( , , )� � òà
� � � ��( , ) ( , )t U çá³ãàþòüñÿ íà ìíîæèí³ � 
V .

Ç óðàõóâàííÿì ïðèïóùåíü ïðî ìàòðè÷íó ôóíêö³þ �( , )t � ðîáèìî âèñíî-
âîê, ùî äëÿ áóäü-ÿêîãî ô³êñîâàíîãî t 	 0 âåêòîð-ôóíêö³ÿ � � � ��( , ) ( , )t u áóäå
L B� -âèì³ðíîþ çà ( , ) [ , ]� � � 
0 t V ³ íåïåðåðâíîþ çà u U� . Òîìó äëÿ áóäü-ÿêî-
ãî ô³êñîâàíîãî t 	 0 áàãàòîçíà÷í³ â³äîáðàæåííÿ � � � ��( , ) ( , )t U ³ W t( , , )� � ìà-
þòü çàìêíóò³ çíà÷åííÿ òà º L B� -âèì³ðíèìè çà ( , ) [ , ]� � � 
0 t V [9].

Óìîâà 2 (óìîâà Ïîíòðÿã³íà). Íà ìíîæèí³ � ³ñíóº ñåëåêòîð Ïîíòðÿã³íà
� �0 ( , )t , äëÿ ÿêîãî ñëóøíå âêëþ÷åííÿ

0 0� 
�

[ ( , ) ( , ) ( , )]� � � � � �

�

� t U t

V

� .

Â îïóêëîìó àíàë³ç³ [10] äëÿ îïèñó ìíîæèí êëþ÷îâó ðîëü â³ä³ãðàþòü

îïîðí³ ôóíêö³¿ C X x
x X

* ( , ) ( , )� ��
�
sup , äå X — ³ç R n . ßêùî ìíîæèíà X îïóêëà

³ çàìêíóòà, òî ôóíêö³ÿ C X* ( , )� îïóêëà ³ ïîçèòèâíî îäíîð³äíà [10]. Íàçâåìî

òàê³ ôóíêö³¿ âåðõí³ìè îïîðíèìè ôóíêö³ÿìè, à ïàðàëåëüíî ââåäåìî íèæí³
îïîðí³ ôóíêö³¿ C X x

x X
* ( , ) ( , )� ��

�
inf .

ßêùî ìíîæèíà X îïóêëà ³ çàìêíóòà, òî ì³æ íåþ òà ¿¿ âåðõíüîþ ³ íèæíüîþ
îïîðíèìè ôóíêö³ÿìè ³ñíóº âçàºìíî îäíîçíà÷íà â³äïîâ³äí³ñòü [10], ïðè÷îìó

X x x C X R x x C X Rn n� � � � � � � �{ :( , ) ( , ) } { : ( , ) ( , ) }*
*� � � � � � .

Íåõàé � �( , )t , � :� � L , � = {( , ):t t� �0 � � � �} — äåÿêà, ìàéæå âñþäè
îáìåæåíà, âèì³ðíà çà t ³ ñóìîâíà çà �, ��[ , ]0 t , äëÿ êîæíîãî t 	 0 ôóíêö³ÿ, ÿêó,
äîòðèìóþ÷èñü [3], íàçèâàòèìåìî ôóíêö³ºþ çñóâó.
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Óìîâà 3. Âèêîíàíà óìîâà 1 ³ äëÿ äåÿêî¿ ôóíêö³¿ çñóâó � �( , )t , � :� � L, íà

ìíîæèí³ � 
V ìàº ì³ñöå íåð³âí³ñòü max
�

� � � � �
�

 �
�

C W t t* ( ( , , ) ( , ), ) 0 .

Çàóâàæåííÿ 1. Óìîâà 3 åêâ³âàëåíòíà âêëþ÷åííþ 0� [ ( , , ) ( , )]W t t� � � �

äëÿ âñ³õ ��[ , ]0 t , � �V , ÿêå, âçàãàë³ êàæó÷è, íå ãàðàíòóº âèêîíàííÿ óìîâè 2.
Ïðè öüîìó, ÿêùî W t t U( , , ) ( , ) ( , )� � � � � �� � , óìîâà 3 ãàðàíòóº ñïðàâåäëèâ³ñòü
óìîâè 2.

Çàô³êñóºìî äåÿêó ôóíêö³þ çñóâó � �( , )t ³ ïîêëàäåìî

	 	 � � � � �( ) ( , ( ), ( , )) ( ) ( , )t t g t t g t t d

t

� � � � �
0

.

Ðîçãëÿíåìî ìíîæèíó

P( ( ), ( , )) { : ( ( , ( ), ( , )) }g t t g t t� � � � � � �� � 	 �0 0 .

ßêùî íåð³âí³ñòü ó ô³ãóðíèõ äóæêàõ íå âèêîíóºòüñÿ í³ äëÿ ÿêèõ t � 0 , òî
ïîêëàäåìî P( ( ), ( , ))g � � � ��� .

Òåîðåìà 1. Íåõàé äëÿ êîíôë³êòíî-êåðîâàíîãî ïðîöåñó (1), (2)
ç òåðì³íàëüíèì ôóíêö³îíàëîì �( )z âèêîíàíà óìîâà 3, äëÿ â³äïîâ³äíî¿ ôóíêö³¿
çñóâó � �( , )t ìíîæèíà P( ( ), ( , ))g � � �� íå º ïîðîæíüîþ ³ P P� � � �( ( ), ( , ))g � . Òîä³,
ÿêùî â ñï³ââ³äíîøåíí³ (6) ìàêñèìóì äîñÿãàºòüñÿ íà äåÿêîìó âåêòîð³ �( )P , ãðà
ìîæå áóòè çàê³í÷åíà â ìîìåíò P ç âèêîðèñòàííÿì êåðóâàííÿ âèãëÿäó (4).

Äîâåäåííÿ. Íåõàé � �( ) — äîâ³ëüíèé âèì³ðíèé ñåëåêòîð êîìïàêòà V ,

��[ , ]0 P , �( )P — çàçíà÷åíèé â óìîâ³ òåîðåìè âåêòîð. Íàâåäåìî ñïîñ³á âèáîðó
êåðóâàííÿ ïåðåñë³äóâà÷åì.

Ðîçãëÿíåìî äëÿ ��[ , ]0 P , � �V êîìïàêòíîçíà÷íå áàãàòîçíà÷íå â³äîáðà-
æåííÿ

U u U u0 ( , ) { :( ( , ) ( , ) ( , ), ( ))� � � � � � � � �� �  �� P P P

� C W* ( ( , , ) ( , ), ( ))}P P P� � � � � . (7)

Ç óðàõóâàííÿì âëàñòèâîñòåé ïàðàìåòð³â ïðîöåñó (1) ³ íèæíüî¿ îïîðíî¿
ôóíêö³¿ C W* ( ( , , ) ( , ), ( ))P P P� � � � � êîìïàêòíîçíà÷íå áàãàòîçíà÷íå â³äîáðà-
æåííÿU 0 ( , )� � º L B� -âèì³ðíèì [2] äëÿ ��[ , ]0 P , � �V . Òîìó çà òåîðåìîþ ïðî
âèì³ðíèé âèá³ð ñåëåêòîðà [9] áàãàòîçíà÷íå â³äîáðàæåííÿ U 0 ( , )� � ì³ñòèòü
L B� -âèì³ðíèé ñåëåêòîð u0 ( , )� � , ÿêèé º ñóïåðïîçèö³éíî âèì³ðíîþ
ôóíêö³ºþ [2].

Ïîêëàäåìî êåðóâàííÿ ïåðøîãî ãðàâöÿ u u0 0( ) ( , ( ))� � � �� , ��[ , ]0 P .
Âçÿâøè äî óâàãè ñï³ââ³äíîøåííÿ (6), îòðèìàºìî

� � 	( ( )) ( ( ), ( ))z P P P� �

�  � ( ( ), ( , ) ( ( ), ( )) ( , )) ( ( ))*� � � � � � � � � � � �P P P P
P

� u d0
0

. (8)

Òîä³ ç óðàõóâàííÿì óìîâè 3 ñï³ââ³äíîøåííÿ (7) ³ (8) âèçíà÷àþòü

� � 	 � � � 	 �( ( )) ( ( ), ( )) ( ( )) ( ( , ( ), ( , )))*z gP P P P P P P�  � � � 0 .

Çâ³äñè âèïëèâàº íåð³âí³ñòü (2) â ìîìåíò P .
Çàóâàæåííÿ 2. Ç óìîâè 2 âèïëèâàº, ùî ³ñíóº âèì³ðíèé ñåëåêòîð � �0 ( , )t ,

� � � � � �

�

0 ( , ) ( , ) ( , )t t U

V

�
�

�� , äëÿ ÿêîãî âèêîíóºòüñÿ óìîâà 3.
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Ðîçãëÿíåìî íà ìíîæèí³ � 
V áàãàòîçíà÷íå â³äîáðàæåííÿ

А ( , , ) { : max [ ( ( , , ) ( , ), ) [( , (*t C W t t� � 
 � � � � � 
 � 	
�

� �  �
�

0
�

t)) ( )]] }* �� � 0 .

Óìîâà 4. Âèêîíàíà óìîâà 1 ³ áàãàòîçíà÷íå â³äîáðàæåííÿ А ( , , )t � � íå

º ïîðîæí³ì íà ìíîæèí³ � 
V .
ßêùî óìîâó 4 âèêîíàíî, òî ðîçãëÿíåìî âåðõíþ ³ íèæíþ ñêàëÿðí³

ðîçâ’ÿçóâàëüí³ ôóíêö³¿ ïåðøîãî òèïó


 � � 
 
 � �* ( , , ) : ( , , )t t� �sup{ }А ,


 � � 
 
 � �* ( , , ) inf{ : ( , , )}t t� �А , ��[ , ]0 t , � �V .

Çà àíàëîã³ºþ äî ðîáîòè [2] ìîæíà ïîêàçàòè, ùî áàãàòîçíà÷íå â³äîáðàæåí-
íÿ А ( , , )t � � º çàìêíóòîçíà÷íèì, L B� -âèì³ðíèì çà ñóêóïí³ñòþ ( , )� � , ��[ , ]0 t ,
� �V , à âåðõíÿ ³ íèæíÿ ðîçâ’ÿçóâàëüí³ ôóíêö³¿, áóäó÷è â³äïîâ³äíî âåðõíüîþ
³ íèæíüîþ îïîðíîþ ôóíêö³ºþ áàãàòîçíà÷íîãî â³äîáðàæåííÿ А ( , , )t � � â íà-
ïðÿìêó �1, L B� -âèì³ðí³ çà ñóêóïí³ñòþ ( , )� � , ��[ , ]0 t , � �V . Òîìó âîíè ñó-

ïåðïîçèö³éíî âèì³ðí³ [2], òîáòî 
 � � �* ( , , ( ))t ³ 
 � � �* ( , , ( ))t âèì³ðí³ çà � ,

��[ , ]0 t , äëÿ áóäü-ÿêî¿ âèì³ðíî¿ ôóíêö³¿ �( ) ( )� � �V , äå V ( )� — ñóêóïí³ñòü
âèì³ðíèõ ôóíêö³é � �( ) , �� ��[ , ]0 , ç³ çíà÷åííÿìè ç ìíîæèíè V . Çàóâàæèìî òà-
êîæ, ùî âåðõíÿ ðîçâ’ÿçóâàëüíà ôóíêö³ÿ íàï³âáåçïåðåðâíà çâåðõó,

à íèæíÿ — íàï³âáåçïåðåðâíà çíèçó çà çì³ííîþ � ³ ôóíêö³¿ inf
�


 � �
�V

t* ( , , ) òà

sup
�


 � �
�V

t* ( , , ) âèì³ðí³ çà � , ��[ , ]0 t .

Ðîçãëÿíåìî ìíîæèíó

P sup* ( ( ), ( , )) : ( ( , ( ), ( , ))) ,1 0 0g t t g t t
V

� � � � � � �
�

� � 	 � 

�

* ( , , )t d

t

� � �

0

1� �
�
�
�

��

�
 
�

!�
.

ßêùî íåð³âíîñò³ ó ô³ãóðíèõ äóæêàõ íå ñïðàâäæóþòüñÿ í³ äëÿ ÿêèõ t � 0 ,

òî ïîêëàäåìî P* ( ( ), ( , ))1 g � � � ��� .

Òåîðåìà 2. Íåõàé äëÿ êîíôë³êòíî-êåðîâàíîãî ïðîöåñó (1), (2) ç òåð-
ì³íàëüíèì ôóíêö³îíàëîì �( )z âèêîíàíà óìîâà 4, äëÿ â³äïîâ³äíî¿ ôóíêö³¿ çñóâó

� �( , )t ìíîæèíà P* ( ( ), ( , ))1 g � � �� íå º ïîðîæíüîþ ³ P P* * ( ( ), ( , ))1 1� � � �g � . Òîä³, ÿêùî

â ñï³ââ³äíîøåíí³ (6) ìàêñèìóì äîñÿãàºòüñÿ íà äåÿêîìó âåêòîð³ �( )*P1 , ãðà

ìîæå áóòè çàê³í÷åíà â ìîìåíò P*
1 ç âèêîðèñòàííÿì êåðóâàííÿ âèãëÿäó (4).

Äîâåäåííÿ. Íåõàé � �( ) — äîâ³ëüíèé âèì³ðíèé ñåëåêòîð êîìïàêòà V ,

��[ , ]*0 1P , �( )*P1 — çàçíà÷åíèé â óìîâ³ òåîðåìè âåêòîð. Íàâåäåìî ñïîñ³á

âèáîðó êåðóâàííÿ ïåðåñë³äóâà÷åì.

Ðîçãëÿíåìî äëÿ ��[ , ]*0 1P , � �V êîìïàêòíîçíà÷íå áàãàòîçíà÷íå â³äîáðà-

æåííÿ
U u U u* * * *( , ) { :( ( , ) ( , ) ( , ), ( ))1 1 1 1� � � � � � � � �� �  �� P P P

� C W* * * *( ( , , ) ( , ), ( ))}P P P1 1 1� � � � � . (9)
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Ç óðàõóâàííÿì âëàñòèâîñòåé ïàðàìåòð³â ïðîöåñó (1) ³ íèæíüî¿ îïîðíî¿

ôóíêö³¿ C W* * * *( ( , , ) ( , ), ( ))P P P1 1 1� � � � � êîìïàêòíîçíà÷íå áàãàòîçíà÷íå â³äîáðà-

æåííÿU * ( , )1 � � º L B� -âèì³ðíèì [2] äëÿ ��[ , ]*0 1P , � �V . Òîìó çà òåîðåìîþ ïðî

âèì³ðíèé âèá³ð ñåëåêòîðà [9] áàãàòîçíà÷íå â³äîáðàæåííÿ U * ( , )1 � � ì³ñòèòü

L B� -âèì³ðíèé ñåëåêòîð u* ( , )1 � � , ÿêèé º ñóïåðïîçèö³éíî âèì³ðíîþ

ôóíêö³ºþ [2].

Ïîêëàäåìî êåðóâàííÿ ïåðøîãî ãðàâöÿ u u* *( ) ( , ( ))1 1� � � �� , ��[ , ]*0 1P . Òîä³

ç îãëÿäó íà óìîâó 4 äëÿ ��[ , ]*0 1P ñïðàâäæóºòüñÿ íåð³âí³ñòü

( ( ), ( , ) ( ( ), ( )) ( , ))* * * *� � � � � � � � �P P P1 1 1 1� u  �

�  �
 � � � � 	 � �* * * *
*

*( , , ( ))[( ( ), ( )) ( ( ))]P P P P1 1 1 1 0 . (10)

Âðàõîâóþ÷è ñï³ââ³äíîøåííÿ (6), îòðèìóºìî

� � 	( ( )) ( ( ), ( ))* * *z P P P1 1 1� �

�  ( ( ), ( , ) ( ( ), ( )) ( , )) ( (* * * *
*� � � � � � � � � � � �P P P P1 1 1� u d * ))

*
1

0

1P

� .

Äîäàâøè ³ â³äíÿâøè â ö³é ð³âíîñò³ âèðàç

[( ( ), ( )) ( ( ))] ( , , ( ))* *
*

* * *

*

� 	 � � 
 � � � �P P P P
P

1 1 1 1

0

1

 � d ,

îäåðæèìî

� � 	 � � 
 � �( ( )) [( ( ), ( )) ( ( ))] ( , ,* * *
*

* * *z P P P P P1 1 1 1 11�   ( ))
*

� �

0

1P

�
"

#

$
$
$

%

&

'
'
'
�d

�  �� [( ( ), ( , ) ( ( ), ( )) ( , ))* * * *

*

� � � � � � � � �P P P
P

1 1 1 1

0

1

� u (11)

� 
 � � � � 	 � � �* * * *
*

*( , , ( ))[( ( ), ( )) ( ( ))]]P P P P1 1 1 1 d .

Âðàõîâóþ÷è ñï³ââ³äíîøåííÿ (9)–(11), ïåðåñë³äóâà÷ ìîæå ãàðàíòóâàòè

â ìîìåíò P*
1 âèêîíàííÿ íåð³âíîñò³

� � 	 � � 
 � �( ( )) [( ( ), ( )) ( ( ))] ( , ,* * *
*

* * *z P P P P P1 1 1 1 11�   ( ))
*

� �

0

1P

�
"

#

$
$
$

%

&

'
'
'

d .

Ïðè öüîìó çà âèçíà÷åííÿì P*
1 ñïðàâåäëèâ³ ñï³ââ³äíîøåííÿ

( ( ), ( )) ( ( )) ( ( , ( ), ( , )* *
*

* * * *� 	 � � � 	 �P P P P P P1 1 1 1 1 1 � �g )) � 0 ,

1 11

0

1

0

1 1

 � � �
�


 � � � � 
 � � �
�

* * * *( , , ( )) ( , , )
* *

P sup P
P P

d d
V

	 0 .
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Òîìó ìàºìî

� � 	 � 
 � � �( ( )) ( ( , ( ), ( , ))) ( , , ( )* * * * * *z gP P P P P1 1 1 1 11� �  )
*

d�

0

1

0
P

�
"

#

$
$
$

%

&

'
'
'
� ,

ùî çàâåðøóº äîâåäåííÿ òåîðåìè.
Çàóâàæåííÿ 3. ßêùî äëÿ äåÿêî¿ ôóíêö³¿ çñóâó � �( , )t , � :� � L íà

ìíîæèí³ � 
V âèêîíàío óìîâó 3, òî 0�А ( , , )t � � , ��[ , ]0 t , � �V . Òîìó
ñïðàâåäëèâà óìîâà 4 ³ 
 � � 
 
 � �* ( , , ) inf{ : ( , , )}t t� � �А 0 íà ìíîæèí³ � 
V .

Óìîâà 5. Âèêîíàíà óìîâà 4 ³ íà ìíîæèí³ � ñïðàâåäëèâà íåð³âí³ñòü

sup sup
� � �

� � � � � 
 � �
� � �

 �
V V

C W t t tmax [ ( ( , , ) ( , ), ) ( , , )* *
�

[( , ( )) ( )]]*� 	 � �t  � 0 .

Çàóâàæåííÿ 4. ßêùî äëÿ äåÿêî¿ ôóíêö³¿ çñóâó � �( , )t , � :� � L , íà ìíî-

æèí³ � 
V âèêîíàíî óìîâó 3, òî ñïðàâåäëèâà óìîâà 5 è sup
�


 � �
�

�
V

t* ( , , ) 0 íà
ìíîæèí³ � .

Ðîçãëÿíåìî ìíîæèíó

T g t t t d
V

t

V

( ( ), ( , )) : ( , , ) ,* *� � � � � 

� �

� � � � �
� �

�0 1
0

inf sup ( , , )t d

t

� � �

0

1� �
�
�
�

��

�
 
�

!�
. (12)

ßêùî äëÿ äåÿêîãî t 	 0 ìàºìî 
 � �* ( , , )t ( �� äëÿ ��[ , ]0 t , � �V , òî â òàêî-

ìó ðàç³ çíà÷åííÿ â³äïîâ³äíîãî ³íòåãðàëà ó ô³ãóðíèõ äóæêàõ ñï³ââ³äíîøåííÿ
(12) ïðèðîäíî ïîêëàñòè ð³âíèì �� ³ t T g t� � �( ( ), ( , ))� , ÿêùî äëÿ öüîãî t ñïðàâåä-
ëèâà ³íøà íåð³âí³ñòü ó ô³ãóðíèõ äóæêàõ ñï³ââ³äíîøåííÿ (12). Ó ðàç³, êîëè
íåð³âíîñò³ ñï³ââ³äíîøåííÿ (12) íå ñïðàâäæóþòüñÿ äëÿ âñ³õ t 	 0 , ïîêëàäåìî
T g t( ( ), ( , ))� � � ��.

Òåîðåìà 3. Íåõàé äëÿ êîíôë³êòíî-êåðîâàíîãî ïðîöåñó (1), (2) ç òåð-
ì³íàëüíèì ôóíêö³îíàëîì �( )z âèêîíàíà óìîâà 5, äëÿ â³äïîâ³äíî¿ ôóíêö³¿
çñóâó � ( , )� � ìíîæèíà T g( ( ), ( , ))� � �� íå º ïîðîæíüîþ ³ T T g� � � �( ( ), ( , ))� . Òîä³,
ÿêùî â ñï³ââ³äíîøåíí³ (6) ìàêñèìóì äîñÿãàºòüñÿ íà äåÿêîìó âåêòîð³ �( )T , ãðà
ìîæå áóòè çàê³í÷åíà â ìîìåíò T ç âèêîðèñòàííÿì êåðóâàííÿ âèãëÿäó (3).

Äîâåäåííÿ. Íåõàé � �( ) — äîâ³ëüíèé âèì³ðíèé ñåëåêòîð êîìïàêòà V ,

��[ , ]0 T , �( )T — çàçíà÷åíèé â óìîâ³ òåîðåìè âåêòîð.
Ðîçãëÿíåìî ñïî÷àòêó âèïàäîê � 	 �( ( , ( ), ( , )))T g T T � 	 0 ³ çàïðîâàäèìî

êîíòðîëüíó ôóíêö³þ

h t T d T d

t

Vt

T

( ) ( , , ( )) ( , , )* *�  � �
�

1
0


 � � � � 
 � � �
�

sup , t T�[ , ]0 .

Çà âèçíà÷åííÿì T ìàºìî

h T d
V

T

( ) ( , , )*0 1 0
0

�  	
�

� sup
�


 � � � ,

h T T d t d

T

V

T

( ) ( , , ( )) ( , , )* *�  �  �� � �
1 1 0

0 0

� � � � � 
 � � �
�
inf .
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Âíàñë³äîê áåçïåðåðâíîñò³ ôóíêö³¿ h t( ) ³ñíóº òàêèé ìîìåíò ÷àñó t*,
t T* ( , ]� 0 , ùî h t( )* � 0 . Çàóâàæèìî, ùî ìîìåíò ïåðåìèêàííÿ t* çàëåæèòü â³ä
ïåðåä³ñòîð³¿ êåðóâàííÿ äðóãîãî ãðàâöÿ � �t s s t

*
( ) { ( ): [ , ]}*� � � 0 .

Ðîçãëÿíåìî äëÿ ��[ , ]0 T , � �V êîìïàêòíîçíà÷íå áàãàòîçíà÷íå â³äîáðàæåííÿ

U u U T u T T1( , ) { :( ( , ) ( , ) ( , ), ( ))� � � � � � � � �� �  ��

� C W T T T* ( ( , , ) ( , ), ( ))}� � � � � . (13)

Ç óðàõóâàííÿì âëàñòèâîñòåé ïàðàìåòð³â ïðîöåñó (1) ³ íèæíüî¿ îïîðíî¿
ôóíêö³¿ C W T T T* ( ( , , ) ( , ), ( ))� � � � � êîìïàêòíîçíà÷íå áàãàòîçíà÷íå â³äîáðà-
æåííÿ U1( , )� � º L B� -âèì³ðíèì [2] äëÿ ��[ , ]0 T , � �V . Òîìó çà òåîðåìîþ ïðî
âèì³ðíèé âèá³ð ñåëåêòîðà [9] áàãàòîçíà÷íå â³äîáðàæåííÿ U1( , )� � ì³ñòèòü
L B� -âèì³ðíèé ñåëåêòîð u1( , )� � , ÿêèé º ñóïåðïîçèö³éíî âèì³ðíîþ ôóíê-
ö³ºþ [2].

Ïîêëàäåìî êåðóâàííÿ ïåðøîãî ãðàâöÿ u u1 1( ) ( , ( ))� � � �� , ��[ , ]0 T .
Â³äïîâ³äíî äî óìîâè 5 ç óðàõóâàííÿì óìîâè 4 ³ ñï³ââ³äíîøåííÿ (13) äëÿ

��[ , ]*0 t ñïðàâåäëèâà íåð³âí³ñòü

( ( ), ( , ) ( ( ), ( )) ( , ))� � � � � � � � �T T u T� 1  �

�  �
 � � � � 	 � �* *( , , ( ))[( ( ), ( )) ( ( ))]T T T T 0 , (14)

à äëÿ ��[ , ]*t T — íåð³âí³ñòü

( ( ), ( , ) ( ( ), ( )) ( , ))� � � � � � � � �T T u T� 1  �

�  �
�

sup
�


 � � � 	 � �
V

T T T T* *( , , )[( ( ), ( )) ( ( ))] 0 . (15)

Âðàõîâóþ÷è ñï³ââ³äíîøåííÿ (6), îòðèìóºìî

� � 	 � � � � � � � �( ( )) ( ( ), ( )) ( ( ), ( , ) ( ( ), ( )) (z T T T T T u T� � � 1 , )) ( ( ))*� � � �d T

T

�
0

.

Äîäàìî ³ â³äí³ìåìî â ö³é ð³âíîñò³ âèðàç

[( ( ), ( )) ( )] ( , , ( )) ( ,* * *

*

� 	 � 
 � � � � 
 �
�

T T T T d T

t

V

 ��
�0

sup , )

*

� �

t

T

d�
�

�

�
�

�

�

�
�

.

Òîä³ îòðèìàºìî
�( ( ))z T �

[( ( ), ( )) ( ( ))] ( ) [( ( ), ( , ) ( ( ),* *� 	 � � � � � � �T T T h t T T u � � 1 � � � �( )) ( , ))
*

 �� T

t

0

�  �
 � � � � 	 � � �* *( , , ( ))[( ( ), ( )) ( ( ))]]T T T T d

�  �� [( ( ), ( , ) ( ( ), ( )) ( , ))

*

� � � � � � � � �T T u T

t

T

� 1

� 
�

sup
�


 � � � 	 � � �
V

T T T T d* *( , , )[( ( ), ( )) ( ( ))]] .
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Ç óðàõóâàííÿì ñï³ââ³äíîøåíü (14), (15) öå îçíà÷àº, ùî ïåðåñë³äóâà÷ ìîæå
ãàðàíòóâàòè â ìîìåíò T âèêîíàííÿ íåð³âíîñò³

� � 	 � � � 	( ( )) [( ( ), ( )) ( ( ))] ( ) ( ( )) ( )* * *z T T T T h t T h t�  � � 0 .

Äëÿ âèïàäêó � 	 �( ( , ( ), ( , )))T g T T � � 0 äîñòàòíüî çàñòîñóâàòè òåîðåìó 2, ùî
çàâåðøóº äîâåäåííÿ òåîðåìè.

Óìîâà 6. Âèêîíàíà óìîâà 4 ³ íà ìíîæèí³ � ñïðàâåäëèâà íåð³âí³ñòü

sup inf
� � �

� � � � � 
 � �
� � �

 �
V V

C W t t tmax [ ( ( , , ) ( , ), ) ( , , )* *

�
[( , ( )) ( )]]*� 	 � �t  � 0 .

Òåîðåìà 4. Íåõàé äëÿ êîíôë³êòíî-êåðîâàíîãî ïðîöåñó (1), (2) ç òåðì³íàëüíèì
ôóíêö³îíàëîì �( )z âèêîíàí³ óìîâè 5, 6, äëÿ â³äïîâ³äíî¿ ôóíêö³¿ çñóâó � ( , )� �
ìíîæèíà T g( ( ), ( , ))� � �� íå º ïîðîæíüîþ ³ T T g� � � �( ( ), ( , ))� . Òîä³, ÿêùî
â ñï³ââ³äíîøåíí³ (6) ìàêñèìóì äîñÿãàºòüñÿ íà äåÿêîìó âåêòîð³ �( )T , ãðà ìîæå
áóòè çàê³í÷åíà â ìîìåíò T ç âèêîðèñòàííÿì êåðóâàííÿ âèãëÿäó (4).

Äîâåäåííÿ. Íåõàé � �( ) — äîâ³ëüíèé âèì³ðíèé ñåëåêòîð êîìïàêòà V ,

��[ , ]0 T , �( )T — çàçíà÷åíèé â óìîâ³ òåîðåìè âåêòîð.
Ðîçãëÿíåìî ñïî÷àòêó âèïàäîê � 	 �( ( , ( ), ( , )))T g T T � 	 0 ³ çàïðîâàäèìî

êîíòðîëüíó ôóíêö³þ

h t T d T d
V

t

Vt

T

( ) ( , , ) ( , , )* *�  
� �

� �1
0

inf sup
� �


 � � � 
 � � �, t T�[ , ]0 .

Çà âèçíà÷åííÿì T ìàºìî

h T d
V

T

( ) ( , , )*0 1 0
0

�  	
�

� sup
�


 � � � , h T T d
V

T

( ) ( , , )*�  �
��

1 0
0

inf
�


 � � � .

Âíàñë³äîê áåçïåðåðâíîñò³ ôóíêö³¿ h t( ) ³ñíóº òàêèé ìîìåíò ÷àñó t*,
t T* ( , ]� 0 , ùî h t( )* � 0 . Çàóâàæèìî, ùî ìîìåíò ïåðåìèêàííÿ t* íå çàëåæèòü
â³ä ïåðåä³ñòîð³¿ êåðóâàííÿ äðóãîãî ãðàâöÿ � �t s s t

*
( ) { ( ): [ , ]}*� � � 0 .

Ðîçãëÿíåìî äëÿ ��[ , ]0 T , � �V êîìïàêòíîçíà÷íå áàãàòîçíà÷íå â³äîáðàæåííÿ

~
( , ) { :( ( , ) ( , ) ( , ), ( ))U u U T u T T1 � � � � � � � � �� �  ��

� C W T T T* ( ( , , ) ( , ), ( ))}� � � � � . (16)

Ç óðàõóâàííÿì âëàñòèâîñòåé ïàðàìåòð³â ïðîöåñó (1) ³ íèæíüî¿ îïîðíî¿
ôóíêö³¿ C W T T T* ( ( , , ) ( , ), ( ))� � � � � êîìïàêòíîçíà÷íå áàãàòîçíà÷íå â³äîáðà-
æåííÿ

~
( , )U1 � � º L B� -âèì³ðíèì [1] äëÿ ��[ , ]0 T , � �V . Òîìó çà òåîðåìîþ ïðî

âèì³ðíèé âèá³ð ñåëåêòîðà [9] áàãàòîçíà÷íå â³äîáðàæåííÿ
~

( , )U1 � � ì³ñòèòü

L B� -âèì³ðíèé ñåëåêòîð ~ ( , )u1 � � , ÿêèé º ñóïåðïîçèö³éíî âèì³ðíîþ ôóíêö³ºþ [2].
Ïîêëàäåìî êåðóâàííÿ ïåðøîãî ãðàâöÿ ~ ( ) ~ ( , ( ))u u1 1� � � �� , ��[ , ]0 T .
Â³äïîâ³äíî äî óìîâè 6 ç óðàõóâàííÿì óìîâè 4 ³ ñï³ââ³äíîøåííÿ (16) äëÿ

��[ , ]*0 t ñïðàâäæóºòüñÿ íåð³âí³ñòü

( ( ), ( , ) (~ ( ), ( )) ( , ))� � � � � � � � �T T u T� 1  �

�  �
�

inf
�


 � � � 	 � �
V

T T T T* *( , , )[( ( ), ( )) ( ( ))] 0 . (17)
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Çã³äíî ç óìîâîþ 5 äëÿ ��[ , ]*t T ñïðàâåäëèâà íåð³âí³ñòü

( ( ), ( , ) (~ ( ), ( )) ( , ))� � � � � � � � �T T u T� 1  �

�  �
�

sup
�


 � � � 	 � �
V

T T T T* *( , , )[( ( ), ( )) ( ( ))] 0 . (18)

Âðàõîâóþ÷è ñï³ââ³äíîøåííÿ (6), îòðèìóºìî

� � 	 � � � � � � � �( ( )) ( ( ), ( )) ( ( ), ( , ) (~ ( ), ( )) (z T T T T T u� � � 1 T d T

T

, )) ( ( ))*� � � ��
0

.

Äîäàìî ³ â³äí³ìåìî â ö³é ð³âíîñò³ âèðàç

[( ( ), ( )) ( )] ( , , ) (* * *

*

� 	 � 
 � � � 

� �

T T T T d
V

t

V

 �
� �

� inf sup
0

T d

t

T

, , )

*

� � ��
�

�

�
�

�

�

�
�

.

Òîä³ îòðèìàºìî
�( ( ))z T �

�  �[( ( ), ( )) ( ( ))] ( ) [( ( ), ( , ) (~ (* *� 	 � � � � � � �T T T h t T T u� 1 ), ( )) ( , ))
*

� � � � �� T

t

0

�  �
�

inf
�


 � � � 	 � � �
V

T T T T d* *( , , )[( ( ), ( )) ( ( ))]]

�  �� [( ( ), ( , ) (~ ( ), ( )) ( , ))

*

� � � � � � � � �T T u T

t

T

� 1

� 
�

sup
�


 � � � 	 � � �
V

T T T T d* *( , , )[( ( ), ( )) ( ( ))]] .

Ç óðàõóâàííÿì ñï³ââ³äíîøåíü (17), (18) öå îçíà÷àº, ùî ïåðåñë³äóâà÷ ìîæå
ãàðàíòóâàòè â ìîìåíò T âèêîíàííÿ íåð³âíîñò³

� � 	 � � � 	( ( )) [( ( ), ( )) ( ( ))] ( ) ( ( )) ( )* * *z T T T T h t T h t�  � � 0 .

Äëÿ âèïàäêó � 	 �( ( , ( ), ( , )))T g T T � � 0 äîñòàòíüî çàñòîñóâàòè òåîðåìó 2, ùî
çàâåðøóº äîâåäåííÿ òåîðåìè.

ÌÎÄÈÔ²ÊÀÖ²ß ÌÅÒÎÄÓ. ÐÎÇÂ’ßÇÓÂÀËÜÍ² ÔÓÍÊÖ²¯ ÄÐÓÃÎÃÎ ÒÈÏÓ

Ðîçãëÿíåìî áàãàòîçíà÷íå â³äîáðàæåííÿ

А А( , ) ( , , )t t

V

� � �

�

�
�
� , ( , )t � �� .

Óìîâà 7. Âèêîíàíà óìîâà 4 ³ áàãàòîçíà÷íå â³äîáðàæåííÿ А ( , )t � íå º ïî-

ðîæí³ì íà ìíîæèí³ �.
ßêùî óìîâó 7 âèêîíàíî, òî ðîçãëÿíåìî âåðõíþ ³ íèæíþ ñêàëÿðí³

ðîçâ’ÿçóâàëüí³ ôóíêö³¿ äðóãîãî òèïó


 � 
 
 �* ( , ) : ( , )t t� �sup{ }А , 
 � 
 
 �* ( , ) inf{ : ( , )}t t� �А , ��[ , ]0 t , � �V .
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Ìîæíà ïîêàçàòè [2], ùî áàãàòîçíà÷íå â³äîáðàæåííÿ А ( , )t �

çàìêíóòîçíà÷íå, L-âèì³ðíå çà �, ��[ , ]0 t , � �V , à âåðõíÿ ³ íèæíÿ ðîçâ’ÿçóâàëüí³
ôóíêö³¿, áóäó÷è â³äïîâ³äíî âåðõíüîþ ³ íèæíüîþ îïîðíîþ ôóíêö³ºþ
áàãàòîçíà÷íîãî â³äîáðàæåííÿ А ( , )t � â íàïðÿìêó �1, L-âèì³ðí³ çà �, ��[ , ]0 t .

Çàóâàæåííÿ 5. ßêùî äëÿ äåÿêî¿ ôóíêö³¿ çñóâó � �( , )t íà ìíîæèí³ � âèêî-

íàíî óìîâó 5, òî sup
�


 � � �
�

�
V

t t* ( , , ) ( , )А , ��[ , ]0 t . Òîä³ âèêîíàíà óìîâà 7 ³ ñïðà-

âåäëèâà ð³âí³ñòü sup
�


 � � 
 �
�

�
V

t t* *( , , ) ( , ) , ��[ , ]0 t . ßêùî äëÿ äåÿêî¿ ôóíêö³¿ çñó-

âó � �( , )t íà ìíîæèí³ � âèêîíàíî óìîâó 6, òî inf
�


 � � �
�

�
V

t t* ( , , ) ( , )А , ��[ , ]0 t .

Òîä³ âèêîíàíà óìîâà 7 ³ ñïðàâåäëèâà ð³âí³ñòü inf
�


 � � 
 �
�

�
V

t t* *( , , ) ( , ) , ��[ , ]0 t .

Ðàçãëÿíåìî ìíîæèíó

P* *( ( ), ( , )) : ( ( , ( ), ( , ))) , ( , )2 0 0g t t g t t t� � � � � � �� � 	 � 
 �

0

1
t

d� �
�
�
�

��

�
 
�

!�
� .

ßêùî íåð³âíîñò³ ó ô³ãóðíèõ äóæêàõ íå âèêîíóþòüñÿ í³ äëÿ ÿêèõ t � 0 , òî

ïîêëàäåìî P* ( ( ), ( , ))2 g � � � ��� .

Òåîðåìà 5. Íåõàé äëÿ êîíôë³êòíî-êåðîâàíîãî ïðîöåñó (1), (2)
ç òåðì³íàëüíèì ôóíêö³îíàëîì �( )z âèêîíàíà óìîâà 7, äëÿ â³äïîâ³äíî¿ ôóíêö³¿

çñóâó � �( , )t ìíîæèíà P* ( ( ), ( , ))2 g � � �� íå º ïîðîæíüîþ ³ P P* * ( ( ), ( , ))2 2� � � �g � . Òîä³,

ÿêùî â ñï³ââ³äíîøåíí³ (6) ìàêñèìóì äîñÿãàºòüñÿ íà äåÿêîìó âåêòîð³ �( )*P2 ,

ãðà ìîæå áóòè çàê³í÷åíà â ìîìåíò P*
2 ç âèêîðèñòàííÿì êåðóâàííÿ âèãëÿäó (4).

Äîâåäåííÿ. Íåõàé � �( ) — äîâ³ëüíèé âèì³ðíèé ñåëåêòîð êîìïàêòà V ,

��[ , ]*0 2P , �( )*P2 — çàçíà÷åíèé â óìîâ³ òåîðåìè âåêòîð. Íàâåäåìî ñïîñ³á

âèáîðó êåðóâàííÿ ïåðåñë³äóâà÷åì.

Ðîçãëÿíåìî äëÿ ��[ , ]*0 2P , � �V êîìïàêòíîçíà÷íå áàãàòîçíà÷íå â³äîáðà-

æåííÿ
U u U u* * * *( , ) { :( ( , ) ( , ) ( , ), ( ))2 2 2 2� � � � � � � � �� �  �� P P P

� C W* * * *( ( , , ) ( , ), ( ))}P P P2 2 2� � � � � . (19)

Ç óðàõóâàííÿì âëàñòèâîñòåé ïàðàìåòð³â ïðîöåñó (1) ³ íèæíüî¿ îïîðíî¿ ôóíêö³¿

C W* * * *( ( , , ) ( , ), ( ))P P P2 2 2� � � � � êîìïàêòíîçíà÷íå áàãàòîçíà÷íå â³äîáðàæåííÿ

U * ( , )2 � � º L B� -âèì³ðíèì [2] äëÿ ��[ , ]*0 2P , � �V . Òîìó çà òåîðåìîþ ïðî

âèì³ðíèé âèá³ð ñåëåêòîðà [9] áàãàòîçíà÷íå â³äîáðàæåííÿ U * ( , )2 � � ì³ñòèòü

L B� -âèì³ðíèé ñåëåêòîð u* ( , )2 � � , ÿêèé º ñóïåðïîçèö³éíî âèì³ðíîþ

ôóíêö³ºþ [2].

Ïîêëàäåìî êåðóâàííÿ ïåðøîãî ãðàâöÿ u u* *( ) ( , ( ))2 2� � � �� , ��[ , ]*0 2P . Òîä³

ç îãëÿäó íà óìîâó 7 äëÿ ��[ , ]*0 2P ñïðàâåäëèâà íåð³âí³ñòü
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( ( ), ( , ) ( ( ), ( )) ( , ))* * * *� � � � � � � � �P P P2 2 2 2� u  �

�  �
 � � 	 � �* * * *
*

*( , )[( ( ), ( )) ( ( ))]P P P P2 2 2 2 0 . (20)

Áåðó÷è äî óâàãè ñï³ââ³äíîøåííÿ (6), îòðèìóºìî

� � 	( ( )) ( ( ), ( ))* * *z P P P2 2 2� �

�  ( ( ), ( , ) ( ( ), ( )) ( , )) ( (* * * *
*� � � � � � � � � � � �P P P P2 2 2� u d * ))

*
2

0

2P

� .

Äîäàâøè ³ â³äíÿâøè â ö³é ð³âíîñò³ âèðàç

[( ( ), ( )) ( ( ))] ( , )* *
*

* * *

*

� 	 � � 
 � �P P P P
P

2 2 1 2

0

2

 � d ,

îäåðæèìî

� � 	 � � 
 �( ( )) [( ( ), ( )) ( ( ))] ( , )* * *
*

* * *z P P P P P2 2 2 2 2

0

1�  
P*

2

�
"

#

$
$
$

%

&

'
'
'
�d�

�  �� [( ( ), ( , ) ( ( ), ( )) ( , ))* * * *

*

� � � � � � � � �P P P
P

2 2 2 2

0

2

� u

� 
 � � � � 	 � � �* * * *
*

*( , , ( ))[( ( ), ( )) ( ( ))]]P P P P2 2 2 2 d . (21)

Âðàõîâóþ÷è ñï³ââ³äíîøåííÿ (19)–(21), ïåðåñë³äóâà÷ ìîæå ãàðàíòóâàòè

â ìîìåíò P*
2 âèêîíàííÿ íåð³âíîñò³

� � 	 � � 
 �( ( )) [( ( ), ( )) ( ( ))] ( , )* * *
*

* * *z P P P P P2 2 2 2 2

0

1�  
P*

2

�
"

#

$
$
$

%

&

'
'
'

d� .

Ïðè öüîìó çà âèçíà÷åííÿì P*
2 ñïðàâåäëèâ³ ñï³ââ³äíîøåííÿ

( ( ), ( )) ( ( )) ( ( , ( ), ( , )* *
*

* * * *� 	 � � � 	 �P P P P P P2 2 2 2 2 2 � �g )) � 0 ,

1 02

0

2

 	� 
 � �* *( , )
*

P
P

d .

Òîìó ìàºìî

� � 	 � 
 � �( ( )) ( ( , ( ), ( , ))) ( , )* * * * * *z g dP P P P P
P

2 2 2 2 2

0

1� � 
*
2

0�
"

#

$
$
$

%

&

'
'
'
� ,

ùî çàâåðøóº äîâåäåííÿ òåîðåìè.
Çàóâàæåííÿ 6. ßêùî äëÿ äåÿêî¿ ôóíêö³¿ çñóâó � �( , )t , � :� � L , íà

ìíîæèí³ � 
V âèêîíàíî óìîâó 3, òî 0�А ( , )t � , ��[ , ]0 t . Òîìó âèêîíàí³
óìîâè 5, 7 ³ íà ìíîæèí³ � ñïðàâåäëèâà ð³âí³ñòü sup

�


 � � 
 �
�

� �
V

t t* *( , , ) ( , ) 0 .
Ðîçãëÿíåìî ìíîæèíó

)( ( ), ( , )) : ( , ) , ( , )* *g t t t d t d

t t

� 
 � � 
 � �� � � � � �
�
� � �0 1 1

0 0

�

��

�
 
�

!�
. (22)
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ßêùî äëÿ äåÿêîãî t 	 0 ìàºìî 
 �* ( , )t ( �� äëÿ ��[ , ]0 t , � �V , òî â òàêîìó

ðàç³ çíà÷åííÿ â³äïîâ³äíîãî ³íòåãðàëà ó ô³ãóðíèõ äóæêàõ ñï³ââ³äíîøåííÿ (22)
ïðèðîäíî ïîêëàñòè ð³âíèì �� ³ t g t� � �)( ( ), ( , ))� , ÿêùî äëÿ öüîãî t ñïðàâåäëèâà
³íøà íåð³âí³ñòü ó ô³ãóðíèõ äóæêàõ ñï³ââ³äíîøåííÿ (22). Ó ðàç³, êîëè íåð³âíîñò³
ñï³ââ³äíîøåííÿ (22) íå âèêîíóþòüñÿ äëÿ âñ³õ t 	 0 , ïîêëàäåìî )( ( ), ( , ))g t � � � ��.

Òåîðåìà 6. Íåõàé äëÿ êîíôë³êòíî-êåðîâàíîãî ïðîöåñó (1), (2) ç òåð-

ì³íàëüíèì ôóíêö³îíàëîì �( )z âèêîíàíà óìîâà 7, äëÿ â³äïîâ³äíî¿ ôóíêö³¿ çñó-

âó � ( , )� � ìíîæèíà )( ( ), ( , ))g � � �� íå º ïîðîæíüîþ ³ ) )� � � �( ( ), ( , ))g � . Òîä³, ÿêùî

â ñï³ââ³äíîøåíí³ (6) ìàêñèìóì äîñÿãàºòüñÿ íà äåÿêîìó âåêòîð³ �( )) , ãðà ìîæå

áóòè çàê³í÷åíà â ìîìåíò ) ç âèêîðèñòàííÿì êåðóâàííÿ âèãëÿäó (4).

Äîâåäåííÿ. Íåõàé � �( ) — äîâ³ëüíèé âèì³ðíèé ñåëåêòîð êîìïàêòà V ,

��[ , ]0 ) , �( )) — çàçíà÷åíèé â óìîâ³ òåîðåìè âåêòîð.
Ðîçãëÿíåìî ñïî÷àòêó âèïàäîê � 	 �( ( , ( ), ( , )))) ) )g � 	 0 ³ çàïðîâàäèìî

êîíòðîëüíó ôóíêö³þ

h t d d

t

t

( ) ( , ) ( , )* *�  � �1
0


 � � 
 � �) )
)

, t �[ , ]0 ) .

Çà âèçíà÷åííÿì ) ìàºìî

h d( ) ( , )*0 1 0
0

�  	� 
 � �)
)

, h d
V

( ) ( , )*) )
)

�  �
��

1 0
0

inf
�


 � � .

Âíàñë³äîê áåçïåðåðâíîñò³ ôóíêö³¿ h t( ) ³ñíóº òàêèé ìîìåíò ÷àñó t*,
t* ( , ]� 0 ) , ùî h t( )* � 0 . Çàóâàæèìî, ùî ìîìåíò ïåðåìèêàííÿ t* íå çàëåæèòü
â³ä ïåðåä³ñòîð³¿ êåðóâàííÿ äðóãîãî ãðàâöÿ � �t s s t

*
( ) { ( ): [ , ]}*� � � 0 .

Ðîçãëÿíåìî äëÿ ��[ , ]0 ) , � �V êîìïàêòíîçíà÷íå áàãàòîçíà÷íå â³äîáðàæåííÿ

~
( , ) { : ( ( , ) ( , ) ( , ), ( ))U u U u2 � � � � � � � � �� �  �� ) ) )

� C W* ( ( , , ) ( , ), ( ))}) ) )� � � � � . (23)

Ç óðàõóâàííÿì âëàñòèâîñòåé ïàðàìåòð³â ïðîöåñó (1) ³ íèæíüî¿ îïîðíî¿
ôóíêö³¿ C W* ( ( , , ) ( , ), ( ))) ) )� � � � � êîìïàêòíîçíà÷íå áàãàòîçíà÷íå â³äîáðà-

æåííÿ
~

( , )U 2 � � º L B� -âèì³ðíèì [2] äëÿ ��[ , ]0 T , � �V . Òîìó çà òåîðåìîþ

ïðî âèì³ðíèé âèá³ð ñåëåêòîðà [9] áàãàòîçíà÷íå â³äîáðàæåííÿ
~

( , )U 2 � � ì³ñòèòü

L B� -âèì³ðíèé ñåëåêòîð ~ ( , )u2 � � , ÿêèé º ñóïåðïîçèö³éíî âèì³ðíîþ ôóíê-
ö³ºþ [2].

Ïîêëàäåìî êåðóâàííÿ ïåðøîãî ãðàâöÿ ~ ( ) ~ ( , ( ))u u2 2� � � �� , ��[ , ]0 ) .
Â³äïîâ³äíî äî óìîâè 7 ç óðàõóâàííÿì ñï³ââ³äíîøåííÿ (23) äëÿ ��[ , ]*0 t

ñïðàâåäëèâà íåð³âí³ñòü

( ( ), ( , ) (~ ( ), ( )) ( , ))� � � � � � � � �) � ) )u2  �

�  �
 � � 	 � �* *( , )[( ( ), ( )) ( ( ))]) ) ) ) 0 . (24)
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Çã³äíî ç óìîâîþ 7 äëÿ ��[ , ]*t T âèêîíàíà íåð³âí³ñòü

( ( ), ( , ) (~ ( ), ( )) ( , ))� � � � � � � � �) � ) )u2  �

�  �
 � � 	 � �* *( , )[( ( ), ( )) ( ( ))]) ) ) ) 0 . (25)

Âðàõîâóþ÷è ñï³ââ³äíîøåííÿ (6), îòðèìóºìî

� � 	( ( )) ( ( ), ( ))z ) ) )� �

�  ( ( ), ( , ) (~ ( ), ( )) ( , )) ( ( )) .*� � � � � � � � � � � �) � ) ) )
)

u d2
0
�

Äîäàìî ³ â³äí³ìåìî â ö³é ð³âíîñò³ âèðàç

[( ( ), ( )) ( )] ( , ) ( , )* * *

*

*

� 	 � 
 � � 
 � �) ) ) ) )
)

 �
�

�

�
�� �

0

t

t

d d
�

�

�
�

.

Òîä³ îòðèìàºìî

� � 	 � �( ( )) [( ( ), ( )) ( ( ))] ( )* *z h t) ) ) )�  �

�  �� [( ( ), ( , ) (~ ( ), ( )) ( , ))
*

� � � � � � � � �) � ) )u

t

2
0

�  �
 � � 	 � � �* *( , ) [( ( ), ( )) ( ( ))]]) ) ) ) d

�  �� [( ( ), ( , ) (~ ( ), ( )) ( , ))

*

� � � � � � � � �) � ) )
)

u

t

2

� 
 � � 	 � � ��* *( , )[( ( ), ( )) ( ( ))]]) ) ) ) d

Ç óðàõóâàííÿì ñï³ââ³äíîøåíü (24), (25) öå îçíà÷àº, ùî ïåðåñë³äóâà÷ ìîæå
ãàðàíòóâàòè â ìîìåíò ) âèêîíàííÿ íåð³âíîñò³

� � 	 � � � 	( ( )) [( ( ), ( )) ( ( ))] ( ) ( ( )) ( )* * *z h t h t) ) ) ) )�  � � 0 .

Äëÿ âèïàäêó � 	 �( ( , ( ), ( , )))) ) )g � � 0 äîñòàòíüî çàñòîñóâàòè òåîðåìó 5, ùî
çàâåðøóº äîâåäåííÿ òåîðåìè.

ÏÎÐ²ÂÍßÍÍß ÃÀÐÀÍÒÎÂÀÍÈÕ ×ÀÑ²Â

Ëåìà 1. Íåõàé äëÿ êîíôë³êòíî-êåðîâàíîãî ïðîöåñó (1), (2) ç òåðì³íàëüíèì
ôóíêö³îíàëîì �( )z âèêîíàíà óìîâà 7, ïðè÷îìó � 	 �( ( , ( ), ( , )))t g t t � 	 0 . Òîä³
ìàþòü ì³ñöå íåð³âíîñò³

sup
�


 � � 
 �
�

�
V

t t* *( , , ) ( , ) , ( , )t � �� , (26)

inf
�


 � � 
 �
�

�
V

t t* *( , , ) ( , ) , ( , )t � �� . (27)
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ßêùî äî òîãî æ âèêîíàíà óìîâà 5, òî íåð³âí³ñòü (26) ïåðåòâîðþºòüñÿ
â ð³âí³ñòü. ßêùî ñïðàâåäëèâà óìîâà 6, òî â ð³âí³ñòü îáåðòàºòüñÿ íåð³âí³ñòü (27).

Òåîðåìà 7. Íåõàé äëÿ êîíôë³êòíî-êåðîâàíîãî ïðîöåñó (1), (2) ç òåð-
ì³íàëüíèì ôóíêö³îíàëîì �( )z âèêîíàíà óìîâà 7. Òîä³ ìàþòü ì³ñöå âêëþ÷åííÿ

T g g( ( ), ( , )) ( ( ), ( , ))� � � * � � �� �) , P P P( ( ), ( , )) ( ( ), ( , )) ( ( ), ( , ))* *g g g� � � * � � � * � � �� � �1 2 .

ßêùî äî òîãî æ âèêîíàí³ óìîâè 5 ³ 6, òî ñïðàâåäëèâ³ ð³âíîñò³

T g g( ( ), ( , )) ( ( ), ( , ))� � � � � � �� �) , P P* *( ( ), ( , )) ( ( ), ( , ))1 2g g� � � � � � �� � .

ßêùî âèêîíàíà óìîâà 3, òî ìàºìî

P P P( ( ), ( , )) ( ( ), ( , )) ( ( ), ( , ))* *g g g� � � � � � � � � � �� � �1 2 ,

ïðè÷îìó, ÿêùî âèêîíàíà óìîâà 2, ÿê � ( , )� � ìîæíà âèçíà÷èòè ïåâíèé
ñåëåêòîð Ïîíòðÿã³íà [1].

Äîêàç ëåìè 1 ³ òåîðåìè 7 áåçïîñåðåäíüî âèïëèâàº ³ç êîíñòðóêö³é
â³äïîâ³äíèõ âèçíà÷åíü, çàóâàæåíü ³ òåîðåì.

ÂÈÑÍÎÂÊÈ

Ó ðîáîò³ ðîçãëÿäàþòüñÿ êâàç³ë³í³éí³ êîíôë³êòíî-êåðîâàí³ ïðîöåñè çàãàëüíîãî
âèãëÿäó ç òåðì³íàëüíîþ ôóíêö³ºþ ïëàòè. Ñôîðìóëüîâàíî äîñòàòí³ óìîâè
çàê³í÷åííÿ ãðè çà ê³íöåâèé ãàðàíòîâàíèé ÷àñ ó ðàç³, êîëè óìîâà Ïîíòðÿã³íà íå
âèêîíóºòüñÿ. Çàïðîïîíîâàíî äâ³ ñõåìè ìåòîäó ðîçâ’ÿçóâàëüíèõ ôóíêö³é, ùî çà-
áåçïå÷óþòü çàâåðøåííÿ êîíôë³êòíî-êåðîâàíîãî ïðîöåñó ç òåðì³íàëüíîþ
ôóíêö³ºþ ïëàòè â êëàñ³ åêñòðåìàëüíèõ êâàç³ñòðàòåã³é ³ êîíòðêåðóâàíü. Íàâåäå-
íî ïîð³âíÿííÿ ãàðàíòîâàíèõ ÷àñ³â.
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A.A. Chikrii, J.S. Rappoport
EXTREMUM STRATEGIES OF APPROACH OF CONTROLLED OBJECTS
IN DYNAMIC GAME PROBLEMS WITH A TERMINAL PAYOFF FUNCTION

Abstract. The authors propose a method for solving the problem of approach of
controlled objects in dynamic game problems with a terminal payoff function, which is
reduced to the systematic use of the Fenhel-Moro ideas on the general scheme of the
method of resolving functions. The essence of the method is that the resolving function
can be expressed in terms of the function conjugate to the payoff function and, using the
inclusiveness of the connection operator for a convex closed function, it is possible to
obtain a guaranteed estimate of the terminal value of the payoff function represented by
the payoff value at the initial instant of time and integral of the resolving function.
A feature of the method is the cumulative principle used in the current summation of the
resolving function to assess the quality of the game before reaching a certain threshold.
The notion of the upper and lower resolving functions of two types is introduced and
sufficient conditions of a guaranteed result in the differential game with the terminal
payoff function are obtained in the case where Pontryagin’s condition is not satisfied.
Two schemes of the method of resolving functions with extremum strategies of approach
of controlled objects are constructed and the guaranteed times are compared.

Keywords: terminal payoff function, quasilinear differential game, multi-valued mapping,
measurable selector, extremum strategy, resolving function.
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