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Àíîòàö³ÿ. Çà ïðèíöèïîì ìàêñèìóìó îòðèìàíî îö³íêè çâåðõó òà çíèçó äëÿ ñïåêòðà äåÿêèõ

åë³ïòè÷íèõ îïåðàòîð³â òà ¿í³õ ñ³òêîâèõ àíàëîã³â. Ç òî÷íèõ ôîðìóë ïîõèáêè âëàñíèõ ÷èñåë

çà ìåòîäîì ñê³í÷åííèõ ð³çíèöü îòðèìàíî òî÷í³øi îö³íêè ñïåêòðà äèôåðåíö³àëüíèõ îïåðà-

òîð³â. Äâîñòîðîíí³ îö³íêè âëàñíèõ ÷èñåë ð³çíèöåâèõ àíàëîã³â ñïåêòðàëüíèõ çàäà÷

âèçíà÷àþòü ìàæîðàíòó ³ ì³íîðàíòó äëÿ ïîõèáêè ôàçîâî¿ øâèäêîñò³ ñ³òêîâèõ õâèëü â çàäà-

÷àõ êîëèâàíü ð³çíîìàí³òíèõ îá’ºêò³â.

Êëþ÷îâ³ ñëîâà: åë³ïòè÷í³ îïåðàòîðè, ïðèíöèï ìàêñèìóìó, ìåòîä ñê³í÷åííèõ ð³çíèöü,

òî÷í³ ôîðìóëè ïîõèáêè âëàñíèõ ÷èñåë, äâîñòîðîíí³ îö³íêè ñïåêòðà, ð³âíÿííÿ êîëèâàíü,

ïîõèáêà ôàçîâèõ øâèäêîñòåé ñ³òêîâèõ õâèëü.

Äëÿ îá÷èñëåííÿ ñïåêòðà åë³ïòè÷íèõ îïåðàòîð³â ÷àñòî âèêîðèñòîâóþòü äèñ-

êðåòí³ àíàëîãè, çäîáóòi çà ìåòîäîì ñê³í÷åííèõ ð³çíèöü (ÌÑÐ) àáî çà ìåòîäîì

ñê³í÷åííèõ åëåìåíò³â (ÌÑÅ). Ö³ àíàëîãè º àëãåáðà¿÷íèìè çàäà÷àìè íà âëàñí³

çíà÷åííÿ, ÿê³ ïîòðåáóþòü çíà÷íèõ êîìï’þòåðíèõ âèòðàò. Îäíàê ³íîä³ äîñòàò-

íüî îáìåæèòèñÿ äâîñòîðîíí³ìè îö³íêàìè âëàñíèõ ÷èñåë (â.÷.), ÿê³ ìîæíà îò-

ðèìàòè ìåíø òðóäîì³ñòêèì ñïîñîáîì, ÿê ïîäàíî â öié äàí³é ðîáîò³. Äëÿ äèñ-

êðåòèçàö³¿ ïîòð³áíî äîñë³äèòè òî÷í³ñòü ìåòîäó, ç’ÿñóâàòè, ç ÿêîãî áîêó â.÷.

äèñêðåòíî¿ çàäà÷³ íàáëèæàþòüñÿ äî â.÷. âèõ³äíî¿ çàäà÷³, çíàéòè åêîíîì³÷íèé

ñïîñ³á çíàõîäæåííÿ äâîñòîðîíí³õ îö³íîê òîùî.

Òî÷í³ñòü ÌÑÐ äëÿ äåÿêèõ ñïåêòðàëüíèõ çàäà÷ äîñë³äæåíî â [1–9]. Äâîñòîðîíí³

îö³íêè â.÷. åë³ïòè÷íèõ îïåðàòîð³â ïîäàíî â [10–12]. Ó ö³é ðîáîò³ îòðèìàíî íîâ³ ðå-

çóëüòàòè äëÿ äåÿêèõ îïåðàòîð³â. ²ç òî÷íèõ ôîðìóë ïîõèáêè â.÷. â ÌÑÐ âèïëèâàþòü

òî÷í³øi îö³íêè äëÿ â.÷. âèõ³äíèõ çàäà÷. Äåÿê³ ðåçóëüòàòè ïîäàíî â [13–19].

Çàçíà÷èìî, ùî â ÌÑÅ â.÷. íàáëèæàþòüñÿ äî â.÷. âèõ³äíî¿ çàäà÷³ çâåðõó,

îñê³ëüêè ì³í³ìàêñ â³äïîâ³äíèõ ôóíêö³îíàë³â çäiéñíþºòüñÿ íà á³ëüø âóçüêîìó

êëàñ³ äîïóñòèìèõ ôóíêö³é ïîð³âíÿííÿ [20].

ßê ïðèêëàä, iç çàñòîñóâàííÿì äâîñòîðîíí³õ îö³íîê â.÷. â ÌÑÐ îòðèìàíî

âèëêè äëÿ ïîõèáêè ôàçîâî¿ øâèäêîñò³ ñ³òêîâèõ õâèëü ó âèïàäêó äèñêðåòèçàö³¿

íèçêè çàäà÷ êîëèâàííÿ ð³çíîìàí³òíèõ îá’ºêò³â.

1. Ó ðîáîòàõ [3, 9] äîñë³äæåíî ÌÑÐ äëÿ ñïåêòðàëüíî¿ çàäà÷³ ç îïåðàòîðîì
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2. Ó ðîáîòi [11] äîñë³äæåíî ÌÑÐ ñïåêòðàëüíî¿ çàäà÷³ äëÿ îïåðàòîðà ç³
çì³ííèìè êîåô³ö³ºíòàìè:
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Ì³í³ìàêñ ôóíêö³îíàëà (5) åêâ³âàëåíòíèé ñïåêòðàëüí³é çàäà÷³ äëÿ îïåðàòîðà
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Äëÿ (7) ³ (8) îòðèìàíî â³äïîâ³äíî ôîðìóëè
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3. Ó ðîáîòi [12] äîñë³äæåíî ÌÑÐ ñïåêòðàëüíî¿ çàäà÷³ äëÿ îïåðàòîðà ç ì³øà-
íîþ ïîõ³äíîþ:
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ðîíí³ îö³íêè äëÿ â.÷. çàäà÷³ (11):

~ ~ ~� � � �k k k k

h
� � �

2
2

12
.

Äâîñòîðîíí³ îö³íêè â.÷. ñ³òêîâî¿ çàäà÷³ (15) óçãîäæåí³ ç îö³íêàìè (14),

îñê³ëüêè lim
sin

h�
�

0
1

�

�
.

4. Ó ðîáîòi [8] äîñë³äæåíî ÌÑÐ äëÿ ñïåêòðàëüíî¿ çàäà÷³ ç îïåðàòîðîì
ë³í³éíî¿ òåîð³¿ ïðóæíîñò³:

	 � 	 ��
� � �
u u u� � � �( )graddiv 0, x x x( , , )1 2 3 �� ,

�
u � 0, x ��. (16)

Òóò u u u u� ( , , )( ) ( ) ( )1 2 3 , � — òðèâèì³ðíèé ïàðàëåëåï³ïåä ç ãðàíÿìè �

³ äîâæèíàìè ðåáåð li , i �1 2 3, , . Çàäà÷à (16) åêâ³âàëåíòíà ì³í³ìàêñó
ôóíêö³îíàëà

�

�

( ) | | ( )( )( )� �
u u u dxi

i

� � �
�

�
�
�

�

�
�
��


� 	 � 	grad div2 2

1

3

, | |
�
u dx2 1

�
� � . (17)

²íòåãðóþ÷è ÷àñòèíàìè ç óðàõóâàííÿì êðàéîâî¿ óìîâè, ä³ñòàíåìî

	

	

	

	
�

	

	

	

	� �
u

x

u

x
dx

u

x

u

x
dx

i

i

j

j

i

j

j

i

( ) ( ) ( ) ( )

� �

, i j, , ,�1 2 3. (18)

Âèêîðèñòîâóþ÷è (18) òà î÷åâèäíó íåð³âí³ñòü 2 2 2ab a b� � , âèâîäèìî
íåð³âí³ñòü

( ) | |( )div grad
�
u dx u dxi

i

2 2

1

3

� �
� 
��

�

.

Îòæå, äëÿ ôóíêö³îíàëà (17) ìàºìî îö³íêó

	 � 	� � �0 02( ) ( ) ( ) ( )
� � �
u u u� � � , (19)
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äå

�

�

0 2

1

3

( ) | |( )�
u u dxi

i

�
�

� grad . (20)

Ì³í³ìàêñ ôóíêö³îíàëà (20) º åêâ³âàëåíòíèì äî çàäà÷³ äëÿ ñèñòåìè íåçàëåæ-
íèõ ð³âíÿíü ç îïåðàòîðîì Ëàïëàñà:

�u ui i( ) ( )� ��0 0, x �� ,

u i( ) � 0, x ��, i �1 2 3, , .

Òóò �
�

k k k
i

ii

k

l1 2 3

0
2

1

3

�
�

�
��

�

�
��

�

 , ki �� . Îòæå, ç (19) âèïëèâàº ÿâíà îö³íêà äëÿ â.÷.

çàäà÷³ (16) :
	 � � � 	 �

k k k
0 02� � �( ) .

Ð³çíèöåâèé àíàëîã (16) ìàº âèãëÿä

	�h iy( ) � � � �� �1

2
0( )[( ) ( ) ] ( )	 � �d Y d Y yt t

i
i i

, t t t t� �( , , )1 2 3 � ,

y i( ) � 0, t �� , i �1 2 3, , . (21)

Òóò � — âóçëè ñ³òêè âñåðåäèí³ � , � — âóçëè ñ³òêè íà �,

�h i

t t

i

t t

i

t t

iy y y y( ) ( ) ( ) ( )� � �
1 1 2 2 3 3

,

d Y y y y
t t t

� � � �
1 2 3

1 2 3( ) ( ) ( ) , d Y y y y
t t t

� � � �
1 2 3

1 2 3( ) ( ) ( ) .

Ì³í³ìàêñ ñ³òêîâîãî àíàëîãà (21) âèçíà÷àº

� � �k k k
� �� � ,

� 	 �k k
� � 0 , � � 	 �

k k
� � �( )2 0 , �

� �

�k

j

j

k

ki

k

l

j

j

0

2

1

3

�
�

�

�
�

�

�

�
�

�



sin
,

�
�

k
j j

j
j

k h

l
�

2
, k

l

h
j

j

j

� �1 2 1, , ,� , j �1 2 3, , .

Äëÿ ñ³òêîâîãî àíàëîãà íà êóá³÷í³é ñ³òö³ ç êðîêîì h

	 	 ��h
t ty d Y d Y( ) ( )[( ) ( ) ]1 1

2 1 1
� � � �� �

� � �
�

�

�
�

�

�

�
�
�

h
y y

h
y

t t t t

h
2

1 1
2

1

6 6
0

2 2 3 3
���

( ) ( ) ( )~� � , t �� ,

y i( ) ,� 0 t �� ,

äå äâà ³íø³ ð³âíÿííÿ çàïèñàíî çà äîïîìîãîþ öèêë³÷íî¿ çàì³íè âåðõí³õ
òà íèæí³õ ³íäåêñ³â çà ñõåìîþ 1 2 3 1� � � , âèêîíóºòüñÿ ôîðìóëà

lim
h

k k i i i

h
u u u

�

�
� � � �

0 2 11
2

22
2

33
21

12

� �
	

~
[( ) ( ) ( )( ) ( ) ( ) ( ) ]( )�

�

u i

i

2

2

3

�

�

 
!
"

#"
�

� � � � � �
�

( ) ( ) ( ) (( ) ( ) ( ) ( )	 � 2 2

1

3

12
1

12
2 2

23
2

23
u u u u uii

i

i

( ) ( ) ( )) ( )3 2
31
3

31
1 2� � �

�

�
�
�

u u

� � � � � �( ) ( ) ( )( ) ( ) ( ) ( ) ( ) ( )u u u u u u
23
1

13
2 2

31
2

21
3 2

12
3

32
1 2 ]

$
%
"

&"
dx . (22)
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Òóò íèæí³ ³íäåêñè ïîçíà÷àþòü ïîõ³äí³ çà â³äïîâ³äíèìè çì³ííèìè, íàïðèêëàä

u
u

x x23
1

2 1

2 3

( )
( )

�
	

	 	
. Öèêë³÷íà çàì³íà âåðõí³õ òà íèæí³õ ³íäåêñ³â ï³äòâåðäæóº

ð³âíîïðàâíiñòü çì³ííèõ x x x1 2 3, , â óñ³õ ôîðìóëàõ. Äëÿ äîñòàòíüî ìàëîãî çíà-
÷åííÿ h ç (22) âèïëèâàº ~� �k k� . Óñ³ âèðàçè ï³ä çíàêîì ³íòåãðàëà º âëàñíîþ
ôóíêö³ºþ, ùî â³äïîâ³äàº � k .

5. Ó ðîáîòàõ [2, 6, 15, 16, 19, 10] äîñë³äæåíî ÌÊÐ ñòîñîâíî çàäà÷³

	

	
�

	

	 	
�
	

	
�

2
1

1
2

2
3

1 2

2
2

2
2

2
M

x

M

x x

M

x
u� , x �� , (23)

ó âèïàäêó ð³çíîìàí³òíèõ êðàéîâèõ óìîâ íà ìåæ³ � ïðÿìîêóòíèêà � . Òóò

M p w p w1 1 1 0 2� � , M p w p w2 0 1 2 2� � , M p w3 3 3� ,

w
u

x
1

2

1
2

�
	

	
, w

u

x
2

2

2
2

�
	

	
, w

u

x x
3

2

1 2

�
	

	 	
, p x x Ci ( , ) ( )( )

1 2
2� � , i � 0 1 2 3, , , ,

0 1 2� � �c p ci , i �1 2 3, , ; 0 0 1 2 0
2� � �c p p p .

Çàäà÷à (23) åêâ³âàëåíòíà ì³í³ìàêñó ôóíêö³îíàëà

�

�

( ) ( )u p w p w w p w p w dx� � � �� 1 1
2

0 1 2 2 2
2

3 3
22 2 , u dx2 1

�
� � .

Âèêîðèñòîâóþ÷è íåð³âí³ñòü

� �1 1
2

2
2

1 1
2

0 1 2 2 2
2

2 1
2

2
22( ) ( )w w p w p w w p w w w� � � � � � ,

äå �1 2 2
2

0� � �c c c , �2 2 2
2

0� � �c c c , òà ñï³ââ³äíîøåííÿ w dx
3
2

�
� �

� � w w dx1 2

�

, îäåðæàíå ³íòåãðóâàííÿì ÷àñòèíàìè ç óðàõóâàííÿì êðàéîâèõ

óìîâ, ä³ñòàíåìî îö³íêó

� �1 2
02* * ( ) ( ) ( )� � �u u u� � ,

� �1 1 1
* min{ , }� c , �

�

* ( ) ( )u w w dx� �� 1 2
2 , �

�

0
1
2

2
2( ) ( )u w w dx� �� . (24)

ßêùî íà ìåæ³ � çàäàíî óìîâó

u
u

n
�
	

	
� 0, (25)

òî ì³í³ìàêñ �* ( )u åêâ³âàëåíòíèé çàäà÷³ ç á³ãàðìîí³÷íèì îïåðàòîðîì:

�2u u� �* ,

à ì³í³ìàêñ �0 ( )u åêâ³âàëåíòíèé çàäà÷³ ç îïåðàòîðîì, ùî äàº çìîãó â³äîêðåì-

ëåííÿ çì³ííèõ:
	

	
�
	

	
�

4

1
4

4

2
4

0u

x

u

x
u� . (26)

Îòæå, ç (24) îòðèìóºìî îö³íêó â.÷. çàäà÷³ (23):

� � � � �1 2
02* *

k k k
� � . (27)
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Ì³í³ìàêñ �* ( )u çà óìîâ u u� �� 0 íà � âèçíà÷àº êâàäðàòè â.÷. îïåðàòîðà

Ëàïëàñà, îñê³ëüêè êëàñ äîïóñòèìèõ ôóíêö³é ïîð³âíÿííÿ º øèðøèì çà êëàñ
ç óìîâàìè (25). Òîìó

�
�

k

l

i

ii

k k

�

�
��

�

�
��

�

�

�
�

�

�

�
�

�
�



2

1

2
2

1 2

* , ki ��. (28)

Â³äîêðåìëåííÿ çì³ííèõ â (26) âèçíà÷àº

� � �
k k k k

1 2 1 2

0 � � , (29)

äå � ki
— â.÷. îäíîâèì³ðíèõ çàäà÷

d u

dx
u

i

i

i i
4

4

( )
( ) ( )� � , x li i�( , )0 ,

u
du

dx

i
i

i

( )
( )

� � 0, xi � 0, x li i� ; i �1 2, . (30)

Âëàñí³ ôóíêö³¿ òà â.÷. çàäà÷³ (30) ìàþòü âèãëÿä

u x l l x xk i k i k i k i k ii i i i i
( ) (cos ( ) ( )) ( ( ) (� � �� � � �ch sin sh )) �

� � �( ( ) ( )) (cos ( ) ( ))sh sin ch� � � �k i k i k i k ii i i i
x l x x , i �1 2, , � �k ki i

� 4 ,

äå � ki
— â³äîì³ [22, ñ. 468] êîðåí³ ð³âíÿííÿ cos ( ) ( )� �l li ich �1.

Îòæå, ç (27) âíàñë³äîê (28) ³ (29) ä³ñòàíåìî

�
�

� � � �1

2

1

2
2

2
4 42

1 2

* ( )
k

l

i

ii

k k k

�

�
��

�

�
��

�

�

�
�

�

�

�
�

� � �
�

 , ki �� .

Ð³çíèöåâèé àíàëîã çàäà÷³ (23), (25) íà êâàäðàòí³é ñ³òö³ ç êðîêîì h ìàº
âèãëÿä

( ) ( ) ( )M M M yh
t t

h
t t

h
t t1 3 21 1 1 2 2 2

2� � � � , t t t� �( , )1 2 � , (31)

y y n x y n x
t t

� � �� �
1 2

1 2 0cos ( , ) cos ( , ) , t ��, (32)

äå

M a y a yh
t t t t1 1 01 1 2 2

� � , M a y a yh
t t t t2 0 21 1 2 2

� � , M a yh
t t3 3
1 2

� ,

a p t tj j� ( , )1 2 , j � 0 1 2, , ; a p t t3 3 1 2� (
~

,
~

),
~
t t

h
i i� �

2
, i �1 2, .

Ì³í³ìàêñ çàäà÷³ (31) âèçíà÷àº

� � �k k k
� �� � ,

� �
� �

�
k k

i

i

k

ki

k

l

i

i

1 2 1

2

1

2

2

�

�

�
�

�

�
�

�

�

�
�

�

�

�
�
�

�

�

�
�
�


*
sin

, �
�

k
i

i
i

k h

l
�

2
,

� � �
k k k

i
i1 2

2 2

1

2
�

�

� 
 , k
l

h
i

i� �1 2 1, , ,� .
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Òóò �ki
— â.÷. îäíîâèì³ðíèõ ñ³òêîâèõ çàäà÷

y y
t t t t

i

i i i i

� �( ) , t li i�( , )0 ,

y y
t

� ��
1

0, ti � 0 , t li i� , i �1 2, .

Ó ïðàöi [15] äëÿ ñ³òêîâîãî àíàëîãà çàäà÷³ ç á³ãàðìîí³÷íèì îïåðàòîðîì òà
óìîâàìè (25) íà ìåæ³ äîâåäåíî ôîðìóëó

lim
h

k k

h

w

x

w

x

w

�

�
�

	

	

�

�
��

�

�
�� �

	

	

�

�
��

�

�
�� �

	

0 2

1

1

2

3

1

2
1

6

� � 3

2

2

2

2

2

	

�

�
��

�

�
�� �

	

	

�

�
��

�

�
��

�

�

�
�

�

�

�
�� x

w

x
dx

�

, (33)

ç ÿêî¿ äëÿ äîñòàòíüî ìàëîãî çíà÷åííÿ h âèïëèâàº � � �k k .

Ó ðîáîòàõ [16, 19] äëÿ çàäà÷³ (31) ç ð³çíîìàí³òíèìè êðàéîâèìè óìîâàìè
îäåðæàíî ôîðìóëó

lim
h

k k

h

w

x

M

x

w

x

M

x

w

x

M

�

�
�

	

	

	

	
�
	

	

	

	
�
	

	

	

0 2

1

1

1

1

3

1

3

1

3

2

1

6

� � 3

2

2

2

2

2	
�
	

	

	

	

�

�
�

�

�
�� x

w

x

M

x
dx

�

. (34)

Óñ³ âèðàçè ï³ä çíàêîì ³íòåãðàëà â (33) ³ (34) º âëàñíîþ ôóíêö³ºþ, ùî
â³äïîâ³äàº â.÷. � k .

Ôîðìóëè (33) ³ (34) äîâåäåíî íåçàëåæíî. Îäíàê (33) âèïëèâàº ç (34) çà óìîâè

p p1 2 1� � , p0 � �, p3 1� � �, 0 1� �� ,

âíàñë³äîê ñï³ââ³äíîøåíü

	

	

	

	
�

	

	

�

�
��

�

�
��� �

w

x

w

x
dx

w

x
dx1

1

2

1

3

1

2

� �

,
	

	

	

	
�

	

	

�

�
��

�

�
��� �

w

x

w

x
dx

w

x
dx1

2

2

2

3

2

2

� �

,

ÿê³ îòðèìàíî çà äîïîìîãîþ ³íòåãðóâàííÿ ÷àñòèíàìè ç óðàõóâàííÿì óìîâ (25).

Äëÿ çáóðåíî¿ ñõåìè çà óìîâè (32)

(
~

) (
~

) (
~

) ~M M M yh
t t

h
t t

h
t t1 3 21 1 1 2 2 2

2� � � � , t �� ,

~ ~ ~M a y a yh
t t t t1 1 01 1 2 2

� � ,
~ ~ ~M a y a yh

t t t t2 0 21 1 2 2
� � ,

~ ~M a yh
t t3 3
1 2

� ,

~ [( ) ( ) ]a a
h

p pt t t t1 1

2

0 1
12 2 2 1 1

� � � , ~ [( ) ( ) ]a a
h

p pt t t t2 2

2

0 2
12 1 1 2 2

� � � ,

~ [( ) ( ) ]a a
h

p pt t t t3 3

2

3 1
12 1 1 2 2

� � � , ~ [( ) ( ) ]a a
h

p pt t t t0 0

2

0 0
12 1 1 2 2

� � � ,

â [16] îäåðæàíî ôîðìóëó
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x
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3
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3

2

2

�

( )p p
w

x

w

x
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�

�
�
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�
��
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�
��
$
%
&

2 0
1

1

3

2

2

2

3

1

p
w

x

w

x

w

x

w

x
dx . (35)

ßêùî p p1 0� , p p2 0� , p p3 02� , òî êâàäðàòè÷íà ôîðìà ï³ä çíàêîì ³íòåãðàëà

º äîäàòíî âèçíà÷åíîþ, à îòæå, äëÿ äîñòàòíüî ìàëîãî h âèêîíóºòüñÿ íåð³âí³ñòü
~� � �k k . Öÿ îö³íêà çíèçó º òî÷íiøîþ, í³æ îö³íêà â (27).
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²ç ñï³ââ³äíîøåíü
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w

x

w

x
dx

w

x
dx1

1

3

2

3
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2

� �

,
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�
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��
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�
��� �

w

x

w

x
dx

w

x
dx2

2

3

2

3

2

2

� �

ç (35) òàê ñàìî, ÿê ³ç (34), âèïëèâàº ôîðìóëà (33).

6. ßê ïðèêëàä, çàñòîñóâàííÿ îö³íîê çâåðõó ³ çíèçó â.÷. äëÿ ñ³òêîâèõ àíàëîã³â

äîäàòíî âèçíà÷åíèõ åë³ïòè÷íèõ îïåðàòîð³â, îäåðæóþòü äâîñòîðîíí³ îö³íêè ïî-
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Ðîçâ’ÿçîê ð³âíÿííÿ (38) ïîäàìî ó âèãëÿä³

T y x qh
k i k

n

k

N

�
�

 ( )

�

1

, (39)

äå yk — âëàñíà ôóíêö³ÿ îïåðàòîðà �, òîáòî �y yk k k� � , �k � 0. Ï³äñòàâëÿ-

þ÷è (39) â (38), äiñòàºìî

y
q q q

y qk
k
n

k
n

k
n

k k k
n

k

N ( ) ( )� �

�

� �
�

�

�

�
��

�

�

�
��

1 1

2
1

2� � �
�

�
�
 � 0.

Çâ³äñè

q q
k

k
k

2
2

2 1
2

1 0� �� �
� �

�

�

�
�

�

�

�
�

� � . (40)

120 ISSN 1019-5262. Ê³áåðíåòèêà òà ñèñòåìíèé àíàë³ç, 2022, òîì 58, ¹ 3



Ð³âíÿííÿ (40) ìàº òàê³ êîðåí³:

( )q
k

k k� � � � �( � � ( �
�

�

�
�

�

�

�
�

�1
2

1
2

1
2 2

2

.

Íàêëàäåìî óìîâó ñò³éêîñò³ ðîçâ’ÿçêó ð³âíÿííÿ (38) çà ïî÷àòêîâèìè äàíèìè:

| |q
k
� � 1 àáî 1

2
1

2

� �
� �k .

Ïîçíà÷èìî
1

2
1 2

2

2
2� � � �

� �
�

�k
k

kcos sin .

Îòæå,

�
� �

k
k� 2

2
arcsin ,

( ) cosq i e
k k k

i k� �� �( (� ( �sin , ( ) (cos )q i e
k
n

k k
n

i nk

�
�

�
�

� �(
(

� ( �sin .

Òóò
�

�
k — ñ³òêîâèé àíàëîã ÷àñòîòè � k . Ôàçîâà øâèäê³ñòü ñ³òêîâî¿ õâèë³ íî-

ìåðà k ìàº âèãëÿä

vk
k

k

k

k
,�

�

� �

�

�
� �

arcsin
, �

� �
k

k�
2

.

Çà ôîðìóëîþ Òåéëîðà ìàºìî

vk
k

k,�

�
�� � � �1

6

3

40

2
4

�

Ïîõèáêà ôàçîâèõ øâèäêîñòåé

�
�

�
�k k k

k

k

v v� � �, –
arcsin

1.

Îñê³ëüêè â óñ³õ ðîçãëÿíóòèõ çàäà÷àõ îäåðæàíî îö³íêè �k
� è �

k
� äëÿ â.÷.

ñ³òêîâèõ àíàëîã³â, òî äëÿ ïîõèáêè �k ñïðàâäæóþòüñÿ íåð³âíîñò³

arcsin arcsin�

�
�

�

�

k

k

k
k

k

�

�

�

�
� � � �1 1, �

� �
k

k�
�

�
2

, �
� �

k
k�
�

�
2

.

Îòðèìàíi ðåçóëüòàòè äàþòü çìîãó îöiíèòè ÷àñòîòè òà ôàçîâi øâèäêîñòi õâèëü
äëÿ äèñêðåòèçàöii çàâäàíü êîëèâàííÿ ðiçíèõ ÿâèù ôiçèêè, ìåõàíiêè, õiìii
ó ìàòåìàòè÷íîìó ôîðìóëþâàííi.
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V. Prikazchikov

EFFICIENT TWO-SIDED ESTIMATES FOR THE SPECTRUM OF SOME

ELLIPTIC OPERATORS

Abstract. Using the minimax principle, we establish the upper and lower bounds for the
spectrum of some elliptic operators and their grid analogs. From the exact formulas for the
error of the finite-difference method for the eigenvalues, more accurate estimates of the
spectrum of differential operators follow. Two-sided estimates of the eigenvalues of differences
analogs of spectral problems give a majorant and a minorant for the error of the phase
velocities of grid waves in vibration problems of various objects.

Keywords: elliptic operators, minimax principle, finite-difference method, exact formulas for
errors of eigenvalues, two-sided estimates of a spectrum, oscillation equations, errors of phase
velocities of grid waves.
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