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Àíîòàö³ÿ. Ðîçãëÿíóòî àêòóàëüí³ ïðîáëåìè òåîð³¿ îïòèìàëüíèõ ð³øåíü, à ñàìå äîñë³äæåí-
íÿ àñèìïòîòè÷íèõ âëàñòèâîñòåé ïåðåòâîðåííÿ Ôóð’º ï³äñóìîâóâàëüíî¿ ôóíêö³¿ Àáåëÿ–Ïó-
àññîíà. Îïèñàíî ïåðåòâîðåííÿ Ôóð’º, ùî ïîáóäîâàíî íà ´ðóíò³ ðîçâ’ÿçêó êëàñè÷íîãî
ð³âíÿííÿ Ëàïëàñà â ïîëÿðíèõ êîîðäèíàòàõ (ó ñåðåäèí³ îäèíè÷íîãî êðóãà) ç â³äïîâ³äíèìè
êðàéîâèìè óìîâàìè. Öå ïåðåòâîðåííÿ Ôóð’º ï³äñóìîâóâàëüíî¿ ôóíêö³¿ Àáåëÿ–Ïóàññîíà
îçíà÷åíå íà êëàñàõ ôóíêö³é ç äðîáîâèìè ïîõ³äíèìè. Îòðèìàíî àñèìïòîòè÷í³ îö³íêè äëÿ
öüîãî ïåðåòâîðåííÿ Ôóð’º, ùî º âàæëèâèì åëåìåíòîì ðîçâ’ÿçàííÿ áàãàòüîõ ïðèêëàäíèõ
îïòèì³çàö³éíèõ çàäà÷.

Êëþ÷îâ³ ñëîâà: òåîð³ÿ îïòèìàëüíèõ ð³øåíü, îïòèì³çàö³éí³ çàäà÷³, ïåðåòâîðåííÿ Ôóð’º,
àñèìïòîòè÷í³ âëàñòèâîñò³.

ÂÑÒÓÏ

Äëÿ çàáåçïå÷åííÿ ñòð³ìêîãî (íåâïèííîãî) ðîçâèòêó ñâ³òîâîãî íàðîäíîãî ãîñ-

ïîäàðñòâà ïîòð³áíî âèêîðèñòîâóâàòè âñå íîâ³ é íîâ³ ìàòåìàòè÷í³ ìåòîäè ïðî-

ãíîçóâàííÿ äèíàì³êè åêîíîì³÷íèõ, ñîö³àëüíèõ òà áàãàòüîõ ³íøèõ ïðîöåñ³â.

Çà äîïîìîãîþ òðàäèö³éíèõ ìåòîä³â åêîíîì³÷íîãî ìîäåëþâàííÿ íå çàâæäè

âäàºòüñÿ äîñÿãòè áàæàíîãî ðåçóëüòàòó. Âî÷åâèäü öå ïîâ’ÿçàíî ç òèì, ùî

â á³ëüøîñò³ âèïàäê³â äèíàì³êó ðîçâèòêó òîãî ÷è ³íøîãî åêîíîì³÷íîãî ïðîöå-

ñó íå ìîæíà îïèñàòè çà äîïîìîãîþ ë³í³éíî¿ ôóíêö³îíàëüíî¿ çàëåæíîñò³. Òîä³

òðåáà ðîçðîáëÿòè ³ âèêîðèñòîâóâàòè íîâ³ ìàòåìàòè÷í³ ìåòîäè òåîð³¿ îïòè-

ìàëüíèõ ð³øåíü äëÿ ïðîãíîçóâàííÿ ïåðñïåêòèâ ðîçâèòêó ñâ³òîâîãî íàðîäíîãî

ãîñïîäàðñòâà.

Îäíèìè ç òàêèõ ìàòåìàòè÷íèõ ìåòîä³â º îïòèì³çàö³éí³ ìåòîäè ãàð-

ìîí³éíîãî àíàë³çó. Òåîðåòè÷íèìè îñíîâàìè ãàðìîí³éíîãî àíàë³çó, ÿê â³äîìî,

º ðÿäè ³ ïåðåòâîðåííÿ Ôóð’º. Â³ä ïî÷àòêó ñâîãî âèíèêíåííÿ ³ äîòåïåð òåîð³ÿ

ïåðåòâîðåííÿ Ôóð’º ìàº ïèòîìó âàãó ÿê ó ð³çíîìàí³òíèõ çàäà÷àõ ïðèêëàäíî¿

ìàòåìàòèêè (öèôðîâå îáðîáëåííÿ çâóêîâèõ ñèãíàë³â, ïîøèðåííÿ òåïëà

â ð³çíîìàí³òíîìó ñåðåäîâèù³ òîùî), òàê ³ â áàãàòüîõ åêñòðåìàëüíèõ çàäà÷àõ

òåîð³¿ íàáëèæåííÿ ôóíêö³é. Ìàëî òîãî, âñ³ îïòèì³çàö³éí³ çàäà÷³ òåîð³¿ íàáëè-

æåííÿ ôóíêö³é ìàþòü ñåíñ ëèøå òîä³, êîëè âñòàíîâëåíî ôàêò ñóìîâíîñò³ íà

âñ³é ÷èñëîâ³é îñ³ ïåðåòâîðåííÿ Ôóð’º ôóíêö³é ç äðîáîâèìè ïîõ³äíèìè [1–3]

â³äïîâ³äíîãî ³íòåãðàëüíîãî ïðåäñòàâëåííÿ äîñë³äæóâàíî¿ âåëè÷èíè.

ßê ³íòåãðàëüíå ïðåäñòàâëåííÿ â áàãàòüîõ çàäà÷àõ ïðèêëàäíî¿ ìàòåìàòèêè

çðó÷íî âèêîðèñòîâóâàòè ï³äñóìîâóâàëüíó ôóíêö³þ [4–6] Àáåëÿ–Ïóàññîíà.

Óí³êàëüí³ñòü ö³º¿ ôóíêö³¿ ïîëÿãàº â òîìó, ùî, ïî-ïåðøå, íà â³äì³íó â³ä áà-

ãàòüîõ ³íøèõ ï³äñóìîâóâàëüíèõ ôóíêö³é òàêîãî òèïó [7, 8], âîíà çà ñâîºþ

ñóòòþ º ãàðìîí³éíîþ, à ïî-äðóãå, ïîáóäîâàíà äëÿ êëàñ³â ç äðîáîâèìè

ïîõ³äíèìè. ² â³äïîâ³äíî, ÿê íå ÿêà ³íøà ôóíêö³ÿ, ìîæå ìîäåëþâàòè ð³çíî-

ìàí³òí³ ïðèêëàäí³ îïòèì³çàö³éí³ çàäà÷³ [9–11].
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Ñàìå òîìó îñíîâíîþ ìåòîþ ö³º¿ ðîáîòè º âèâ÷åííÿ àñèìïòîòè÷íèõ âëàñòè-

âîñòåé ãàðìîí³éíî¿ ï³äñóìîâóâàëüíî¿ ôóíêö³¿ Àáåëÿ–Ïóàññîíà äëÿ êëàñ³â ç äðî-

áîâèìè ïîõ³äíèìè òà ç’ÿñóâàííÿ óìîâ, çà ÿêèõ ¿¿ ïåðåòâîðåííÿ Ôóð’º áóäå ñó-

ìîâíèì íà âñ³é ÷èñëîâ³é îñ³.

ÏÎÑÒÀÍÎÂÊÀ ÇÀÄÀ×² ÒÀ ÄÅßÊ² ²ÑÒÎÐÈ×Í² Â²ÄÎÌÎÑÒ²

Íåõàé � � { ( )}� � k — ñóêóïíiñòü ôóíêöié, çàëåæíèõ ÿê âiä äiéñíîãî ïàðàìåò-

ðà � (äèâ., íàïðèêëàä, [12]), òàê i âiä k � 0 1 2, , , ... , ïðè÷îìó ïîêëàäåìî, ùî

� � ( )0 1� . Çàçíà÷èìî, ùî â ÷àñòèííîìó âèïàäêó, êîëè � � �n N , ÷èñëà

� �� ( ) ,k
def
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ðÿäîì Ôóð’º äåÿêî¿ íåïåðåðâíî¿ ôóíêö³¿, ÿêó ïîçíà÷àòèìåìî U f x� ( ; ; )� . Ó öüî-

ìó âèïàäêó êàæóòü [13, ñ. 36], ùî ìíîæèíà � � { ( )}� � k âèçíà÷àº êîíêðåòíèé ìå-

òîä (�-ìåòîä) ï³äñóìîâóâàííÿ ðÿä³â Ôóð’º. Àíàëîã³÷íî äî [13, ñ. 39] ìîæíà ïî-
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(äèâ., íàïðèêëàä, [19–21]), ÿêùî �
�

� �
1

ln
, 0 1� �� , òî ³íòåãðàë Àáåëÿ–Ïóàñ-

ñîíà (4) º ðîçâ’ÿçêîì êëàñè÷íîãî ð³âíÿííÿ Ëàïëàñà

�

�
�

�

�
�

�

�
�

2

2 2

2

2

1 1
0

U U U

x� � � �
( ,0 1� � � � �� � ��x

ISSN 1019-5262. Ê³áåðíåòèêà òà ñèñòåìíèé àíàë³ç, 2022, òîì 58, ¹ 6 121
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äëÿ ï³äñóìîâóâàëüíî¿ ôóíêö³¿ p z( ), çàäàíî¿ çà äîïîìîãîþ ñï³ââ³äíîøåííÿ (5),

º ñóìîâíèì íà âñ³é ÷èñëîâ³é îñ³.

ÏÅÐÅÒÂÎÐÅÍÍß ÔÓÐ’ª Ï²ÄÑÓÌÎÂÓÂÀËÜÍÎ¯ ÔÓÍÊÖ²¯ ÀÁÅËß–ÏÓÀÑÑÎÍÀ
ÒÀ ÉÎÃÎ ÇÁ²ÆÍ²ÑÒÜ

Ó ïðèéíÿòèõ ðàí³øå ïîçíà÷åííÿõ ìàº ì³ñöå òåîðåìà.

Òåîðåìà 1. Ïåðåòâîðåííÿ Ôóð’º âèãëÿäó (6) ï³äñóìîâóâàëüíî¿ ôóíêö³¿
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Äîâåäåííÿ. Çã³äíî ç òåîðåìîþ 1 [26] äëÿ çá³æíîñò³ ³íòåãðàëà ç ïðàâî¿ ÷àñ-
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Îñê³ëüêè ôóíêö³ÿ p z( ) çàäàíà çà äîïîìîãîþ ñï³ââ³äíîøåííÿ (5), äëÿ îòðè-

ìàííÿ îö³íêè ³íòåãðàëà (9) çàïèøåìî éîãî ó âèãëÿä³
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0

1
1 1

0

1

� � � � � �� �
� � � �

�

� �� � � �
��

1 1 1

1

1

1�

�

r

z z

r
e e

dz

z

( ) ( ) . (18)

Ëåãêî ïîêàçàòè, ùî

e e
dz

z
Oz z� � � �� �

�

�
�

�

�
��

( ) ( )1 1

0

1

1
�

�
, � � 0, (19)

òà

e e
dz

z

O r

O r

O

z z

r

� � � �
�

� �
�

� ��
( ) ( )

( ), ,

ln ( ), ,

(

1 1

1

1

1

1 1

1 1

�

�

�r r� �

�

	



�

 1 1), .

(20)

Ï³äñòàâèâøè (19) òà (20) ó ïðàâó ÷àñòèíó (18), ìàòèìåìî

p z p z
dz

z

O r

O

r

( ) ( )

, ,

ln
1 1

1
1

1

0

1

� � � �

�

�
��

�

�
�� �

�
�

�
�

�

�
�

�
�

� �
� �

�

�
�

�

�
� �
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�








, ,

, .

r

O r

1

1
1

�

(21)

Äëÿ îòðèìàííÿ îö³íêè ³íòåãðàëà (10) ðîç³á’ºìî ïðîì³æîê éîãî ³íòåãðóâàííÿ

0
1

2
;

�

�
 

!

"
# íà äâ³ ÷àñòèíè: 0

1
;

�

�

�
 

!

"
# ³

1 1

2�
;

�

�
 

!

"
#.

Çã³äíî ç (5) áóäåìî ìàòè �� � � �p z e z( ) äëÿ âñ³õ z �
�

�
 

!

"
#0

1
;

�
. Òîæ, âèêîðèñòàâ-

øè íåð³âí³ñòü (12), îòðèìàºìî îö³íêó

z dp z O( )

0

1

2

1
�

�
� �

�

�
��

�

�
�� , � � � . (22)

Äàë³ ó âèïàäêó z �
�

�
 

!

"
#

1 1

2�
; ïîêëàäåìî

p z p z p z( ) ( ) ( ),� �1 2

äå

p z e z zz r
1 1( ): ( ) ( ) ,� � �� �� (23)

p z
z r

r2

1

( ):�
� �

�
. (24)

124 ISSN 1019-5262. Ê³áåðíåòèêà òà ñèñòåìíèé àíàë³ç, 2022, òîì 58, ¹ 6



Òîä³ î÷åâèäíî, ùî

z dp z z dp z z dp z� � � � �� � �( ) ( ) ( )

1

1

2

1

1

1

2

2

1

1

2

� � �

. (25)

Çíàéäåìî îö³íêó ïåðøîãî ³íòåãðàëà ç ïðàâî¿ ÷àñòèíè (25). Äëÿ öüîãî

äîñë³äèìî ôóíêö³þ


( )z e zz� � ��1 . (26)

Ìàòèìåìî

� � � � �
 ( )z e z1 , �� � � �
 ( )z e z , 
( )0 0� , �
 	 �� �0 ,

à òàêîæ äëÿ âñ³õ z � 0


( )z � 0, � �
 ( )z 0, �� �
 ( )z 0. (27)

Âðàõîâóþ÷è (27) ³ íåð³âí³ñòü e z zz� � � �
1

2
12 , çà óìîâè z � �[ , )0 ìîæíà

ïîêàçàòè âèêîíàííÿ òàêèõ ñï³ââ³äíîøåíü:

� � � ��
 ( )z e zz1 , �� � ��
 ( )z e z 1. (28)

Äàë³ äëÿ âñ³õ z �
1

�
³ç âðàõóâàííÿì (23) ³ (26) îòðèìàºìî

dp z r r z z r z z z z
r

r r r� � � � � � ��� � � � �
1

2 11
1 2( ) ( ( ) ( ) ( ) ( )
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 )dz . (29)

²ç (29) ³ (28) âèïëèâàº, ùî
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r

z dz
r

r

r
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1
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2
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2
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1

1

2
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2 1
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C

r

3

�
. (30)

Îö³íèìî äðóãèé ³íòåãðàë ó ïðàâ³é ÷àñòèí³ íåð³âíîñò³ (25). Çã³äíî ç (24)

dp z
r r

z dz
r

r� �
� � �

2
11

( )
( )

�
, z � 0.

À îòæå, ìîæåìî çàïèñàòè

z dp z zdp z O
r

� �� � �
�

�
��

�

�
��� �2

1

1

2

2

1

1

2
1

( ) ( )

� �

�
, � � �. (31)

Ïðèéìàþ÷è äî óâàãè ñï³ââ³äíîøåííÿ (22) ³ îá’ºäíóþ÷è (25), (30) òà (31),

îòðèìóºìî îö³íêó

z dp z O
r

� �
�

�
��

�

�
��� ( )

0

1

2
1

�
, � � �. (32)

² íàñàìê³íåöü îòðèìàºìî îö³íêó ³íòåãðàëà (11). Çà óìîâè z �
�

�
 �

�

�
��

1

�
, ³ç (5)

âèïëèâàº, ùî

dp z r r e z re z e z dz
r

z r z r z r� � � � � �� � � � � � � �( ) { ( )( ) }
1

1 1 22 1

�
. (33)
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Òîä³ óíàñë³äîê (33)

z dp z
r r

e
dz

z

r
e

dz

zr

z

r r

z� � �
�

� �
�

�
�

�

�
� �1

1
1

2

1

2

1

2

1
( )

( )
( )

� � r r

z

r
e

d z

z
� �

�

�

�

��
1

1

2

1
1

2

�
.
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Äëÿ çàâåðøåííÿ äîâåäåííÿ òåîðåìè ñêîðèñòàºìîñÿ íåð³âíîñòÿìè (2.14)

³ (2.15) ³ç [26], çã³äíî ç ÿêèìè

1

2

2

2
00

�

��

�

��

��

� ��

� ��
�

�
�

�

�
� �p z zt dz dt p z

dz

z
( )cos ( )sin� �

� � � � � � � � � �� � �
�

C p z p z
dz

z
z dp z z dp z p4

0

1

0

1

2

1

2

1 1 1( ) ( ) ( ) ( ) ( ) ( )0 1�

�

�

�
�
�
�

�

�

�
�
�
�

p (35

òà

1

2
1 1

0

1

0
�

��

��

�

� ��
�

�
�

�

�
� � � � �p z zt dz dt p z p z

dz

z
( )cos ( ) ( )

�

� �

� � � � � � �
� �

� � �C
a

p z
dz

z
z dp z z dp z p5

0 0

1

2

1

2

2
1 0sin ( ) ( ) ( ) ( )

�
�

�

�

�
�
�
�

�

�

�
�
�
�

p( )1 . (36)

Îòæå, îá’ºäíóþ÷è ñï³ââ³äíîøåííÿ (17), (21), (32), (34)–(36) òà ïîçíà÷åííÿ

ï³äñóìîâóâàëüíî¿ ôóíêö³¿ Àáåëÿ–Ïóàññîíà (5), îòðèìóºìî îö³íêó (7).

Òåîðåìó äîâåäåíî.

ÂÈÑÍÎÂÊÈ

Ó ðåçóëüòàò³ ïðîâåäåíèõ äîñë³äæåíü áóëè âèâ÷åí³ àñèìïòîòè÷í³ âëàñòèâîñò³

ï³äñóìîâóâàëüíî¿ ôóíêö³¿ Àáåëÿ–Ïóàññîíà (5). Öÿ ôóíêö³ÿ, ÿê ³ âñ³ ôóíêö³¿

òàêîãî òèïó, õàðàêòåðèçóº â³äïîâ³äí³ ãàðìîí³éí³ îïåðàòîðè [28, 29], ÿê³ º ðîç-

â’ÿçêàìè â³äïîâ³äíèõ ³íòåãðî-äèôåðåíö³àëüíèõ ð³âíÿíü. À òîìó äîñë³äæåí³

â ðîáîò³ àñèìïòîòè÷í³ âëàñòèâîñò³ ï³äñóìîâóâàëüíî¿ ôóíêö³¿ Àáåëÿ–Ïóàññîíà

íà êëàñàõ ôóíêö³é ç äðîáîâîþ ïîõ³äíîþ º âàæëèâèì åëåìåíòîì äëÿ ðîçâ’ÿ-

çàííÿ äåÿêèõ ïðèêëàäíèõ çàäà÷ [30–32]. Ñïðàâà â òîìó, ùî ö³ çàäà÷³ áóäóòü

êîðåêòíèìè ëèøå çà óìîâè, êîëè ³íòåãðàëüíå ïðåäñòàâëåííÿ äîñë³äæóâàíî¿

âåëè÷èíè º ñóìîâíèì íà âñ³é ÷èñëîâ³é îñ³. Ó ïðîöåñ³ äîâåäåííÿ òåîðåìè

áóëî ïîêàçàíî, ùî ïåðåòâîðåííÿ Ôóð’º (6) ï³äñóìîâóâàëüíî¿ ôóíêö³¿ (5)

º çá³æíèì. Îòðèìàí³ â ðîáîò³ àñèìïòîòè÷í³ îö³íêè (7) àíàë³òè÷íî ï³äòâåð-

äæóþòü åêñïåðèìåíòàëüí³ äîñë³äæåííÿ â [33–37].
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T.V. Zhyhallo, Yu.I. Kharkevych
FOURIER TRANSFORM OF THE SUMMING ABEL–POISSON FUNCTION

Abstract. The work is devoted to the current issues of the theory of optimal solutions, namely
the analysis of the asymptotic properties of the Fourier transformation of the summing
Abel–Poisson function. The Fourier transform considered in the paper is based on the solution
of the classical Laplace’s equation in polar coordinates (in the middle of the single circle) with
the corresponding boundary conditions. Moreover, this Fourier transform of the summing
Abel–Poisson function is denoted by classes of functions with fractional derivatives. Therefore,
the asymptotic estimates obtained in the paper for this Fourier transform are an important
element in solving many applied optimization problems.
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