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Àíîòàö³ÿ. Ïîñòàâëåíî ³ çà ñåðåäíüîêâàäðàòè÷íèì êðèòåð³ºì ðîçâ’ÿçàíî ïî÷àòêîâî-êðàéîâ³
çàäà÷³ äèíàì³êè íåë³í³éíèõ ïðîñòîðîâî-ðîçïîä³ëåíèõ ñèñòåì. Ðîçãëÿíóòî ñèñòåìè, ìàòåìà-
òè÷íà ìîäåëü ÿêèõ ïîáóäîâàíà äîáóòêîì äâîõ (àáî ê³ëüêîõ) äèôåðåíö³àëüíèõ ïåðåòâîðåíü
¿õíüî¿ ôóíêö³¿ ñòàíó. Áóäóþòüñÿ àíàë³òè÷í³ çàëåæíîñò³ ö³º¿ ôóíêö³¿ çà íàÿâíîñò³ äèñêðåò-
íî ³ íåïåðåðâíî âèçíà÷åíèõ ïî÷àòêîâî-êðàéîâèõ ñïîñòåðåæåíü çà íèìè áåç îáìåæåíü íà
ê³ëüê³ñòü òà ÿê³ñòü îñòàíí³õ. Îö³íåíî òî÷í³ñòü ìíîæèí îòðèìàíèõ ðîçâ’ÿçê³â òà
äîñë³äæåíî ¿õíþ îäíîçíà÷í³ñòü.

Êëþ÷îâ³ ñëîâà: íåë³í³éí³ äèíàì³÷í³ ñèñòåìè, ñèñòåìè ç íåâèçíà÷åíîñòÿìè, ñèñòåìè
ç ðîçïîä³ëåíèìè ïàðàìåòðàìè, ïðîñòîðîâî-ðîçïîä³ëåí³ ñèñòåìè, ïñåâäîðîçâ’ÿçêè, íåêî-
ðåêòí³ ïî÷àòêîâî-êðàéîâ³ çàäà÷³.

ÂÑÒÓÏ

Äîñë³äæåííÿ íåë³í³éíèõ ïðîñòîðîâî-ðîçïîä³ëåíèõ äèíàì³÷íèõ ñèñòåì º äîñ-
òàòíüî ñêëàäíîþ ïðîáëåìîþ [1], íåçâàæàþ÷è íà ¿õíþ àêòóàëüí³ñòü [2].

Ïðîáëåìè ðîçâ’ÿçàííÿ ïî÷àòêîâî-êðàéîâèõ çàäà÷ áóäóòü âçàãàë³ íåï³äéîì-
íèìè, ÿêùî ö³ çàäà÷³ ôîðìóëþþòüñÿ íåêîðåêòíî çà ê³ëüê³ñòþ òà ÿê³ñòþ (äèñ-
êðåòí³, íåïåðåðâí³) ãðàíè÷íî-ïî÷àòêîâèõ ñïîñòåðåæåíü.

Äëÿ ðîçâ’ÿçàííÿ çàäà÷ äèíàì³êè ïðîñòîðîâî-ðîçïîä³ëåíèõ íåäîâèçíà÷åíèõ
çà ïî÷àòêîâî-êðàéîâèìè ñïîñòåðåæåííÿìè ë³í³éíèõ äèíàì³÷íèõ ñèñòåì ó ðî-
áîò³ [3] çàïðîïîíîâàíî, à â ïðàöÿõ [4, 5] äîâåäåíî äî çàâåðøåííÿ ìåòîäèêó ñå-
ðåäíüîêâàäðàòè÷íîãî ìàòåìàòè÷íîãî ìîäåëþâàííÿ âïëèâó íàÿâíèõ ïî÷àò-
êîâî-êðàéîâèõ çáóðåíü íà ñòàí ñèñòåìè äèñêðåòíî ³ íåïåðåðâíî âèçíà÷åíèìè ìî-
äåëþâàëüíèìè ôóíêö³ÿìè. Ïîáóäîâà ðîçâ’ÿçê³â äèôåðåö³àëüíî âèçíà÷åíèõ ìàòåìà-
òè÷íèõ ìîäåëåé òàêèõ ñèñòåì, ÿê³ çà ñåðåäíüîêâàäðàòè÷íèì êðèòåð³ºì óçãîäæóâà-
ëèñÿ ³ç çàäàíèìè äèñêðåòíèìè òà íåïåðåðâíèìè ïî÷àòêîâî-êðàéîâèìè ñïîñòåðå-
æåííÿìè, ãðóíòóºòüñÿ íà ³íòåãðàëüíèõ àíàëîãàõ öèõ äèôåðåíö³àëüíèõ ìîäåëåé.

Çàïðîïîíîâàíèé â [6] ï³äõ³ä äî ïîáóäîâè ÿäåð ³íòåãðàëüíèõ ìàòåìàòè÷íèõ ìî-
äåëåé ïðîñòîðîâî-ðîçïîä³ëåíèõ äèíàì³÷íèõ ñèñòåì ó âèïàäêó ïîøèðåííÿ [7, 8] íà
íåë³í³éí³ äèíàì³÷í³ ïðîöåñè äàâ çìîãó çà ñåðåäíüîêâàäðàòè÷íèì êðèòåð³ºì ïîáóäó-
âàòè ïñåâäîîáåðíåííÿ äåÿêèõ êëàñ³â íåë³í³éíèõ äèôåðåíö³àëüíî âèçíà÷åíèõ ìàòå-
ìàòè÷íèõ ìîäåëåé. Îñòàííº â ïîºäíàíí³ ç ìåòîäèêîþ [3, 5] ìàòåìàòè÷íîãî ìîäå-
ëþâàííÿ ë³í³éíèõ äèíàì³÷íèõ ñèñòåì äàëî çìîãó ïîáóäóâàòè òà äîñë³äèòè ñåðåä-
íüîêâàäðàòè÷í³ íàáëèæåííÿ äî ôóíêö³¿ ñòàíó öèõ êëàñ³â ñèñòåì ³ â îáìåæåíèõ
ïðîñòîðîâî-÷àñîâèõ îáëàñòÿõ. ßêùî â [9, 10] öå áóëî çðîáëåíî äëÿ êâàäðàòè÷íî
óòî÷íåíèõ ë³í³éíî ðîçïîä³ëåíèõ ñèñòåì, òî â ö³é ðîáîò³ ç âèêîðèñòàííÿì ðåçóëü-
òàò³â çàïðîïîíîâàíîãî â [7] ïñåâäîîáåðíåííÿ ìóëüòèïë³êàòèâíî íåë³í³éíèõ ïðîñòî-
ðîâî ðîçïîä³ëåíèõ äèíàì³÷íèõ ñèñòåì ðîçâ’ÿçóâàòèìåìî äåÿê³ ïî÷àòêîâî-êðàéîâ³
çàäà÷³ ³ äëÿ öèõ ñèñòåì. Çîêðåìà, äîñë³äæåíî êâàäðàòè÷íî-íåë³í³éí³ äèíàì³÷í³ ñèñ-
òåìè òà ìóëüòèïë³êàòèâíî íåë³í³éí³ ñèñòåìè äîâ³ëüíîãî ïîðÿäêó íåë³í³éíîñò³ äëÿ
äèñêðåòíèõ òà íåïåðåðâíèõ ñïîñòåðåæåíü çà ¿õí³ì ïî÷àòêîâî-êðàéîâèì ñòàíîì.
Áóäå ïîáóäîâàíî òà äîñë³äæåíî ìíîæèíè ìîäåëþâàëüíèõ ôàêòîð³â äëÿ òàêèõ
ñïîñòåðåæåíü, à çà ¿õí³ì âèêîðèñòàííÿì — ³ ðîçâ’ÿçê³â ðîçãëÿäóâàíèõ çàäà÷.
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Ðîçãëÿíåìî ïðîáëåìè äîñë³äæåííÿ íåë³í³éíèõ äèíàì³÷íèõ ñèñòåì, ïîäàíèõ
â [7, 8]. Îñîáëèâ³ñòü öèõ ñèñòåì ïîëÿãàº â òîìó, ùî ¿õíÿ íåë³í³éíà äèôå-
ðåíö³àëüíà ìîäåëü óòâîðþºòüñÿ äîáóòêîì

L y s u sk s

k

N

( ) ( ) ( )� �
�

�
1

, s S S TT� � �
0 0 0[ , ] (1)

ISSN 1019-5262. Ê³áåðíåòèêà òà ñèñòåìíèé àíàë³ç, 2022, òîì 58, ¹ 4 117

© Â.À. Ñòîÿí, 2022



äâîõ ( )N � 2 (àáî ê³ëüêîõ) ë³í³éíèõ äèôåðåíö³àëüíèõ ïåðåòâîðåíü L y sk s( ) ( )�
( , )k N�1 ôóíêö³¿ ñòàíó y s( ) ñèñòåìè.

Ó ïðàöÿõ [7, 8] ïîêàçàíî, ùî äèôåðåíö³àëüíó ìîäåëü (1), ÿê ³ ó âèïàäêó
ë³í³éíèõ äèíàì³÷íèõ ñèñòåì, ìîæíà [6] çàì³íèòè ³íòåãðàëüíîþ ìàòåìàòè÷íîþ
ìîäåëëþ âèãëÿäó
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äå G s sk ( )� � — ôóíêö³ÿ Ãð³íà îïòèìàëüíî çà ïåâíèì êðèòåð³ºì [7, 8]
âèáðàíîãî k-ãî ë³í³éíîãî äèôåðåíö³àëüíîãî ïåðåòâîðåííÿ
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îïåðàòîð³â L j N j kj s( ) ( , , )� � �1 ïåðåòâîðåíå çîâí³øíüîäèíàì³÷íå çáóðåííÿ

u s( ) ñèñòåìè (1). Çàóâàæèìî ïðèíàã³äíî, ùî [7, 8] çàì³íà äèôåðåíö³àëüíî¿ ìî-
äåë³ (1) íà ³íòåãðàëüíó âèêîíóâàëàñÿ ó íåîáìåæåí³é ïðîñòîðîâî-÷àñîâ³é îá-
ëàñò³. Öÿ çàì³íà, íà â³äì³íó â³ä ë³í³éíèõ äèíàì³÷íèõ ñèñòåì, íå º àäåêâàòíîþ ³
âèêîíóâàëàñÿ çà ñåðåäíüîêâàäðàòè÷íèì êðèòåð³ºì. Ó ïðîöåñ³ çàì³íè ôóíêö³é
u s( ) òà y s( ) (îäíà àáî îáèäâ³ îäíî÷àñíî) ââàæàëèñÿ äèñêðåòíî âèçíà÷åíèìè.

Ïðîòå, íåçâàæàþ÷è íà ñêàçàíå, ïåðåõ³ä â³ä ìàòåìàòè÷íî¿ ìîäåë³ (1) äî
ìîäåë³ âèãëÿäó (2) º âèïðàâäàíèì, îñê³ëüêè (ÿê äîâåäåíî äàë³) äàº çìîãó
ç âèêîðèñòàííÿì ìåòîäèê ìàòåìàòè÷íîãî ìîäåëþâàííÿ äèíàì³êè ë³í³éíèõ
äèíàì³÷íèõ ñèñòåì [4, 5] ïîáóäóâàòè ôóíêö³þ y s( ) ñòàíó ñèñòåìè (1) òàêîæ ³
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Äëÿ äîñë³äæåííÿ äèíàì³êè ñèñòåìè (1) â îáìåæåí³é ïðîñòîðîâî-÷àñîâ³é
îáëàñò³, ÿê ³ â ðîáîòàõ [9, 10], ïðèïóñêàòèìåìî, ùî â ïî÷àòêîâèé ìîìåíò ÷àñó
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( , , , )� �1 1 — çàäàí³ çíà÷åííÿ öèõ ôóíêö³é.

Òàê ñàìî, ÿê ó âèïàäêó äîñë³äæåííÿ ë³í³éíèõ äèíàì³÷íèõ ñèñòåì [4, 5],
êðèòåð³¿ ðîçâ’ÿçàííÿ çàäà÷ (1), (3), (4) òà (1), (5), (6) ìàòèìóòü âèãëÿä:
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á) äëÿ çàäà÷³ (1), (5), (6)
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Äëÿ ðîçâ’ÿçàííÿ çàäà÷ (7), (8) ùîäî ñèñòåìè (1) ôóíêö³þ y s( ) ñòàíó
îñòàííüî¿, ÿê ³ âèùå, ïîäàìî ó âèãëÿä³ ñóìè

y s y s y s y s( ) ( ) ( ) ( )� 
 
	 0 
 , (9)

ñêëàäîâ³ ÿêî¿ âèçíà÷àþòü âïëèâ íà y s( ) ðîçïîä³ëåíèõ ïðîñòîðîâî-÷àñîâèõ çáó-
ðåíü u s( ) , ïî÷àòêîâèõ (3) àáî (5) òà êðàéîâèõ (4) àáî (6) óìîâ.

Çàëåæíî â³ä ïîñòàíîâêè òà îñîáëèâîñòåé ðîçâ’ÿçàííÿ çàäà÷ ñêëàäîâó y s	 ( )
ôóíêö³¿ (9) çàïèøåìî â³äïîâ³äíî äî ïîêàçóâàíî¿ ö³ºþ ïîñòàíîâêîþ ìîäèô³êàö³¿
ïðåäñòàâëåííÿ (2) ðîçâ’ÿçêó ð³âíÿííÿ (1) â íåîáìåæåí³é ïðîñòîðîâî-÷àñîâ³é îá-
ëàñò³. Àíàëîã³÷í³ ïðåäñòàâëåííÿ âèáåðåìî äëÿ ôóíêö³é y s0 ( ) òà y s
 ( ) . ßê
³ ðàí³øå, ôóíêö³ÿ u sk ( ) íåë³í³éíî ïåðåòâîðåíîãî ðîçïîä³ëåíîãî çîâí³øíüîäè-

íàì³÷íîãî çáóðåííÿ u s( ) áóäå çàì³íåíà ôóíêö³ÿìè u sk0 ( ) òà u sk
 ( ) íåë³í³éíî ïåðå-

òâîðåíèõ òà âèçíà÷åíèõ â îáëàñòÿõ S S0
0 0� � �	( , ] òà S R S Tn
 � �( \ ) [ , ]0 0

ìîäåëþâàëüíèõ ôóíêö³é u s0 ( ) òà u s
 ( ) â³äïîâ³äíî.
Ðîçãëÿíåìî îñîáëèâîñò³ âèáîðó ïðåäñòàâëåííÿ ñêëàäîâî¿ y s	 ( ) (à îòæå ³ y s0 ( )

òà y s
 ( )), à òàêîæ ïîáóäîâè ìîäåëþâàëüíèõ ôóíêö³é u sk0 ( ) òà u sk
 ( ) çàëåæíî â³ä

îñîáëèâîñòåé ïîñòàíîâêè ïî÷àòêîâî-êðàéîâèõ çàäà÷ äëÿ ñèñòåìè (1).
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Ðîçãëÿíåìî çàäà÷ó ïîáóäîâè ôóíêö³é y s( ) ñòàíó ñèñòåìè (1) äëÿ N � 2 çà
óìîâè, ùî ïî÷àòêîâèé (t � 0) ñòàí ñèñòåìè âèçíà÷àºòüñÿ ñï³ââ³äíîøåííÿì (9).
Ñêëàäîâó y s	 ( ) âèáåðåìî [7, 8] ó âèãëÿä³
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(ÿê ³ ïåðåòâîðåííÿ u sk m( )� ) âèáèðàºòüñÿ çã³äíî âèêëàäåíîãî â [8].
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y s G s uk k0 0 0( ) ( )� , (11)

y s G s uk k
 
 
( ) ( )� , (12)

äå
u u s m M s Sk k m m0 0

0
0

0 01� � �col ( ( ), , ) ( ) ,

u u s m M s Sk k m m
 







 
� � �col( ( ), , ) ( )1 ,

G s G s s m Mk k m0
0

01( ) ( ( ), , )� � �str ,
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G s G s s m Mk k m





( ) ( ( ), , )� � �str 1 ,

òà âèçíà÷èìî ñêëàäîâ³ y s0 ( ) òà y s
 ( ) ðîçâ’ÿçêó (9).
Ï³ä ÷àñ àíàë³çà âèðàç³â (11) òà (12) ôóíêö³¿ y s( ) ñòàíó ñèñòåìè (1), (5), (6)

çíåõòóºìî âèçíà÷åííÿìè ìîäåëþâàëüíèõ ôóíêö³é u s0 ( ) , u s
 ( ) àáî ¿õí³õ çíà÷åíü

u sm0
0( ) , u sm



( ) òà îáìåæèìîñÿ çíàõîäæåííÿì êîìïîíåíò

u u s m Mk m k m0 0
0

01� �( ) ( , )

òà
u u s m Mk m k m
 





� �( ) ( , )1

âåêòîð³â u u m Mk k m0 0 01� �col( , , ) òà u u m Mk k m
 
 
� �col( , , )1 â³äïîâ³äíî.

Âåêòîðè uk0 òà uk
 çíàéäåìî ñåðåäíüîêâàäðàòè÷íèì îáåðíåííÿì ð³âíÿíü,
îòðèìàíèõ ç (5) òà (6) ï³ñëÿ ï³äñòàíîâêè òóäè (9) ç óðàõóâàííÿì (10)–(12). Ö³
ð³âíÿííÿ ìàòèìóòü âèãëÿä

B x u B x u Y x x Sk k k k11 0 12
0

0( ) ( ) ( ) ( )
 � �
 , (13)

B s u B s u Y s s Tk k k k21 0 22 0( ) ( ) ( ) ( [ , ])
 � � �


 
 , (14)

äå

�B x L G s r Rk r t k t
11

0
0 0

01( ) ( ( ) ( ) , , )� � �
�

col ,

�B x L G s r Rk r t k
t

12
0

0
01( ) ( ( ) ( ) , , )� � �

�
col 
 ,

B s L G s Rk x k21 0
1( ) ( ( ) ( ) , , )� � �col � �




 ,

B s L G s Rk x k22 1( ) ( ( ) ( ), , )� � �col � �




 
 ,

Y x Y x r Rr
0 0

01( ) ( ( ), , )� �col ,

Y s Y x t R


( ) ( ( , ), , )� �col � �

0 1 .

Îá’ºäíóþ÷è äâà âåêòîðè uk0 òà uk
 â îäèí

u u uk k k0 0
 
� col( , ) (15)

òà ââîäÿ÷è äî ðîçãëÿäó ìàòðè÷íó òà âåêòîðíó ôóíêö³¿

B s
B x x S B x x S

B s sk
k k

k

( )
( ( )( ))( ( )( ))

( ( )( [
� � �

� �
11 0 12 0

21 
 0 022, ]))( ( )( [ , ]))T B s s Tk � �
�

�
�

�

�
�


,

Y s
Y x x S

Y s s T
( )

( )( )

( )( [ , ])
� �

� �

�

�
�
�

�

�
�
�

0
0

0
 

,

ñèñòåìó (13), (14) çàïèøåìî ó âèãëÿä³

B s u Y sk k( ) ( )0
 � . (16)

Îñòàííº îçíà÷àº, ùî âèçíà÷åííÿ ââåäåíèõ ó (11) òà (12) âåêòîð³â uk0 òà uk

çâîäèòüñÿ äî ñåðåäíüîêâàäðàòè÷íîãî îáåðíåííÿ ñèñòåìè (16) àáî (ùî
åêâ³âàëåíòíî) äî çíàõîäæåííÿ âåêòîðà

u B s u Y s dsk
u R

k
M M

0

2

0





� �

� �

 �arg min ( ( ) ( ))

( )

. (17)

Çàóâàæèìî, ùî ³íòåãðóâàííÿ òóò, ÿê ³ íàäàë³, âèêîíóºòüñÿ çã³äíî âèçíà÷àííÿ
àðãóìåíòó s.

Ðîçâ’ÿçêîì ñèñòåìè (16), çíàéäåíèì çã³äíî (17), áóäå âåêòîð

u P B P Pk k kY k k k k0
 � 
 �
 

� � � � 


� k
M M

R 0 
 , (18)
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äå
P B s B s ds

P P

P Pk k
T

k
k k

k k

� � �

�
�

�

�
�

�
� ( ) ( )

( )

11 12

21 22

,

B B s Y s ds
B

BkY k
T kY

kY

� � �

�
�

�

�
�

�
� ( ) ( )

( )

1

2

äëÿ
P B x B x dxk k

T

S

k11 11 11

0

� � ( ) ( ) ,

P B s B s dsk k
T

T

k12 21
0

21�
�
�


 [ , ]

( ) ( ) ,

P B x B x dxk k
T

S

k21 12 12

0

� � ( ) ( ) ,

P B s B s dsk k
T

T

k22 22
0

22�
�
�


 [ , ]

( ) ( ) ,

B B x Y x dx B s Y s dskY k
T

S
k
T

T

1 11
0

21
00

� 
� �
�

( ) ( ) ( ) ( )

[ , ]



 ,

B B x Y x dx B s Y s dskY k
T

S
k
T

T

2 12
0

22
00

� 
� �
�

( ) ( ) ( ) ( )

[ , ]



 .

Çàóâàæèìî, ùî íàÿâíèé ó (18) âåêòîð � k äîð³âíþº íóëþ, ÿêùî detPk � 0 , à

�
2

2

2

0

� � � �
�


�min ( ( ) ( )

( )
u

k kY
T

k kY
k

B s u Y s ds Y B P B



(19)

äëÿ
Y Y x Y x dx Y s Y s dsT

S T

T2 0 0

00

� 
� �
�

( ( )) ( ) ( ( )) ( )

[ , ]








 .

Âèçíà÷åíèé ñï³ââ³äíîøåííÿì (18) âåêòîð uk0
 , à îòæå ³ âåêòîðè (äèâ. (15))
uk0 , uk
 , äàþòü çìîãó çã³äíî ç (11) òà (12) çíàéòè ñêëàäîâ³ y s0 ( ) òà y s
 ( ) . Ç äîëó-
÷åííÿì âèçíà÷åíî¿ çã³äíî ç (10) ñêëàäîâî¿ y s	 ( ) ñï³ââ³äíîøåííÿì (9) âèçíà÷èìî ³
ôóíêö³þ y s( ) ñòàíó ðîçãëÿäóâàíî¿ ñèñòåìè (1) ç ïî÷àòêîâî-êðàéîâèìè óìîâàìè
(5), (6). Òî÷í³ñòü, ç ÿêîþ çíàéäåíà òàêèì ÷èíîì ôóíêö³ÿ y s( ) çàäîâîëüíÿòèìå ïî-

÷àòêîâî-êðàéîâèì óìîâàì (5), (6), áóäå âèçíà÷àòèñÿ âåëè÷èíîþ �
2 (äèâ. (19)).

ÌÀÒÅÌÀÒÈ×ÍÅ ÌÎÄÅËÞÂÀÍÍß ÄÈÑÊÐÅÒÍÎ ÂÈÇÍÀ×ÅÍÈÕ ÏÎ×ÀÒÊÎÂÎ-
ÊÐÀÉÎÂÈÕ ÓÌÎÂ ÄËß ÊÂÀÄÐÀÒÈ×ÍÎ-ÍÅË²Í²ÉÍÈÕ ÄÈÍÀÌ²×ÍÈÕ ÑÈÑÒÅÌ

Ðîçãëÿíåìî îñîáëèâîñò³ äîñë³äæåííÿ äèíàì³êè ñèñòåìè (1) ó ðàç³, êîëè ïî÷àòêîâî-
êðàéîâèé ñòàí ¿¿ ñïîñòåð³ãàºòüñÿ çã³äíî ç (3), (4).

Äëÿ ïîáóäîâè ôóíêö³¿ y s( ) ñòàíó ðîçãëÿäóâàíî¿ ñèñòåìè, ÿêà á çã³äíî ç (7)
çàäîâîëüíÿëà óìîâàì (3), (4), çàñòîñóºìî ïðåäñòàâëåííÿ (9) ö³º¿ ôóíêö³¿. ßê
³ âèùå, ñêëàäîâ³ y s	 ( ) , y s0 ( ) òà y s
 ( ) âèçíà÷èìî ñï³ââ³äíîøåííÿìè (10)–(12).

Äëÿ âèçíà÷åííÿ ìîäåëþâàëüíèõ âåêòîð³â uk0 òà uk
 ôóíêö³þ (9)
ç óðàõóâàííÿì (11), (12) ï³äñòàâèìî â (3), (4). Ó ðåçóëüòàò³ îòðèìàºìî ñèñòåìó
àëãåáðà¿÷íèõ ð³âíÿíü:

A u A u Yk k k k11 0 12
0
 �
 , (20)

A u A u Yk k k k21 0 22
 �


 , (21)

äå

�A L G s l L r Rk r t k t

x xl

11
0

0 0 0 0
0

1 1� � � ��
�

col(( ( ) ( ) , , ), , ) ,
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�A L G s l L r Rk r t k t

x xl

12
0

0 0 0
0

1 1� � � ��
�

col(( ( ) ( ) , , ), , )
 ,

�A L G s l L Rk x k
s sl

21 0 1 1� � � �
�

col(( ( ) ( ) , , ), , )� �




 


,

�A L G s l L Rk x k
s sl

22 1 1� � � �
�

col(( ( ) ( ) , , ), , )� �




 
 


,

Y Y l L r R
rl

0 0
0 01 1� � �col(( , , ), , ) ,

Y Y l L R
l


 


 
� � �col(( , , ), , )

�
�1 1 .

Ïîçíà÷èâøè

A
A A

A Ak
k k

k k

� �

�
�

�

�
�11 12

21 22

, Y
Y

Y
�

�

�
�
�

�

�
�
�

0



, u

u

uk
k

k

� �

�
�

�

�
�0



,

ñèñòåìó (20), (21) çàïèøåìî ó âèãëÿä³

A u Yk k � ,

çâ³äêè
u A u Y A Y A Ak

u R
k k k k k k

M M
� � � 
 �

�


 




arg min || ||
0

2



� � (22)

çà äîâ³ëüíîãî � k
M M

R� 
0 
 òàêîãî, ùî � k � 0 äëÿ det( )A A
k
T

k � 0 . Ïðè öüîìó

�
2 2� � � � 
min || ||

u
k k

T T
k k

k

A u Y Y Y Y A A Y .

Âåëè÷èíîþ �
2 âèçíà÷àòèìåìî ³ òî÷í³ñòü, ç ÿêîþ âèêîíóâàòèìóòüñÿ

ïî÷àòêîâî-êðàéîâ³ ñï³ââ³äíîøåííÿ (3), (4) äëÿ y s( ) âèçíà÷åíîãî çã³äíî ç (9)
ç óðàõóâàííÿì (10)–(12) òà îòðèìàíèõ ç (22)

u Q Q Y Q Q Ak k k k k k k k0 11 12 1 11 12� 
 �( , ) ( , )� � ,

u Q Q Y Q Q Ak k k k k k k k
 � 
 �( , ) ( , )21 22 2 21 22� �

äëÿ
Q Q

Q Q
Pk k

k k
k

11 12

21 22

�

�
�

�

�
� � 
 ,

�

�
�k

k
k

1

2

�

�
�

�

�
� � .

ÎÑÎÁËÈÂÎÑÒ² ÐÎÇÂ’ßÇÀÍÍß ÇÀÄÀ×² ÄËß ÎÁÌÅÆÅÍÈÕ ÑÏÎÑÒÅÐÅÆÅÍÜ
ÇÀ ÏÎ×ÀÒÊÎÂÎ-ÊÐÀÉÎÂÈÌ ÑÒÀÍÎÌ ÑÈÑÒÅÌÈ

Ðîçãëÿíóò³ çàäà÷³ ìàòåìàòè÷íîãî ìîäåëþâàííÿ ñòàíó ñèñòåìè (1) ðîçâ’ÿçàíî
çà íàÿâíîñò³ ïî÷àòêîâî-êðàéîâèõ óìîâ (3), (4) òà (5), (6), ÿêèìè ïåðåä-
áà÷àþòüñÿ ïî÷àòêîâî-êðàéîâ³ ñïîñòåðåæåííÿ çà ñèñòåìîþ ÿê ç âèêîðèñòàííÿì

ôóíêö³¿ y s( ) ñòàíó ñèñòåìè, òàê ³ ë³í³éíèõ êîìá³íàö³é L y sr t
0 ( ) ( )� ( , )r R�1 0 ,

L y sx�

 ( ) ( )� ( , )r R�1 
 ïîõ³äíèõ â³ä ö³º¿ ôóíêö³¿. Çàóâàæèìî, ùî îòðèìàí³

ðîçâ’ÿçêè ìàþòü ì³ñöå ³ ó ðàç³, êîëè R R0 1� �
 òà L Lr t x
0 1( ) ( )� � � ��


 ,

à ñïîñòåðåæåííÿ çà ïî÷àòêîâî-êðàéîâèì ñòàíîì ñèñòåìè âèêîíóºòüñÿ ò³ëüêè ç
âèêîðèñòàííÿì ôóíêö³¿ y s( ) . Á³ëüøà äîñòóïí³ñòü òàêèõ ñïîñòåðåæåíü äëÿ
ïðàêòèêè äàº çìîãó âèêîðèñòîâóâàòè îñîáëèâîñò³ ðîçâ’ÿçàííÿ ðîçãëÿíóòèõ
âèùå çàäà÷ äëÿ öüîãî âèïàäêó.

ßêùî äëÿ ïîáóäîâè ôóíêö³¿ ñòàíó ñèñòåìè (1) äëÿ âèïàäêó, êîëè

y s Y xt( )| ( )� �0
0 ( )x S� 0 ,

y s Y x t
x x

( )| ( , )� � �
 


 
 ( [ , ])t T� 0 ,

àëüòåðíàòèâ ðîçãëÿäóâàíîìó âèùå âàð³àíòó ðîçâ’ÿçàííÿ çàäà÷³ (1), (5), (6)
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íåìàº, òî çà íàÿâíîñò³ ñïîñòåðåæåíü

�y s Yt

x x S
l

l

( ) �
� �

�0
0

0 0
( , )l L�1 0 , (23)

�y s Y
s s T ll

( )
[ , ]� � �

�
 




0
( , )l L�1 
 (24)

çà ñòàíîì ñèñòåìè òàê³ àëüòåðíàòèâè ìîæëèâ³. Ä³éñíî, ó öüîìó âèïàäêó
â³äïðàâíèìè ìîæóòü áóòè ÿê çàëåæí³ñòü (10), òàê ³ çàëåæíîñò³ ç [7]

y A uk k� (25)

òà ç [8]
y G s u s dsk

S

k
T

� � � ��
0

( ) ( ) , (26)

ÿêèìè âèçíà÷àºòüñÿ âåêòîð y y s y sL� col( ( ), ..., ( ))1 ( , , )s S l Ll
T� �
0

1 çíà÷åíü

ôóíêö³¿ y s( ) ñòàíó ñèñòåìè (1) ÷åðåç ôóíêö³þ u sk ( ) (àáî âåêòîð uk ¿¿ çíà÷åíü)
íåë³í³éíî ïåðåòâîðåíèõ çîâí³øíüîäèíàì³÷íèõ çáóðåíü u s( ) .

Ïåðø í³æ êîìåíòóâàòè ñï³ââ³äíîøåííÿ (25), (26) òà âèêîðèñòîâóâàòè ¿õ äëÿ
äîñë³äæåííÿ ñòàíó ñèñòåìè (1) çà íàÿâíîñò³ ñïîñòåðåæåíü (23), (24) çà íåþ,
çàóâàæèìî, ùî äëÿ îá÷èñëåííÿ çíà÷åíü ôóíêö³¿ ñòàíó y s( ) â òî÷êàõ s sL1� ��

çã³äíî ç (25), (26) âèá³ð çíà÷åííÿ k âèçíà÷åíèé â [7, 8], à

u u sk k m� �col( ( ) , m M�1, ) ,

A G s sk k l m l m
l L m M� � � �
� �

[ ( )]
,

,
1

,

G s G s sk k l( ) ( ( )� � � �col , l L�1, ) .

Íåâàæêî áà÷èòè, ùî çàëåæí³ñòü (25) äëÿ N � 2 º ÷àñòèííèì âèïàäêîì ïðèé-
íÿòî¿ íàìè äî ðîçãëÿäó çàëåæíîñò³ (10). Îäíàê çàëåæí³ñòü (25) ïîáóäîâàíà â [7]
äëÿ äîâ³ëüíîãî ïîðÿäêó íåë³í³éíîñò³ ðîçãëÿäóâàíî¿ ñèñòåìè, à ñàìå äëÿ âèïàäêó,
êîëè äèíàì³êà ¿¿ âèçíà÷àºòüñÿ ð³âíÿííÿì (1) çà äîâ³ëüíîãî N . Òàêèé æå ñòàòóñ
ìàº ç [7] ³ çàëåæí³ñòü (26).

Âðàõîâóþ÷è, ùî çîâí³øíüî¿ çàëåæíîñò³ ñï³ââ³äíîøåíü (25) òà (26) â³ä
ïîðÿäêó N íåë³í³éíîñò³ ð³âíÿííÿ (1) íåìàº (âîíà ì³ñòèòüñÿ ó íåë³í³éíèõ
çàëåæíîñòÿõ ôóíêö³¿ u sk ( ) òà âåêòîðà uk â³ä ðîçïîä³ëåíèõ ïðîñòîðîâî-÷àñîâèõ
çáóðåíü u s( )), çàäà÷ó ìàòåìàòè÷íîãî ìîäåëþâàííÿ ïî÷àòêîâî-êðàéîâèõ
ñïîñòåðåæåíü (23) òà (24) ðîçâ’ÿçóâàòèìåìî, çíåõòóþ÷è çíà÷åííÿìè N .

Çàóâàæèìî ïðèíàã³äíî ³ îñîáëèâîñò³ âèêîðèñòàííÿ ñï³ââ³äíîøåíü (25) òà (26)
äëÿ ðîçâ’ÿçàííÿ îäí³º¿ ³ ò³º¿ æ çàäà÷³ — ïîáóäîâè ôóíêö³¿ y s( ) ñòàíó ñèñòåìè (1),
ñïîñòåðåæóâàíî¿ çã³äíî ç (23) òà (24). Ðîçâ’ÿçàííÿ çàäà÷³, ùî áàçóºòüñÿ íà
ñï³ââ³äíîøåíí³ (25) ³ º ïðîñò³øèì äëÿ ÷èñåëüíî¿ ðåàë³çàö³¿, äàº çìîãó çíàéòè
ìîäåëþâàëüí³ ôàêòîðè ò³ëüêè â äèñêðåòíî âèçíà÷åíèõ òî÷êàõ. Âèêîðèñòàííÿ
ñï³ââ³äíîøåííÿ (26) äëÿ ðîçâ’ÿçàííÿ ðîçãëÿäóâàíî¿ çàäà÷³ º á³ëüø çàãàëüíèì,
îñê³ëüêè ìîäåëþâàëüí³ ôàêòîðè ó öüîìó ðàç³ ìîæíà çíàéòè ôóíêö³îíàëüíî.

ÂÈÏÀÄÎÊ ÄÈÑÊÐÅÒÍÎ ÂÈÇÍÀ×ÅÍÈÕ ÌÎÄÅËÞÂÀËÜÍÈÕ ÔÀÊÒÎÐ²Â

Ðîçãëÿíåìî âàð³àíò ðîçâ’ÿçàííÿ çàäà÷³ ïîáóäîâè âåêòîðà y y s l Ll� �col( ( ), , )1

çíà÷åíü ôóíêö³¿ y s( ) ñòàíó ñèñòåìè (1) ó äèñêðåòíî çàäàíèõ òî÷êàõ s Sl
T�
0

( , )l L�1 çà óìîâè, êîëè ³íôîðìàö³ÿ ïðî ïî÷àòêîâî-êðàéîâèé ñòàí ñèñòåìè âè-

çíà÷åíà ñï³ââ³äíîøåííÿìè (23), (24).
Äëÿ ðîçâ’ÿçàííÿ çàäà÷³ ïîáóäîâè âåêòîðà y , ÿêèé çà ñåðåäíüîêâàäðàòè÷íèì

êðèòåð³ºì çàäîâîëüíÿº ñï³ââ³äíîøåííÿì (23), (24), áóäåìî âèõîäèòè ç òîãî, ùî

y y y y� 
 
	 0 
 , (27)

äå çã³äíî ç (25)
y A uk k	 � . (28)
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Àíàëîã³÷íî ç (28) ïîäàìî ñêëàäîâ³

y A uk k0 0 0� , (29)

y A uk k
 
 
� . (30)

Òóò
u u m Mk k m0

0
01� �col( ( ), , )� ,

u u m Mk k m





� �col( ( ), , )� 1 ,

A G sk k l m l m

l L m M
0

0
1

0� � �
� �

[ ( )]
,

,
� ,

A G sk k l m l m

l L m M




 
� � �
� �

[ ( )]
,

,
�

1
.

Ïðè öüîìó
� m S S T0 0

0� � � �	( , ] ( , )m M�1 0 ,

�
�

m S R S T
 
� � �( \ ) [ , ]0 0 ( , )m M�1 
 .

Äëÿ çíàõîäæåííÿ ìîäåëþâàëüíèõ âåêòîð³â uk0 òà uk
 , ÿê³ ô³ãóðóþòü â (29)
òà (30), âèêîðèñòîâóâàòèìåìî ñï³ââ³äíîøåííÿ (23) òà (24). Âðàõîâóþ÷è, ùî

col( ( ), , )y s l L A u A u A u
l k k k k k k
0

0
0 00

0
01� � 
 
 



 ,

col( ( ), , )y s l L A u A u A u
l k k k k k k






 
 




� � 
 
1 0
0 ,

äå s x
l l
0 00� ( , ) , uk âèçíà÷åí³ âèùå, à òàêîæ

A G s s
k k l m l m

l L m M0 0
1

0� � � �
� �

[ ( )]
,

,
,

A G s s
k k l m l m

l L m M
 
 
� � � �
� �

[ ( )]
,

,

1
,

A G s
k k l m l m

l L m M00 0 0
1

0 0� � �
� �

[ ( )]
,

,
� ,

A G s
k k l m l m

l L m M0 0
1

0
 
 
� � �
� �

[ ( )]
,

,
� ,

A G s
k k l m l m

l L m M
 
 
0 0
1

0� � �
� �

[ ( )]
,

,
� ,

A G s
k k l m l m

l L m M

 
 
 
 
� � �
� �

[ ( )]
,

,
�

1
,

òà ïîçíà÷èâøè
Y Y l L

l
0 0

01� �col )( , , ,

Y Y l L
l


 


� �col )( , ,1

âåêòîðè ñïîñòåðåæóâàíèõ çã³äíî ç (23) òà (24) ïî÷àòêîâî-êðàéîâèõ óìîâ,
îòðèìóºìî ñèñòåìó àëãåáðà¿÷íèõ ð³âíÿíü ñòîñîâíî âåêòîð³â uk0 òà uk
 :

A u A u Y A u
k k k k k k
00

0
0 0 0
 � �



 , (31)

A u A u Y A u
k k k k k k

 






 
0

0 
 � � . (32)

Äëÿ ðîçâ’ÿçàííÿ (ñåðåäíüîêâàäðàòè÷íîãî îáåðíåííÿ) ñèñòåìè (31), (32) ¿¿
çàïèøåìî ó âèãëÿä³

A u Yk k0
 � , (33)

äå
A

A A

A A
u

u

u
Y

Y
k

k k

k k

k
k

k

�
�

�

�
�

�

�

�
�

� �

�
�

�

�
� �

00 0

0 0
0

0



 

 




, ,
�

�

�

�

�
�

�

�

�
�

A u

Y A u

k k

k k

0


 

.
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Ðîçâ’ÿçêîì (33) òàêèì, ùî

u A u Yk
u R

k
M M

0
0






� �
� 


arg min || || ,

áóäå

u P A Y P Pk k k
T

k k k k0
 � 
 �
 

� �

çà äîâ³ëüíîãî � k
M M

R� 
0 
 òà P A Ak k
T

k� . Çâ³äêè

u Q Q A Y Pk k
T

k k k0 11 12 1� � 
( , )( )� � , (34)

u Q Q A Y Pk k
T

k k k
 � � 
( , )( )21 22 2� � (35)

äëÿ
Q Q

Q Q
P

k
k

k
k

11 12

21 22

1

2

�

�
�

�

�
� � �

�
�

�

�
� �
 ,

�

�
� .

Ç óðàõóâàííÿì (34), (35), à äàë³ ³ (28)–(30) ñï³ââ³äíîøåííÿì (27) âèçíà÷èìî
ðîçâ’ÿçîê çàäà÷³. Óçãîäæåí³ñòü öüîãî ðîçâ’ÿçêó ç³ ñïîñòåðåæåííÿìè (23) òà (24)
çà ñèñòåìîþ âèçíà÷àòèìåòüñÿ òî÷í³ñòþ ðîçâ’ÿçàííÿ (ïñåâäîîáåðíåííÿ) ñèñòåìè
(33), à ñàìå:

min || ||
u

k k
T T

k k k
T

k

A u Y Y Y Y A P A Y
0

0
2




 � � � 
 .

Ðîçâ’ÿçîê ðîçãëÿäóâàíî¿ çàäà÷³ áóäå îäíîçíà÷íèì ( )� k � 0 , ÿêùî det Pk � 0 .

ÂÈÏÀÄÎÊ ÍÅÏÅÐÅÐÂÍÎ ÂÈÇÍÀ×ÅÍÈÕ ÌÎÄÅËÞÂÀËÜÍÈÕ ÔÀÊÒÎÐ²Â

Ðîçãëÿíåìî âàð³àíò ðîçâ’ÿçàííÿ çàçíà÷åíî¿ âèùå çàäà÷³ ïîáóäîâè âåêòîðà

y y s l L s Sl l
T� � �col( ( ), , ) ( )1
0

çíà÷åíü ôóíêö³¿ y s( ) ñòàíó ñèñòåìè (1) çã³äíî

ç (23), (24) ç óðàõóâàííÿì ðîçâ’ÿçêó (26) ð³âíÿííÿ (1) â íåîáìåæåí³é ïðîñòîðî-
âî-÷àñîâ³é îáëàñò³.

Ïîäàìî, ÿê ³ ðàí³øå, ðîçâ’ÿçîê çàäà÷³ ñï³ââ³äíîøåííÿì (27) òà ïðåäñòàâèìî
êîìïîíåíòè-âåêòîðè y	 , y0 , y
 íà â³äì³íó â³ä (28)–(30) ó âèãëÿä³:

y G s u s dsk k

S T

	 � � ( ) ( )

0

, (36)

y G s u s dsk k

S

0 0 0
0

� � ( ) ( ) , (37)

y G s u s dsk k

S


 
 




� � ( ) ( ) . (38)

Òóò u sk ( ) ( )s S T�
0

— íåë³í³éíî ïåðåòâîðåíà, ÿê ³ ó [7], ôóíêö³ÿ ðîçïîä³ëåíèõ

çîâí³øíüîäèíàì³÷íèõ çáóðåíü u s( ) ; u sk0 ( ) ( )s S� 0 òà u sk
 ( ) ( )s S� 
 —

íåë³í³éíî (àíàëîã³÷íî u sk ( )) ïåðåòâîðåí³ ìîäåëþâàëüí³ ôóíêö³¿ u s0 ( ) òà
u s
 ( ) , à òàêîæ

G s G s s l L s Sk k l
T( ) ( ( ), , ) ( )� � � �col 1
0

,

G s G s s l L s Sk k l0
01( ) ( ( ), , ) ( )� � � �col ,

G s G s s l L s Sk k l


( ) ( ( ), , ) ( )� � � �col 1 .

Ïîçíà÷èâøè

G s G s s l L s S
k k l

T0 0
0 0

1( ) ( ( ), , ) ( )� � � �col ,

G s G s s l L s S
k k l0
0 0

0
01( ) ( ( ), , ) ( )� � � �col ,

G s G s s l L s S
k k l



0 0
01( ) ( ( ), , ) ( )� � � �col
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äëÿ s x
l l
0 0 0� ( , ) ( )x S

l
0

0� , à òàêîæ

G s G s s l L s S
k k l

T
 


( ) ( ( ), , ) ( )� � � �col 1

0
,

G s G s s l L s S
k k l0

01
 


( ) ( ( ), , ) ( )� � � �col ,

G s G s s l L s S
k k l


 





( ) ( ( ), , ) ( )� � � �col 1

äëÿ s T
l

 
� � [ , ]0 , ç óðàõóâàííÿì (36)–(38) ñèñòåìîþ âåêòîð³â

y y s l L G s u s ds

G s u

l k k

S

k k

T

0 0
0

0

0
0

1

0

� � � 





�col( ( ), , ) ( ) ( )

( ) 0
0

0

( ) ( ) ( ) ,s ds G s u s ds

S

k k

S

� �
 
 




(39)

y y s l L G s u s ds

G s u

l k k

S

k k

T


 










� � � 





�col( ( ), , ) ( ) ( )

( )

1

0

0 0
0

( ) ( ) ( )s ds G s u s ds

S

k k

S

� �
 









(40)

çíàõîäèìî çíà÷åííÿ ôóíêö³¿ y s( ) ó òî÷êàõ ñïîñòåðåæåííÿ ïî÷àòêîâîãî (23) òà
êðàéîâîãî (24) ñòàí³â äîñë³äæóâàíî¿ ñèñòåìè.

Ç óðàõóâàííÿì (39), (40) îòðèìóºìî ç (23), (24) ñèñòåìó ³íòåãðàëüíèõ
ð³âíÿíü äëÿ çíàõîäæåííÿ ìîäåëþâàëüíèõ ôóíêö³é u sk0 ( ) òà u sk
 ( ):

G s u s ds G s u s ds Y
k k

S

k k

S

0
0

0
0 0

0

( ) ( ) ( ) ( )� �
 �
 




, (41)

G s u s ds G s u s ds Y
k k

S

k k

S

0 0
0
















( ) ( ) ( ) ( )� �
 � , (42)

äå

Y Y G s u s ds
k k

S T

0 0 0

0

� � � ( ) ( ) ,

Y Y G s u s ds
k k

S T


 
 
� � � ( ) ( )

0

.

Äëÿ ðîçâ’ÿçàííÿ (ñåðåäíüîêâàäðàòè÷íîãî îáåðíåííÿ, ÿêùî ðîçâ’ÿçêà íå
³ñíóº) ñèñòåìè (41), (42) ¿¿ ïðèâåäåìî äî âèãëÿäó

A s u s ds Yk k( ) ( )

( )�
� � , (43)

äå

A s
G s s S G s s S

G s s S
k

k k

k

( )
( ( ) ( )) ( ( ) ( ))

( ( ) ( )
�

� �

�
0
0 0 0

0
0







 ) ( ( ) ( ))G s s S
k


 
�

�

�

�
�

�

�

�
�

,

u s
u s s S

u s s S
Y

Y

Y
k

k

k

( )
( ) ( )

( ) ( )
,� �

�

�

�
�
�

�

�
�
� �

�

�
�
�

�
0

0 0




 


�
�
� ,

à ³íòåãðóâàííÿ âèêîíóºòüñÿ çà àðãóìåíòîì s.

Ðîçâ’ÿçêîì (43) òàêèì, ùî

� ( ) min ( ) ( )
( )

( )

u s A s u s ds Yk
u s

k k
k

� �
�
�arg

2

,
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áóäå âåêòîð-ôóíêö³ÿ

� ( ) ( ) ( ) ( )u s A s P Y s A s P Ak k
T

k k k
T

k k� 
 �
 

� �

çà äîâ³ëüíî¿ ³íòåãðîâíî¿ â îáëàñò³ çì³íè àðãóìåíòó s âåêòîð-ôóíêö³¿

�
�

�
k

k

k

s
s s S

s s S
( )

( ) ( )

( ) ( )
� �

�

�

�
�
�

�

�
�
�

1
0

2



òà

P
P P

P P
A

A

Ak k
k

k

� �

�
�

�

�
� � �

�
�

�

�
�11 12

21 22

1

2

, �
�

�
äëÿ

P G s G s ds G s G s ds
k k

T

S

k k
T

S

11 0
0

0
0 0 0

0

� 
� �( )( ( )) ( )( ( ))
 




,

P G s G s ds G s G s ds
k k

T

S

k k
T

S

12 0
0

0
0

0

� 
� �( )( ( )) ( )( ( ))


 








,

P G s G s ds G s G s ds
k k

T

S

k k
T

S

21 0 0
0 0

0

� 
� �











( )( ( )) ( )( ( )) ,

P G s G s ds G s G s ds
k k

T

S

k k
T

S

22 0 0
0

� 
� �
 














( )( ( )) ( )( ( )) ,

A G s s ds G s s dsk k k

S

k k

S

� � �1 0
0

1
0

2
0

� 
� �( ) ( ) ( ) ( )




,

A G s s ds G s s dsk k k

S

k k

S

� � �2 0 1 2
0

� 
� �









( ) ( ) ( ) ( ) .

Çâ³äñè çíàõîäèìî

u s G s G s P Y A sk k
T

k
T

k k k0 0
0

0 1( ) (( ( )) , ( ( )) ) ( ) ( )� � 



� � , (44)

u s G s G s P Y A sk k
T

k
T

k k k
 
 


( ) (( ( )) , ( ( )) ) ( ) ( )� � 

0

2� � . (45)

Ç óðàõóâàííÿì (44), (45), à äàë³ ³ (36)–(38) ñï³ââ³äíîøåííÿì (27) âèçíà÷èìî
ðîçâ’ÿçîê ðîçãëÿäóâàíî¿ çàäà÷³. Òî÷í³ñòü öüîãî ðîçâ’ÿçêó ñòîñîâíî ïî÷àòêîâî-êðàéîâèõ
ñïîñòåðåæåíü (23) òà (24) âèçíà÷àòèìåòüñÿ òî÷í³ñòþ ðîçâ’ÿçàííÿ (ïñåâäîîáåðíåííÿ)
ñèñòåìè ³íòåãðàëüíèõ ð³âíÿíü (43), à ñàìå:

min ( ) ( )
( )

( )
u s

k k
T T

k k k
T

k

A s u s ds Y Y Y Y P P A Y

�


� � � �

2

.

Çíàéäåíèé ðîçâ’ÿçîê ìîæå áóòè îäíîçíà÷íèì ( ( ) )� k s � 0 , ÿêùî

lim [ ( ) ( )]
,
,

N
k
T

i k j i j
i j N

A s A s
�	 �

� �det
1

0

äëÿ si ( , )i N�1 òà s j ( , )j N�1 ç îáëàñò³ çì³íè àðãóìåíòó s ìàòðè÷íî¿
ôóíêö³¿ A sk ( ).

ÂÈÑÍÎÂÊÈ

Ó ñòàòò³ ðîçâ’ÿçàíî çàäà÷³ äîñë³äæåííÿ äèíàì³êè íåë³í³éíèõ ïðîñòîðîâî-ðîç-
ïîä³ëåíèõ ñèñòåì, ìàòåìàòè÷íà ìîäåëü ÿêèõ âèçíà÷àºòüñÿ äîáóòêîì äâîõ
(ê³ëüêîõ) ë³í³éíèõ äèôåðåíö³àëüíî âèçíà÷åíèõ ïåðåòâîðåíü ¿õíüî¿ ôóíêö³¿
ñòàíó. Çàäà÷³ ðîçâ’ÿçàíî äëÿ äèñêðåòíî òà íåïåðåðâíî çàäàíèõ çíà÷åíü ãðà-
íè÷íî-ïî÷àòêîâèõ çîâí³øíüîäèíàì³÷íèõ çáóðþâàëüíèõ ôàêòîð³â, óçãîäæåííÿ
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ðîçâ’ÿçêó ç ÿêèìè âèçíà÷àºòüñÿ çà ñåðåäíüîêâàäðàòè÷íèì êðèòåð³ºì. Âèêîíàí-
íÿ öèõ âèìîã äîñÿãàºòüñÿ ó âèïàäêó ïñåâäîîáåðíåííÿ íåïðîñòèõ ðîçâ’ÿçó-
âàëüíèõ ð³âíÿíü, ÿê³ äëÿ äèñêðåòíî âèçíà÷åíî¿ ôóíêö³¿ ñòàíó ñèñòåìè âèçíà-
÷àþòüñÿ çà ïî÷àòêîâî-êðàéîâèìè óìîâàìè ôóíêö³îíóâàííÿ ñèñòåìè. Ïðîáëå-
ìè óçãîäæåíîñò³ ðîçâ’ÿçêó ç íåë³í³éíîþ ìàòåìàòè÷íîþ ìîäåëëþ ñèñòåìè
âèð³øóþòüñÿ [7, 8] íà åòàï³ ïåðåõîäó â³ä äèôåðåíö³àëüíî¿ ôîðìè ìîäåë³ äî ¿¿
³íòåãðàëüíîãî åêâ³âàëåíòà. Ñòîñîâíî êâàäðàòè÷íî-íåë³í³éíèõ ñèñòåì çàäà÷³
ðîçâ’ÿçàíî äëÿ íåïåðåðâíî âèçíà÷åíî¿ ôóíêö³¿ ñòàíó.

Ðåçóëüòàòîì öüîãî íàóêîâîãî äîñë³äæåííÿ º ïðîñò³ ³ äîñòóïí³ äëÿ ïðàêòè÷íî¿
ðåàë³çàö³¿ ðîçðàõóíêîâ³ ôîðìóëè, ÿê³ äëÿ öèõ ñêëàäíèõ ³ â çàãàëüíîìó âèïàäêó íå-
êîðåêòíî ñôîðìóëüîâàíèõ ïî÷àòêîâî-êðàéîâèõ çàäà÷ ìåòîäàìè êëàñè÷íî¿ òà îá-
÷èñëþâàëüíî¿ ìàòåìàòèêè ïîáóäóâàòè íåìîæíà.
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V.A. Stoyan
MATHEMATICAL MODELING OF THE STATE OF DYNAMIC MULTIPLICATIVE
NONLINEAR SYSTEMS

Abstract. The author formulates and solves, by the root-mean-square criterion, the
initial–boundary-problems of the dynamics of nonlinear spatially distributed systems. Systems
whose mathematical model is generated by the product of two or more differential
transformations of their functions of state are considered. Analytical dependencies of this
function are constructed in the presence of their discretely and continuously defined
initial-boundary observations, without constraints for the number and quality of the latter. The
accuracy of the sets of the obtained solutions is evaluated and their uniqueness is analyzed.

Keywords: nonlinear dynamical systems, systems with uncertainties, systems with distributed
parameters, spatially distributed systems, pseudosolutions, ill-posed initial–boundary-value
problems.
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