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Àíîòàö³ÿ. Îäåðæàíî çàìêíåí³ ðîçâ’ÿçêè äåÿêèõ íåñòàö³îíàðíèõ êðàéîâèõ çàäà÷ ô³ëüòðàö³éíî¿
äèíàì³êè â òð³ùèíóâàòî-ïîðèñòèõ ïëàñòàõ, ùî ïîñòàâëåí³ â ðàìêàõ äðîáîâî-äèôåðåíö³éíèõ
ìàòåìàòè÷íèõ ìîäåëåé ç óðàõóâàííÿì ïðîñòîðîâî-÷àñîâî¿ íåëîêàëüíîñò³ ïðîöåñó. Ìàòåìà-
òè÷í³ ìîäåë³ àíîìàëüíî¿ ô³ëüòðàö³éíî¿ äèíàì³êè ñôîðìóëüîâàíî ç âèêîðèñòàííÿì ïîõ³äíèõ
Õ³ëüôåðà àáî Êàïóòî çà ÷àñîâîþ çì³ííîþ òà Ð³ìàíà–Ë³óâ³ëëÿ çà ãåîìåòðè÷íîþ çì³ííîþ. Ðà-
çîì ç ïðÿìèìè çàäà÷àìè ô³ëüòðàö³¿ ðîçãëÿíóòî îáåðíåíó êðàéîâó çàäà÷ó ùîäî âèçíà÷åííÿ
íåâ³äîìî¿ ôóíêö³¿ äæåðåëà, çàëåæíî¿ ëèøå â³ä ãåîìåòðè÷íî¿ çì³ííî¿. Íàâåäåíî óìîâè ³ñíó-
âàííÿ ðåãóëÿðíèõ ðîçâ’ÿçê³â öèõ çàäà÷.

Êëþ÷îâ³ ñëîâà: ìàòåìàòè÷íå ìîäåëþâàííÿ, äðîáîâî-äèôåðåíö³éíà äèíàì³êà ô³ëüòðàö³éíèõ
ïðîöåñ³â, òð³ùèíóâàòî-ïîðèñò³ ñåðåäîâèùà, íåêëàñè÷í³ ìîäåë³, ïîõ³äí³ Õ³ëüôåðà, Êàïóòî òà
Ð³ìàíà–Ë³óâ³ëëÿ, êðàéîâ³ çàäà÷³, çàìêíåí³ ðîçâ’ÿçêè, ÷èñåëüí³ ðîçâ’ÿçêè.

ÂÑÒÓÏ

Çðîñòàííÿ îáñÿã³â ïðîìèñëîâîãî âèðîáíèöòâà, øèðîêèé ðîçâèòîê ìåë³îðàö³¿, áó-

ä³âíèöòâà ï³äçåìíèõ ñïîðóä òà êîìóí³êàö³é, à òàêîæ ðîçóì³ííÿ âàæëèâîñò³ ïðî-

öåñ³â, ÿê³ â³äáóâàþòüñÿ â ïðèïîâåðõíåâèõ øàðàõ çåìíî¿ êîðè, çóìîâèëè àêòó-

àë³çàö³þ äîñë³äæåíü ´ðóíòîâî-ã³äðîãåîëîã³÷íèõ ñèñòåì ³ ÿâèù ìàñî- òà òåïëîïå-

ðåíîñó â íèõ. Äëÿ óïðàâë³ííÿ âîäíèìè ðåñóðñàìè òà ïðîãíîçóâàííÿ ¿õíüî¿

äèíàì³êè, ðîçâèòêó ³ âïëèâó íà åêîëîã³÷íèé ñòàí äîâê³ëëÿ âàæëèâå çíà÷åííÿ ìà-

þòü ìåòîäè òåîðåòè÷íîãî äîñë³äæåííÿ îñîáëèâîñòåé ïåðåá³ãó ãåîô³ëüòðàö³éíèõ

ïðîöåñ³â, çîêðåìà ìåòîäè ¿õíüîãî ìàòåìàòè÷íîãî ³ êîìï’þòåðíîãî ìîäåëþâàí-

íÿ [1–5]. Ìàòåìàòè÷íå ìîäåëþâàííÿ çàêîíîì³ðíîñòåé òà îñîáëèâîñòåé äèíàì³êè

ô³ëüòðàö³éíèõ ïðîöåñ³â ïåðåíîñó â ñêëàäíèõ ã³äðîãåîëîã³÷íèõ óìîâàõ º àêòóàëü-

íèì íàïðÿìêîì ãåî³íôîðìàòèêè ³ ãåîìàòåìàòèêè. Çàçíà÷èìî, ùî á³ëüø³ñòü â³äî-

ìèõ ìàòåìàòè÷íèõ ìîäåëåé ïðîöåñ³â ïåðåíîñó â ãåîïîðèñòèõ ñåðåäîâèùàõ áàçó-

þòüñÿ íà êëàñè÷íèõ çàêîíàõ ïåðåíîñó, ÿê³ ìîæóòü áóòè íåäîñòàòíüî àäåêâàòíè-

ìè çà óìîâ ñóòòºâîãî â³äõèëåííÿ ñèñòåìè â³ä ð³âíîâàæíîãî ñòàíó [6, 7].

Ó çâ’ÿçêó ç öèì àêòóàëüíîþ º ïðîáëåìà ïîøóêó ³ ïîáóäîâè íîâèõ, àäåêâàòí³øèõ

ìàòåìàòè÷íèõ ìîäåëåé ïðîöåñ³â ïåðåíîñó, ùî áàçóþòüñÿ íà çàêîíàõ ïåðåíîñó,

ñïðàâåäëèâèõ çà óìîâ ñóòòºâîãî â³äõèëåííÿ â³ä ð³âíîâàæíîãî ñòàíó ñèñòåìè.

Åôåêòèâíèé ï³äõ³ä äî ìîäåëþâàííÿ ïðîöåñ³â ïåðåíîñó â òàêèõ ñèñòåìàõ ´ðóí-

òóºòüñÿ íà âèêîðèñòàíí³ àïàðàòó ³íòåãðî-äèôåðåíö³þâàííÿ äðîáîâîãî ïîðÿäêó,

â ìåæàõ ÿêîãî íà öåé ÷àñ ïîáóäîâàíî íèçêó íåêëàñè÷íèõ ìàòåìàòè÷íèõ ìîäåëåé

ïåðåíîñó òà îäåðæàíî íîâ³ ö³êàâ³ ðåçóëüòàòè [4, 5, 8–15].

Ó ðîáîò³ ïîáóäîâàíî àíàë³òè÷í³ ðîçâ’ÿçêè äåÿêèõ îäíîâèì³ðíèõ íå-

ñòàö³îíàðíèõ êðàéîâèõ çàäà÷ ñòîñîâíî íîâèõ, íåêëàñè÷íèõ ô³ëüòðàö³éíèõ ìàòå-

ìàòè÷íèõ ìîäåëåé â òð³ùèíóâàòî-ïîðèñòèõ ñåðåäîâèùàõ. Çàçíà÷åí³ ìàòåìà-

òè÷í³ ìîäåë³ îïèñóþòü äðîáîâî-äèôåðåíö³éíó äèíàì³êó ãåîô³ëüòðàö³éíèõ ïðî-

öåñ³â çà óìîâ ÿê ïðîñòîðîâî¿, òàê ³ ÷àñîâî¿ íåëîêàëüíîñòåé.
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Ìàòåìàòè÷íó ìîäåëü ô³ëüòðàö³¿ íåñòèñëèâèõ êðàïåëüíèõ ð³äèí ó òð³ùèíóâà-

òî-ïîðèñòîìó ñåðåäîâèù³ âïåðøå ïîáóäîâàíî â êëàñè÷íèõ ðîáîòàõ Ã.². Áàðåí-

áëàòòà, Þ.Ï. Æåëòîâà, ².Ì. Êî÷èíî¿ [16, 17], äå îïèñàíî ïðîöåñè ïåðåíîñó çà

ïðèïóùåíü ïðî ñåðåäîâèùà ç ïîäâ³éíîþ ïîðèñò³ñòþ. Òàê³ ñåðåäîâèùà (çîêðå-

ìà, ïîðèñò³ áëîêè, ùî ðîçä³ëåí³ ñèñòåìîþ òð³ùèí) çã³äíî ç ðîçãëÿäóâàíîþ

ìîäåëëþ ââàæàþòüñÿ ñóö³ëüíèìè ³ âñ³ ¿õí³ õàðàêòåðèñòèêè º óñåðåäíåíè-

ìè [18]. Ï³ä ÷àñ ðåàë³çàö³¿ çàïðîïîíîâàíîãî çàçíà÷åíèìè àâòîðàìè ï³äõîäó

äëÿ îïèñó äèíàì³êè ô³ëüòðàö³éíèõ ïðîöåñ³â ó ñåðåäîâèùàõ òàêîãî òèïó âèêî-

ðèñòîâóþòü ìîäåëüíó ñèñòåìó ð³âíÿíü [16–19] ó âèãëÿä³
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Âèõ³äíà ìîäåëüíà ñèñòåìà ð³âíÿíü (1), (2) ñóòòºâî ñïðîùóºòüñÿ [18] çà óìîâ

âèêîíàííÿ ñï³ââ³äíîøåíü �1 1� , �2 1� . Ç óðàõóâàííÿì öèõ îáìåæåíü îäåð-

æóºìî ç (1), (2) ñïðîùåíó ìîäåëüíó ñèñòåìó ð³âíÿíü ô³ëüòðàö³¿ â òð³ùèíóâà-

òî-ïîðèñòîìó ñåðåäîâèù³ ó âèãëÿä³ [18, 19]
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Çàçíà÷èìî, ùî âèêîðèñòàííÿ ñèñòåìè ð³âíÿíü (3), (4) äëÿ ìîäåëþâàííÿ äè-

íàì³êè ô³ëüòðàö³éíèõ ïðîöåñ³â ó òð³ùèíóâàòî-ïîðèñòèõ ñåðåäîâèùàõ íèí³ íà-

áóëî çíà÷íîãî ïîøèðåííÿ [6, 7, 18, 19].

Ó âèïàäêó ìîäåëþâàííÿ íåëîêàëüíèõ ô³ëüòðàö³éíèõ ïðîöåñ³â (çîêðåìà,

ç äðîáîâî-äèôåðåíö³éíîþ çà ÷àñîì ³ ïðîñòîðîì äèíàì³êîþ), âðàõîâóþ÷è íàâå-

äåíå âèùå, äîïóñêàºìî, ùî âèõ³äíó ìîäåëüíó ñèñòåìó ð³âíÿíü óçàãàëüíåíî¿ äðî-

áîâî-äèôåðåíö³éíî¿ ìàòåìàòè÷íî¿ ìîäåë³ ô³ëüòðàö³¿ â òð³ùèíóâàòî-ïîðèñòîìó

ñåðåäîâèù³ (â³äïîâ³äíî¿ äî ìîäåë³, ùî îïèñóºòüñÿ ñèñòåìîþ (1), (2)) ìîæíà

çàïèñàòè ó âèãëÿä³
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Çâ³äñè, çîêðåìà äëÿ � �� �1, � � 2, îòðèìóºìî ìîäåëüíó ñèñòåìó ð³âíÿíü (3), (4)

â êëàñè÷í³é ïîñòàíîâö³ [18, 19].

Âèëó÷àþ÷è ç ñèñòåìè (7), (8) áóäü-ÿêó ç ôóíêö³é p1, p2 , îäåðæóºìî äëÿ

êîæíî¿ ç íåâ³äîìèõ ôóíêö³é p ii ( , )�1 2 ð³âíÿííÿ âèãëÿäó

D p x t D p x t D D p x t f xt x r t x
� � � � � �� � �, ,( , ) ( , ) ( ( , )) ( )� � � (9)

( , )0 1 1 2� � � � �� � � ,

äå f x( ) — ôóíêö³ÿ ³íòåíñèâíîñò³ äæåðåë, p x t( , ) — øóêàíà ôóíêö³ÿ òèñêó.
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Íàéïðîñò³øà çàäà÷à ìàòåìàòè÷íîãî ìîäåëþâàííÿ äèíàì³êè ô³ëüòðàö³éíîãî

ïðîöåñó â òð³ùèíóâàòî-ïîðèñòîìó ìàñèâ³ ç ñèëüíîïðîíèêíèìè ìåæàìè çà
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Ðîçâ’ÿçîê êðàéîâî¿ çàäà÷³ (9)–(11) øóêàòèìåìî ó âèãëÿä³ ðÿäó
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E z� �, ( ) — äâîïàðàìåòðè÷íà ôóíêö³ÿ Ì³òòàã-Ëåôëåðà [22].

Çàäà÷à (13) âèâ÷àëàñü â ïðàöÿõ [23–25], äå äîâåäåíî, ùî ëèøå äëÿ âëàñíèõ

çíà÷åíü � n , ÿê³ º íóëÿìè äâîïàðàìåòðè÷íî¿ ôóíêö³¿ Ì³òòàã-Ëåôëåðà E � � �, ( ),

³ñíóþòü çàçíà÷åí³ âëàñí³ ôóíêö³¿ 
n x( ). Ó ðîáîò³ [26] ïîêàçàíî, ùî ñèñòåìà
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1 óòâîðþº â L2 0 1( , ) íåîðòîãîíàëüíèé áàçèñ. Ñèñòåìà âëàñíèõ

ôóíêö³é çàäà÷³, ñïðÿæåíî¿ äî çàäà÷³ (13), âèçíà÷àºòüñÿ òàêèì ÷èíîì [25]:
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íàëüíó ñèñòåìó ôóíêö³é [27]. Çàïèñóþ÷è ðîçâèíåííÿ ôóíêö³¿ f x( ) ó ðÿä çà
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âëàñíèìè ôóíêö³ÿìè çàäà÷³ (13) ó âèãëÿä³
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f I u t g n Nt n n n
n

n
n n t n

� � �

��

, ( ) ( ) , ( ) ( )� � � ��
�

1

0
(15)

(òóò g g zn n L
� ( , )

( , )2 0 1
, w n Nn n r n� � ��� � ��/ ( ),1 ).

Ðîçâ’ÿçêè çàäà÷ (15) çàïèøåìî ó âèãëÿä³

u t
w

f t g tn
n

n
n n n n( ) ( ) ( )� �

��
� �1 2 ( )n N� , (16)

äå

� �1 1 2
1

n n n nt t E w t t t E w t( ) ( ), ( ) ( ), ,� ��
��

� �
� �

� �
� ( )n N� . (17)

Îòæå, ñï³ââ³äíîøåííÿ (12), (16), (17) º ôîðìàëüíèì ðîçâ’ÿçêîì ïîñòàâëåíî¿

çàäà÷³. Ïîêàæåìî, ùî öåé ðîçâ’ÿçîê º ðåãóëÿðíèì.

Äîïóñòèìî, ùî ôóíêö³ÿ g x( ) çàäîâîëüíÿº óìîâè g x C( ) [ , ]� 0 1 , g( )0 �
� �g( )1 0, � �g ( )1 0. Ç óðàõóâàííÿì öèõ óìîâ ³ â³äîìî¿ íåð³âíîñò³ [22]

| ( ) |
| |

,E z
C

z
� � �

�
1

1
, (18)

0 2
2

� � � � � � �
�

�
�

�

�
�� � � � �

��
�� �, , , | ( ) | , , min , ,R z z C� arg { } 1 0� �const ,

âèêîíóþ÷è ³íòåãðóâàííÿ ÷àñòèíàìè â ñï³ââ³äíîøåíí³ äëÿ ( , )g zn , îäåðæóºìî

îö³íêó

| | ( )( ) ( ( ) )
| |

( ) (,g g x x E x dx g x En n
n

� � � � ��
� 1 1

11

0

1
�

� �
�

��
�

� �
n x dx( ) )1

0

1

� ��

� � � � �
1

0 1 12 2
| |

| ( ) | | ( ) | | ( ) | | ( ) ( ( ), ,
�

� �� �
n

n ng E g x x E x'' � ) | dx

0

1

�
�

�

�
�

�

�

 
 
�

� � � �
�

�

�
�

�

�

�
�
��

�

�
1

0 1
2 1 2

1

0

1
1

2| |
| ( ) | ( )

| |� �

�

n n

C g C x dx
C

( , , , ).C C C n N1 2 1
0� � � (19)

Äîïóñêàþ÷è, ùî ôóíêö³ÿ f x( ) çàäîâîëüíÿº ò³ ñàì³ óìîâè, ùî ³ ôóíêö³ÿ g x( ),

òîáòî f x C( ) [ , ]� 2 0 1 , f f( ) ( )0 1 0� � , � �f ( )1 0 , ìàºìî

| |
| |

( , )f
C

C n Nn

n

� � �
�

�2

2 2
0

�
. (20)

Íà îñíîâ³ ñï³ââ³äíîøåííÿ (16) ç óðàõóâàííÿì (18)–(20) îäåðæóºìî äëÿ

t t� � 0 (t — äîâ³ëüíå äîïîì³æíå ÷èñëî)

| ( ) |
| |

( , )u t
M

M n Nn

n

� � �1

2 1 0
�

.

Âðàõîâóþ÷è â³äïîâ³äíó îö³íêó [25–27] äëÿ âëàñíèõ ôóíêö³é 
n x( ) çàäà÷³ (13),

ìàºìî äëÿ ÷ëåí³â ðÿäó (12)

| ( ) ( ) |
| |

( , , )u t x
M

x
M t t n Nn n

n



�

� � � � �2

3 2 0 0 . (21)
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Îñê³ëüêè âëàñí³ çíà÷åííÿ � n çàäà÷³ (13) äëÿ Im ( )� n � 0 ìàþòü òàê³ âëàñòè-

âîñò³ [26, 28]:

! | | | |� �k k� �1 äëÿ k � 1,

! äëÿ äîñòàòíüî âåëèêèõ n ³ arg ( )�
��

n �
2

ìàºìî | | ~ ( ) ( )� ��
n O n 1 2� � ,

ç óðàõóâàííÿì (21) îäåðæóºìî, ùî ìàæîðóâàëüíèì äëÿ ðÿäó (12) º çá³æíèé

óçàãàëüíåíèé ãàðìîí³÷íèé ðÿä

1
1 2

3
1nn

�
�

�

�

� � �( ). (22)

Òîä³ íà îñíîâ³ ìàæîðàíòíî¿ îçíàêè Âåéºðøòðàñà ðÿä (12) º ð³âíîì³ðíî

çá³æíèì íà ìíîæèí³ � � �: [ , ] [ , )� 	 � �0 1 äëÿ äîâ³ëüíîãî �� 0 ³ ÿâëÿº ñîáîþ

íåïåðåðâíó ôóíêö³þ p x t C( , ) ( )� � � " �� 0 . Àíàëîã³÷íî äîâîäèòüñÿ, ùî

D pt
� �, , D p D D p Cx t x

� � � �
�, ( ) ( ), � � , ÷èì âñòàíîâëþºòüñÿ ³ñíóâàííÿ ðåãóëÿðíî-

ãî ðîçâ’ÿçêó ðîçãëÿäóâàíî¿ ïðÿìî¿ çàäà÷³.

Îáåðíåíó êðàéîâó çàäà÷ó ô³ëüòðàö³¿ â ìåæàõ ðîçãëÿäóâàíî¿ ìàòåìàòè÷íî¿

ìîäåë³ ñôîðìóëþºìî ÿê çàäà÷ó â³äøóêàííÿ â îáëàñò³ Q T: ( , ) ( , )� 	0 1 0 ïàðè

ôóíêö³é { }p x t f x( , ), ( ) íà îñíîâ³ ðîçâ’ÿçàííÿ êðàéîâî¿ çàäà÷³ (9)–(11) çà âèêî-

íàííÿ äîäàòêîâî¿ (ê³íöåâî¿) óìîâè p x T x T( , ) ( ) ( )� �
 0 . Îòæå, âèõ³äíà çàäà÷à

íàáóâàº âèãëÿäó

D p x t D p x t D D p x t f xt x r t x
� � � � � �� � �, ,( , ) ( , ) ( ( , )) ( )� � � , ( , )x t Q� (23)

( , )0 1 1 2� � � � �� � � ,

p t p t( , ) , ( , )0 0 1 0� � ( )0 � �t T , (24)

I p x t g x
t

1

0

�
�

�� ( , ) ( ), p x T x( , ) ( )� 
 ( )0 1� �x , (25)

äå g x( ), 
( )x — ôóíêö³¿ ïî÷àòêîâî¿ ³ ê³íöåâî¿ óìîâ â³äïîâ³äíî.

Ïîçíà÷àþ÷è 
 n êîåô³ö³ºíòè ðîçâèíåííÿ ôóíêö³¿ 
( )x çà âëàñíèìè ôóíêö³ÿìè

çàäà÷³ (13), òîáòî 
 
 
( ) ( )x xn n

n

�
�

�

�
1

, ìàºìî ç îñòàííüî¿ óìîâè (25) ç óðàõóâàí-

íÿì (12) ñï³ââ³äíîøåííÿ

u T n Nn n( ) ( )� �
 , (26)
äå 
 
n n L

z� ( , )
( , )2 0 1

.

Âçÿâøè äî óâàãè (16), ïåðåïèøåìî ñï³ââ³äíîøåííÿ (26) ó âèãëÿä³

w
f T g Tn

n
n n n n n

��

� �1 2( ) ( )� � ( )n N� .

Çâ³äñè ìàºìî

f
g T

w T
n

n n n n

n n

�
��� 
( ( ))

( )

�

�
2

1

( )n N� . (27)

Îòæå, ôîðìàëüíèé ðîçâ’ÿçîê îáåðíåíî¿ êðàéîâî¿ çàäà÷³ âèçíà÷àºòüñÿ

ñï³ââ³äíîøåííÿìè (12), (16), (17), (14), (27). Äàë³ ïîêàæåìî, ùî çà ïåâíèõ

óìîâ îäåðæàíèé ðîçâ’ÿçîê çàäà÷³ (23)–(25) º êëàñè÷íèì ðîçâ’ÿçêîì, à çíàéäå-

íà ôóíêö³ÿ äæåðåëà f x( ) íåïåðåðâíà.

Íåõàé ôóíêö³ÿ 
( )x çàäîâîëüíÿº ò³ ñàì³ óìîâè, ùî îçíà÷åí³ ðàí³øå äëÿ

ôóíêö³¿ g x( ). Òîä³, ÿê ïîêàçàíî âèùå, ç óðàõóâàííÿì çàçíà÷åíèõ óìîâ äëÿ

ôóíêö³é 
( )x , g x( ) ìàþòü ì³ñöå òàê³ îö³íêè:

| |
| |

, | |
| |

( , , )g
M M

M M n Nn

n

n

n

� � � �
� �

� �1

2

2

2 1 2
0

�



�
. (28)
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Ïåðø í³æ çíàéòè îö³íêó ÷ëåí³â ðÿäó (14), çàóâàæèìî, ùî äëÿ f n , âèçíà÷å-

íèõ çã³äíî ç (27), ç óðàõóâàííÿì E w Tn�
�( ) #1 ìàº ì³ñöå íåð³âí³ñòü

1

1
0

| ( ) |
( , )

E w T
C C n N

n�
� �

� � � �� � const . (29)

Îòæå, âðàõîâóþ÷è ñï³ââ³äíîøåííÿ (27)–(29), îäåðæóºìî

| ( ) | | | | ( ) |
( )

( )
| | |f x x

g T

w T
n n n n

n n n

n n
n n
 � � 




� � 
�

�
�

�

�
2

1

( ) |
| ( ) |

| ( ) |
x

g T

E w T

n n n

n




�
�

�

�
�

�2

1

� � � �
�

�| ( ) |
| | | |

( , , )

� �

n
n n

x
M M

x
M M n N3 3

2 3 3
0 . (30)

Áåðó÷è äî óâàãè àñèìïòîòèêó âëàñíèõ çíà÷åíü çàäà÷³ (13), íà îñíîâ³ (30)

äîõîäèìî âèñíîâêó, ùî äëÿ ðÿäó (14), (27) ìàæîðóâàëüíèì º çá³æíèé óçàãàëüíå-

íèé ãàðìîí³÷íèé ðÿä
1

1 2
2

1nn
�

�
�

�

� � �( ). (31)

Îòæå, íà îñíîâ³ ìàæîðàíòíî¿ îçíàêè Âåéºðøòðàñà â³äïîâ³äíèé ðÿä äëÿ ôóíêö³¿

f x( ) º ð³âíîì³ðíî çá³æíèì ³ f x C( ) [ , ]� 0 1 . Çàñòîñîâóþ÷è íàâåäåí³ âèùå îö³íêè

äî (16), îäåðæóºìî, ùî ìàæîðóâàëüíèì äëÿ ðÿäó (12) º óçàãàëüíåíèé ãàð-

ìîí³÷íèé ðÿä (22). Òàêèì ÷èíîì, ðÿä (12) º ð³âíîì³ðíî çá³æíèì íà ìíîæèí³

Q T� �: [ , ] [ , ]� 	0 1 äëÿ äîâ³ëüíîãî �� 0 ³ ÿâëÿº ñîáîþ íåïåðåðâíó ôóíêö³þ

p x t C Q( , ) ( ).� � Àíàëîã³÷íî äîâîäèòüñÿ, ùî D pt
� �, , D px

� , D D p C Qt x
� � �

�
, ( ) ( )� .

Îòæå, ³ñíóº ðåãóëÿðíèé ðîçâ’ÿçîê { }p x t f x( , ), ( ) ðîçãëÿäóâàíî¿ îáåðíåíî¿ çàäà÷³.

Ëåãêî âïåâíèòèñÿ â ºäèíîñò³ öüîãî ðîçâ’ÿçêó.

ÂÈÏÀÄÎÊ ×ÀÑÎÂÎ¯ ÍÅËÎÊÀËÜÍÎÑÒ² ÇÀ ÊÀÏÓÒÎ. ÌÅÒÎÄÈÊÀ ×ÈÑÅËÜÍÎÃÎ
ÐÎÇÂ’ßÇÀÍÍß Ô²ËÜÒÐÀÖ²ÉÍÎ¯ ÊÐÀÉÎÂÎ¯ ÇÀÄÀ×²

Â îêðåìîìó âèïàäêó íàÿâíîñò³ ÷àñîâî¿ íåëîêàëüíîñò³ çà Êàïóòî â³äïîâ³äíå

ìîäåëüíå ð³âíÿííÿ ô³ëüòðàö³¿ îäåðæóºòüñÿ ç (9) äëÿ � �1 ³ íàáóâàº âèãëÿäó

D p x t D p x t D D p x t qt x r t x
( ) ( )( , ) ( , ) ( ( , ))� � � �� � �� � � (32)

( , )0 1 1 2� � � �� � ,

äå Dt
( )� — îïåðàòîð äðîáîâî¿ ïîõ³äíî¿ Êàïóòî ïîðÿäêó � çà çì³ííîþ t [4, 5, 9,

21, 23, 24], q — çàäàíà ôóíêö³ÿ ³íòåíñèâíîñò³ äæåðåë, p x t( , ) — øóêàíà ôóíê-

ö³ÿ òèñêó.

Çàäà÷à ìîäåëþâàííÿ äèíàì³êè ô³ëüòðàö³éíîãî ïðîöåñó â òð³ùèíóâàòî-ïîðèñ-

òîìó ìàñèâ³ (íàïðèêëàä, ç ñèëüíîïðîíèêíèìè ìåæàìè) çà óìîâ ïðîñòîðîâî-÷àñîâî¿

íåëîêàëüíîñò³ çâîäèòüñÿ äî ðîçâ’ÿçàííÿ â îáëàñò³ � � 	 � �{ }( , ) : ( , ) ( , )x t 0 1 0 êðà-

éîâî¿ çàäà÷³ äëÿ ð³âíÿííÿ (32) çà âèêîíàííÿ óìîâ

p t p t( , ) , ( , )0 0 1 0� � ( )t � 0 , (33)

p x p x( , ) ( )( )0 0� ( [ , ])x � 0 1 , (34)

äå p x( ) ( )0 — ôóíêö³ÿ ïî÷àòêîâî¿ óìîâè, p x L( ) ( ) [ , ]0 2 0 1� .

Ðîçâ’ÿçîê çàäà÷³ (32)–(34) ó âèïàäêó q q x� ( ) îäåðæóºìî, ïîêëàâøè � �1,

f q� ó çíàéäåíîìó ðîçâ’ÿçêó çàäà÷³ (9)–(14), âèçíà÷åíîìó ñï³ââ³äíîøåííÿ-

ìè (12), (14), (16). Òîä³ ìàòèìåìî

u t
w

q t p tn
n

n
n n n n( ) ( ) ( )( )� � �

��
� �1

0
2 ( )n N� , (35)
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äå ïîçíà÷åíî

�2n nt E w t* ( ) ( )� �
� , q q z p p zn n L n n L

� �( , ) , ( , )
( , )

( ) ( )
( , )2 20 1

0 0
0 1

,

wn n r n� ��� � ��/ ( )1 ( )n N� ,

à ôóíêö³ÿ �1n t( ) âèçíà÷àºòüñÿ ïåðøèì ³ç ñï³ââ³äíîøåíü (17). Îòæå, ðîçâ’ÿçîê

êðàéîâî¿ çàäà÷³ îïèñóºòüñÿ ñï³ââ³äíîøåííÿìè (12), (35).

Ðîçãëÿíåìî îäíó ç ìîæëèâèõ ìåòîäèê ÷èñåëüíîãî ìîäåëþâàííÿ äèíàì³êè

ô³ëüòðàö³éíîãî ïðîöåñó â ìåæàõ ìîäåë³, ùî áàçóºòüñÿ íà ð³âíÿíí³ (32), äå q q x t� ( , ).

Óâåäåìî ð³çíèöåâó ñ³òêó 
 �h ç êðîêàìè h, � çà ãåîìåòðè÷íîþ çì³ííîþ òà ÷à-

ñîì â³äïîâ³äíî: 
 �h i j ix t x ih� �{( , ): ( , ), ( , )}i m t j j Nj� � � � �0 1 0 1� .

Äëÿ äèñêðåòèçàö³¿ ð³âíÿííÿ âèêîðèñòîâóâàòèìåìî àïðîêñèìàö³þ ïîõ³äíî¿

Êàïóòî çà ÷àñîì [29]

D u u O i m j Nt i
j

t i
j( ) ( ) ( ) ( ) ( , , , )� � ��� � �� � � �1 1 2 1 0$ , (36)

äå

$



t i
j

k i
j k

i
j k

k

j

u b u u( ) ( )
( )

( )�

�� �

� � � �

�

�
�

��1 1

0

1

2
, b k kk � � �� �( )1 1 1� � .

Àïðîêñèìàö³ÿ äðîáîâî¿ ïîõ³äíî¿ çà ãåîìåòðè÷íîþ çì³ííîþ çã³äíî ç ôîðìó-

ëîþ Ãðþíâàëüäà [30] ìàº âèãëÿä

D u u O h
h

g u O h ix i
j

x i
j

s

s

i

i s
j� �

�
� � � � �

�

�

� ��$ ( ) ( ) ( ) ( ,
1

1

0

1

1
m j N, , )� �1 1 , (37)

äå g
s

s
g s ms s�

� ��

�
�

�

�
� � ��

� 1
1 11 ( , ), g0 1� .

Äëÿ àïðîêñèìàö³¿ ïîõ³äíî¿ çà ãåîìåòðè÷íîþ çì³ííîþ â ìîìåíò ÷àñó t j�1

àíàëîã³÷íî äî [31] ðîçãëÿäàòèìåìî âàð³àíò ð³çíèöåâî¿ ñõåìè, çã³äíî ç ÿêèì ëèøå

òðè òî÷êè: i – 1, i, i �1 òðàêòóþòüñÿ ÿê íåÿâí³, òîáòî äîïóñòèìî, ùî

D u u
h

u g u g ux i
j

x i
j

i
j

i
j

i
j� �

�

� �
�
� �

�
�% � � �1 1

1
1

1
1

2 1
11~

( ):$ �
�

�

�
�

�

�

�
�

�

�

� �� g us

s

i

i s
j

3

1

1
(38)

( , , , )i m j N� �1 0 .

Òóò ( )
 &
�

�

�
s

i

3

1

0, i� 2 .

Ç óðàõóâàííÿì ñï³ââ³äíîøåíü (36)–(38) ïîñòàâèìî ó â³äïîâ³äí³ñòü çàäà-

÷³ (32)–(34) ð³çíèöåâó çàäà÷ó

$ $ $t i
j

x i
j

i
j

i
ju u q( ) ( )

~
( )� � ���� �� � �1 1 ( , , , )i m j N� �1 0 , (39)

u u u pj
m
j

i i0
1

1
1 0 00 0�

�
�� � �, , ( ) ( , , , )i m j N� � �0 1 0 ,

äå
��

� �

��

� �
$
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j r
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k

s

i

s i s
j k

i
h

b g u u�
�

�
�

�

�

�

� �
�� �

( )
(

2 0

1

0

1

1 � �
� �
s

j k
1

1 ) ( , , , )i m j N� �1 1 , (40)

ïðè÷îìó ��$ i i m0 0 1� �( , ) .

Ïðåäñòàâëÿþ÷è â (39) ð³çíèöåâ³ îïåðàòîðè çã³äíî ç³ ñï³ââ³äíîøåííÿìè (36),
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Ñèñòåìà ð³âíÿíü (41) åôåêòèâíî ðîçâ’ÿçóºòüñÿ â³äîìèìè ìåòîäàìè [2].

²ìïëåìåíòàö³þ ö³º¿ ÷èñåëüíî¿ ìåòîäèêè çä³éñíåíî íà ïðèêëàä³ çàäà÷³

(32)–(34) â ðàç³ ôóíêö³¿ ïî÷àòêîâîãî òèñêó p x x x( ) ( ) ( )0 2 1� � òà ôóíêö³¿ äæåðå-

ëà âèãëÿäó

q x t x x x x( , ) ( ) ( )
( ) ( )

� � � �
�

�
�

�

�
��

�

�
��

�2 21 1
2

3

4

4




 

� �

� �

� ( ( ))1 1� � �t r
� � �
 .

Òî÷íèé ðîçâ’ÿçîê òåñòîâî¿ êðàéîâî¿ çàäà÷³ çàïèñóºòüñÿ ó âèãëÿä³ p x� �( )

� � �x x t2 1 1( )( )� .

Äåÿê³ ç îòðèìàíèõ ãðàô³÷íèõ ðåçóëüòàò³â êîìï’þòåðíîãî ìîäåëþâàííÿ äè-

íàì³êè ôóíêö³¿ òèñêó (â áåçðîçì³ðíèõ çì³ííèõ t, x) ïðåäñòàâëåíî íà ðèñ. 1 (íåïå-

ðåðâí³ ë³í³¿ âèçíà÷àþòü ãðàô³êè íàáëèæåíîãî ðîçâ’ÿçêó çàäà÷³, êðàïêè íà

ãðàô³êàõ — çíà÷åííÿ òî÷íîãî ðîçâ’ÿçêó). Â³äïîâ³äí³ ÷èñëîâ³ çíà÷åííÿ íàáëèæå-

íîãî ³ òî÷íîãî ðîçâ’ÿçê³â òåñòîâî¿ çàäà÷³ â ð³çí³ ìîìåíòè ÷àñó íàâåäåíî â òàáë. 1.

Çàëåæí³ñòü â³äíîñíî¿ L2-ïîõèáêè E p p pre
�� � � �| | | | / | | | | â³äõèëåííÿ òî÷íîãî

³ íàáëèæåíîãî ðîçâ’ÿçê³â (íà ô³êñîâàíèé ìîìåíò ÷àñó t � 1.0) â³ä ïîðÿäêó � äðî-

áîâî¿ ïîõ³äíî¿ (äëÿ ô³êñîâàíîãî çíà÷åííÿ ïîðÿäêó �) â³äîáðàæåíî íà ðèñ. 2.

Â³äïîâ³äíó çàëåæí³ñòü â³äíîñíî¿ ïîõèáêè â³ä ïîðÿäêó � (äëÿ ô³êñîâàíîãî �)

ïîêàçàíî íà ðèñ. 3.

Îòæå, ðåçóëüòàòè ðîçðàõóíê³â ñâ³ä÷àòü ïðî åôåêòèâí³ñòü ïðåäñòàâëåíî¿ ìåòî-

äèêè ÷èñåëüíîãî ìîäåëþâàííÿ íåëîêàëüíèõ ó ÷àñ³ ³ ïðîñòîð³ ïðîöåñ³â ô³ëüòðàö³¿

â òð³ùèíóâàòî-ïîðèñòîìó ñåðåäîâèù³.
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Ðèñ. 1. Ãðàô³ê äèíàì³êè ôóíêö³¿ òèñêó â îáëàñò³ ô³ëüòðàö³¿ äëÿ � � 0.8, � � 1.8 ó äèñêðåòí³
ìîìåíòè ÷àñó: t � 0.25 (1), t � 1.0 (2), t � 2.0 (3); � � 0.1, � r � �10 3



Êîðîòêî çóïèíèìîñÿ íà ³íøèõ ðåçóëüòàòàõ êîìï’þòåðíîãî ìîäåëþâàííÿ
äèíàì³êè ô³ëüòðàö³éíîãî ïðîöåñó ñòîñîâíî ö³º¿ ìåòîäèêè, à ñàìå ðîçðàõóíêó íà-
áëèæåíîãî ðîçâ’ÿçêó çàäà÷³ çà â³äñóòíîñò³ äæåðåë q & 0 ³ ôóíêö³¿ ïî÷àòêîâîãî

ðîçïîä³ëó òèñêó âèãëÿäó p x x x( ) ( ) ( )0 1� � . Â³äïîâ³äíó äèíàì³êó ôóíêö³¿ òèñêó

â äèñêðåòí³ ìîìåíòè ÷àñó â îáëàñò³ ô³ëüòðàö³¿ äëÿ � � 0.6, � � 1.8 ãðàô³÷íî ïðåä-
ñòàâëåíî íà ðèñ. 4.

Çàëåæí³ñòü ôóíêö³¿ òèñêó â îáëàñò³ ô³ëüòðàö³¿ (äëÿ ìîìåíòó ÷àñó t* ) â³ä âå-

ëè÷èíè ïîðÿäêó ïîõ³äíî¿ � äëÿ ô³êñîâàíîãî çíà÷åííÿ ïîðÿäêó ³íøî¿ ïîõ³äíî¿ �

³ëþñòðóº ðèñ. 5. Â³äïîâ³äí³ êðèâ³ ôóíêö³¿ òèñêó äëÿ ð³çíèõ çíà÷åíü ïîðÿäêó � çà

ô³êñîâàíîãî çíà÷åííÿ � íàâåäåíî íà ðèñ. 6.

Ãðàô³÷í³ ïðèêëàäè íàî÷íî ï³äòâåðäæóþòü ÿê³ñíå óçãîäæåííÿ ðåçóëüòàò³â
ìîäåëþâàííÿ äèíàì³êè ô³ëüòðàö³éíîãî ïðîöåñó â ìåæàõ íåêëàñè÷íî¿ ìàòåìà-
òè÷íî¿ ìîäåë³ ç ô³çè÷íèìè ïîëîæåííÿìè, ùî õàðàêòåðèçóþòü ïðîöåñ ô³ëüòðàö³¿
â òð³ùèíóâàòî-ïîðèñòîìó ñåðåäîâèù³. Çîêðåìà, ìàþòü ì³ñöå: ðîçñ³þâàííÿ ïîë³â
ïî÷àòêîâèõ òèñê³â ç ïëèíîì ÷àñó çà â³äñóòíîñò³ äæåðåë òèñêó (ðèñ. 4); çàòðèìêà
ðîçñ³þâàííÿ ïîë³â òèñêó â ðàç³ âðàõóâàííÿ åôåêò³â ïàì’ÿò³ ïîð³âíÿíî ç îïèñîì
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Ðèñ. 2. Çàëåæí³ñòü ïîõèáêè Ere
��

ó ô³êñîâàíèé ìîìåíò ÷àñó â³ä ïîðÿäêó äðîáîâî¿ ïîõ³äíî¿ � äëÿ
ô³êñîâàíîãî ïîðÿäêó � � 1.8

Ere
�� 
104

�

Ò à á ë è ö ÿ 1. ×èñëîâ³ çíà÷åííÿ íàáëèæåíîãî ³ òî÷íîãî ðîçâ’ÿçê³â òåñòîâî¿

çàäà÷³ äëÿ � � 0.8, � � 1.8 ó ô³êñîâàí³ ìîìåíòè ÷àñó

x

Íàáëèæåíèé
ðîçâ’ÿçîê

Òî÷íèé
ðîçâ’ÿçîê

Íàáëèæåíèé
ðîçâ’ÿçîê

Òî÷íèé
ðîçâ’ÿçîê

Íàáëèæåíèé
ðîçâ’ÿçîê

Òî÷íèé
ðîçâ’ÿçîê

t � 0.25 t � 1.0 t � 2.0

0.1 0.0117782 0.0117553 0.0177490 0.0176718 0.0243520 0.0242166

0.2 0.0418597 0.0418540 0.0629667 0.0629194 0.0863122 0.0862216

0.3 0.0825270 0.0825454 0.1240950 0.1240910 0.1700730 0.1700480

0.4 0.1260330 0.1260790 0.1894890 0.1895350 0.2596780 0.2597290

0.5 0.1646310 0.1647030 0.2475020 0.2475990 0.3391660 0.3392980

0.6 0.1905730 0.1906680 0.2864850 0.2866330 0.3925740 0.3927870

0.7 0.1961110 0.1962230 0.2947900 0.2949830 0.4039400 0.4042300

0.8 0.1734980 0.1736170 0.2607680 0.2609990 0.3572990 0.3576600

0.9 0.1149850 0.1150980 0.1727710 0.1730280 0.2366880 0.2371100

1 0 0 0 0 0 0
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ô³êñîâàíîãî ïîðÿäêó � � 0.8
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Ðèñ. 4. Ãðàô³ê äèíàì³êè ôóíêö³¿ òèñêó â îáëàñò³ ô³ëüòðàö³¿ äëÿ ô³êñîâàíèõ �, � çà â³äñóòíîñò³
äæåðåë: t � 0.0 (1), t � 0.25 (2), t � 1.0 (3)
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Ðèñ. 5. Ãðàô³ê äèíàì³êè ôóíêö³¿ òèñêó â îáëàñò³ ô³ëüòðàö³¿ ó ô³êñîâàíèé ìîìåíò ÷àñó t� çàëåæíî
â³ä âåëè÷èíè ïîðÿäêó � äðîáîâî¿ ïîõ³äíî¿: � � 0.6 (1), � � 0.8 (2), � � 1.0 (3); t� � 2.0, � � 1.8



ïðîöåñó â ìåæàõ êëàñè÷íî¿ ìàòåìàòè÷íî¿ ìîäåë³ (ðèñ. 5); íàÿâí³ñòü ãîðèçîí-
òàëüíî¿ äåôîðìàö³¿ ïî÷àòêîâî îñåñèìåòðè÷íèõ êðèâèõ ðîçïîä³ëó òèñêó â ðàç³
âðàõóâàííÿ â ìîäåë³ íåëîêàëüíîñò³ ïðîöåñó çà ãåîìåòðè÷íîþ çì³ííîþ (ðèñ. 6).

ÇÀÄÀ×À ÌÎÄÅËÞÂÀÍÍß ÄÈÍÀÌ²ÊÈ Ô²ËÜÒÐÀÖ²ÉÍÎÃÎ ÏÐÎÖÅÑÓ ÍÀ ÎÑÍÎÂ²
ÂÈÕ²ÄÍÎ¯ ÌÎÄÅËÜÍÎ¯ ÑÈÑÒÅÌÈ

Ó âèïàäêó âèõ³äíî¿ ìîäåëüíî¿ ñèñòåìè ð³âíÿíü (5), (6) çàäà÷à ìàòåìàòè÷íîãî

ìîäåëþâàííÿ äèíàì³êè ô³ëüòðàö³éíîãî ïðîöåñó â òð³ùèíóâàòî-ïîðèñòîìó ìà-

ñèâ³ ç ïðîíèêíèìè ãðàíÿìè çà óìîâ ÷àñîâî¿ íåëîêàëüíîñò³ çâîäèòüñÿ äî ðîç-

â’ÿçàííÿ â îáëàñò³ � êðàéîâî¿ çàäà÷³

�
�

�� � �
1 1

2 1
1 1D p x t

p p
D p x t f xt

r
x

, ( , ) ( , ) ( )�
�

� � , (42)

D p x t
p p

D p x t f xt
r

x
� � �

�
� �, ( , ) ( , ) ( )2

2 1
2 2 2�

�
� � , (43)

p t p ti i( , ) , ( , )0 0 1 0� � ( , , )t i� �0 1 2 , (44)

I p x t g x I p x t g x
t t

1
1 0 1

1
2 0 2

�
�

�
�

� �� �( , ) ( ), ( , ) ( ) ( )0 1� �x , (45)

äå g x1 ( ), g x2 ( ) — çàäàí³ ôóíêö³¿ ïî÷àòêîâèõ óìîâ, f x1 ( ), f x2 ( ) — ôóíêö³¿ ³í-

òåíñèâíîñò³ äæåðåë, 0 1� � �� � , � �2, f g Li i, ( , )� 2 0 1 ( , )i �1 2 .

Øóêàþ÷è ðîçâ’ÿçîê çàäà÷³ (42)–(45) ó âèãëÿä³

p x t u t xi n
i

n

n

( , ) ( ) ( )( )�
�

�

� 

1

(( , ) , , )x t i� �� 1 2 , (46)

äå 
n x( ) — âëàñí³ ôóíêö³¿ çàäà÷³ (13), îäåðæóºìî äëÿ çíàõîäæåííÿ íåâ³äî-

ìèõ ôóíêö³é u t n N in
i( ) ( ) ( , , )� �1 2 òàê³ ïîñë³äîâíîñò³ çàäà÷ Êîø³:

�
�

��
�

� �
1

1 1 21 1
D u t u t u tt n

r
n n

r
n

, ( ) ( ) ( )( ) ( ) (� �
�

�
��

�

�
�� � ) ( )( )� �f n Nn

1 , (47)

D u t u t u tt n
r

n n
r

n
� �

�
�� �

�

, ( ) ( ) ( )( ) ( ) (2
2

2 11 1
� �
�

�
��

�

�
�� � ) ( )( )� �f n Nn

2 , (48)

I u t g n N in
i

t n
i1

0
1 2�

�
� � �� ( ) ( )( ) ( , , ), (49)

äå f g n n N in
i

n
i

n
( ) ( ), , ( , , )� �� � �2 2 1 2 — êîåô³ö³ºíòè ðîçâèíåííÿ ôóíêö³é
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Ðèñ. 6. Ãðàô³ê äèíàì³êè ôóíêö³¿ òèñêó ó ô³êñîâàíèé ìîìåíò ÷àñó t� çàëåæíî â³ä âåëè÷èíè ïî-
ðÿäêó ïîõ³äíî¿ � äëÿ ô³êñîâàíîãî çíà÷åííÿ ïîðÿäêó �: � � 1.6 (1), � � 1.8 (2), � � 2.0 (3);
t� � 0.25, � � 0.8



f xi ( ), g xi ( ) ( , )i �1 2 â ðÿäè çà âëàñíèìè ôóíêö³ÿìè çàäà÷³ (13),

f f x z xn
i

i n L
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( ( ), ( ))� 2 0 1

, g g x z xn
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i n L
( )

( , )
( ( ), ( ))� 2 0 1

. Äîìíîæóþ÷è ð³âíÿííÿ

(48) íà ä³éñíèé ìíîæíèê � # 0 ³ äîäàþ÷è îäåðæàíèé ðåçóëüòàò äî (47), ìàºìî
ñï³ââ³äíîøåííÿ
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Ïîêëàäàþ÷è â îñòàííüîìó ñï³ââ³äíîøåíí³
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çàïèøåìî ñï³ââ³äíîøåííÿ (50) ó âèãëÿä³
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Ç³ ñï³ââ³äíîøåíü (52) ç óðàõóâàííÿì óìîâ (49) çíàõîäèìî ïî÷àòêîâ³ óìîâè
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Ðîçâ’ÿçêè çàäà÷ (53), (55) çàïèøåìî ó âèãëÿä³
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Òîä³ ç óðàõóâàííÿì (52) òà (56), (57) ìàòèìåìî

u t
t t
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n n n n

n n

n
( )

( ) ( ) ( ) ( )

( ) ( )
( )

( ) ( )
,1

1 2 2 1

1 2
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� �
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( ) ( )
( )

( ( ) ( ))2 1
1 2

1 2
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t tn n
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�
�

�
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� �
( ) .n N� (58)

Îòæå, ôîðìàëüíèé ðîçâ’ÿçîê ðîçãëÿäóâàíî¿ çàäà÷³ âèçíà÷àºòüñÿ ñï³ââ³äíî-

øåííÿìè (46), (58), (56), (57), (54), (55), (51). Îäåðæàíèé ðîçâ’ÿçîê º ðåãóëÿðíèì

ðîçâ’ÿçêîì ö³º¿ çàäà÷³.

Ä³éñíî, çà óìîâ f x Ci ( ) [ , ]� 2 0 1 , f fi i( ) ( )0 1 0� � , � �f i ( )1 0, g x Ci ( ) [ , ]� 2 0 1 ,

g gi i( ) ( )0 1 0� � , � �gi ( )1 0 ( , )i �1 2 ìàºìî ñï³ââ³äíîøåííÿ

| |
| |

, | |
| |

( , , , ,( ) ( )f
C

g
C

C C i nn
i i

n

n
i i

n

i i� � � � �
�

�

� �2 2
0 1 2 N ) . (59)
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Ç³ ñï³ââ³äíîøåíü (54), (55) ç óðàõóâàííÿì (59) îäåðæóºìî

| |
| |

, | |
| |

( , , , ,( ) ( )F
M M

M M i nn
i

n
n
i

n

� � � � �
� �

� �1 2
1 2

0 1 2
�

�
�

N ) . (60)

Âðàõîâóþ÷è (59), (60), (56), ç³ ñï³ââ³äíîøåíü (58) ìàºìî äëÿ t t� � 0 (t — äî-

â³ëüíå äîïîì³æíå ÷èñëî) òàê³ îö³íêè:

| ( ) ( ) |
| |

, | ( ) ( ) |
| |

( ) ( )u t x
M

x
u t x

M

x
n n

n

n n

n

1 3

2

2 3

3



�



�
� �

�

(61)

( , , , )M M t t n N3 3
0 0� � � � � .

Îñê³ëüêè, ÿê çàçíà÷àëîñü, äëÿ äîñòàòíüî âåëèêèõ çíà÷åíü n ìàº ì³ñöå òàêà

àñèìïòîòèêà âëàñíèõ çíà÷åíü [26, 28]: | | ~ ( )� �
n O n ( )� � 2 , íà îñíîâ³ ñï³ââ³äíî-

øåíü (61) ðîáèìî âèñíîâîê, ùî ìàæîðóâàëüíèìè äëÿ ðÿä³â (46) º óçàãàëüíåí³
ãàðìîí³÷í³ ðÿäè (22), (31). Òîä³ ðÿäè (46) º ð³âíîì³ðíî çá³æíèìè íà ìíîæèí³
� � �: [ , ] [ , )� 	 � �0 1 äëÿ äîâ³ëüíîãî �� 0 ³ âèçíà÷àþòü íåïåðåðâí³ ôóíêö³¿
p x t p x t C1 2( , ), ( , ) ( )� � � .

ÂÈÑÍÎÂÊÈ

Ó ðîáîò³ îäåðæàíî çàìêíåí³ ðîçâ’ÿçêè äåÿêèõ îäíîâèì³ðíèõ íåñòàö³îíàðíèõ êðà-
éîâèõ çàäà÷ àíîìàëüíî¿ ô³ëüòðàö³éíî¿ äèíàì³êè â òð³ùèíóâàòî-ïîðèñòèõ ïëàñòàõ.
Ïîñòàíîâêè â³äïîâ³äíèõ êðàéîâèõ çàäà÷ âèêîíàíî â ìåæàõ ìàòåìàòè÷íèõ ìîäå-
ëåé, ùî îïèñóþòü äðîáîâî-äèôåðåíö³éíó äèíàì³êó ïðîöåñ³â ô³ëüòðàö³¿ çà óìîâ
ÿê ïðîñòîðîâî¿, òàê ³ ÷àñîâî¿ íåëîêàëüíîñòåé òà ì³ñòÿòü ïîõ³äí³ Õ³ëüôåðà àáî
Êàïóòî çà ÷àñîâîþ çì³ííîþ ³ Ð³ìàíà–Ë³óâ³ëëÿ çà ãåîìåòðè÷íîþ çì³ííîþ. Ðàçîì
ç ïðÿìèìè çàäà÷àìè ô³ëüòðàö³¿ ðîçãëÿíóòî òàêîæ îáåðíåíó êðàéîâó çàäà÷ó ùîäî
âèçíà÷åííÿ íåâ³äîìî¿ ôóíêö³¿ äæåðåëà, çàëåæíî¿ â³ä ãåîìåòðè÷íî¿ çì³ííî¿. Íàâå-
äåíî óìîâè ³ñíóâàííÿ ðåãóëÿðíèõ ðîçâ’ÿçê³â ðîçãëÿíóòèõ çàäà÷. Äëÿ îêðåìîãî
âèïàäêó ÷àñîâî¿ íåëîêàëüíîñò³ çà Êàïóòî çàïðîïîíîâàíî ìåòîäèêó ÷èñåëüíîãî
ìîäåëþâàííÿ äèíàì³êè ô³ëüòðàö³éíîãî ïðîöåñó.
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V.M. Bulavatsky, V.O. Bohaienko
BOUNDARY-VALUE PROBLEMS FOR SPACE-TIME FRACTIONAL DIFFERENTIAL
FILTRATION DYNAMICS IN FRACTURED-POROUS MEDIA

Abstract. Closed-form solutions are obtained for some non-stationary boundary-value problems
of filtration dynamics in fractured-porous formations, posed within the framework of
fractional-differential mathematical models, taking into account the space-time nonlocality of
the process. The indicated mathematical models of anomalous filtration dynamics are
formulated using the Hilfer or Caputo derivatives with respect to the time variable and the
Riemann–Liouville derivative with respect to the geometric variable. Along with direct
filtration problems, we also consider the inverse boundary-value problem of determining the
unknown source function that depends only on the geometric variable. Conditions of the
existence of regular solutions for the considered problems are given.

Keywords: mathematical modeling, fractional-differential dynamics of filtration processes,
fractured-porous media, non-classical models, Hilfer, Caputo, and Riemann–Liouville
derivatives, boundary value problems, closed-form solutions, numerical solutions.
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