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Àíîòàö³ÿ. Ðîçãëÿíóòî îñîáëèâîñò³ çàñòîñóâàííÿ ìåòîäó ñê³í÷åííèõ ð³çíèöü (ÌÑÐ) äëÿ

ðîçâ’ÿçàííÿ íåë³í³éíèõ äèíàì³÷íèõ çàäà÷ ðîçïîä³ëåíèõ ñèñòåì (ÐÑ) ó ïîòîö³. Ïîêàçàíî,

ùî îñíîâíèìè îáìåæåííÿìè çàñòîñóâàííÿ ÌÑÐ äëÿ ÷èñåëüíîãî ìîäåëþâàííÿ ïîøèðåííÿ

òà â³äáèòòÿ õâèëü ó ÐÑ º îñîáëèâîñò³ âèçíà÷àëüíèõ êâàç³ë³í³éíèõ ð³âíÿíü. Âîíè çóìîâëþ-

þòü íåîáõ³äí³ñòü îäíî÷àñíîãî îá÷èñëåííÿ çì³ííèõ, ùî â³äïîâ³äàþòü øâèäêîïëèííèì òà

ïîâ³ëüíèì õâèëüîâèì ïðîöåñàì. Äëÿ òàêèõ ñèñòåì ð³âíÿíü âèêîðèñòîâóþòü òåðì³í «ñèí-

ãóëÿðíî çáóðåíà ñèñòåìà ð³âíÿíü». Ö³ çáóðåííÿ º íàñë³äêîì çíà÷íî¿ ð³çíèö³ ó øâèäêîñòÿõ

ïîøèðåííÿ ïîçäîâæí³õ, êîíô³ãóðàö³éíèõ, çãèíàëüíèõ ³ êðóòèëüíèõ õâèëü ó ÐÑ íà ô³çè÷-

íîìó ð³âí³. Ç îãëÿäó íà öå ïîòð³áíî çàñòîñîâóâàòè ñïåö³àëüí³ ïîêðîêîâ³ çà ÷àñîì ìåòîäè

ðåãóëÿðèçàö³¿ òà ô³ëüòðàö³¿ ÷èñåëüíèõ ðåçóëüòàò³â. Öå íàêëàäàº ïåâí³ îáìåæåííÿ íà ìîæ-

ëèâ³ñòü ìîäåëþâàííÿ ðåàëüíèõ ïðîöåñ³â òà íà òî÷í³ñòü îòðèìàíèõ ðåçóëüòàò³â ³ çìóøóº

çàñòîñîâóâàòè íåÿâí³ ð³çíèöåâ³ ñõåìè òà âèñîêî÷àñòîòíó ô³ëüòðàö³þ. Äëÿ ðîçâ’ÿçàííÿ ñèñ-

òåì ë³í³éíèõ àëãåáðà¿÷íèõ ð³âíÿíü ç óðàõóâàííÿì ïîãàíî¿ îáóìîâëåíîñò³ ìàòðèö³ êîíâåê-

òèâíèõ ÷ëåí³â åêñïåðèìåíòàëüíèì îá÷èñëåííÿì áóëî îáðàíî ìåòîä ðåãóëÿðèçàö³¿. Ðåçóëü-

òàòè ç íåîáõ³äíèì ñòóïåíåì òî÷íîñò³ ìîæíà îòðèìàòè, âèêîðèñòîâóþ÷è ð³çíèöåâó ñõåìó

Êðàíêà–Í³êîëüñîí íàâ³òü íà ãðóáèõ ñ³òêàõ ³ âèòðàòè ÷àñó ïðè öüîìó áóäóòü ì³í³ìàëüíè-

ìè. ²íøà ñèòóàö³ÿ ñïîñòåð³ãàºòüñÿ ó ðàç³ ïîð³âíÿííÿ ðåçóëüòàò³â íà ãðóá³é ³ á³ëüø äð³áí³é

ñ³òêàõ äëÿ ð³çíèöåâî¿ ñõåìè Åéëåðà. Íåïåðåáîðí³ ïîìèëêè â³ä ïîõèáîê àïðîêñèìàö³¿

â³äñóòí³õ ãðàíè÷íèõ óìîâ ïðèçâîäÿòü äî ùå á³ëüøèõ ïîõèáîê.

Êëþ÷îâ³ ñëîâà: ìåòîä ñê³í÷åííèõ ð³çíèöü, ðîçïîä³ëåí³ ñèñòåìè, íåë³í³éí³ñòü, ñèíãó-

ëÿðí³ñòü, âèñîêî÷àñòîòíà ô³ëüòðàö³ÿ.

ÂÑÒÓÏ

Äî ðîçïîä³ëåíèõ ñèñòåì (ÐÑ) íàëåæàòü êðèëà ë³òàê³â òà ãâèíòîêðèë³â, áóêñè-

ðóâàí³ ñèñòåìè ïîñò³éíî¿ òà çì³ííî¿ äîâæèíè â ïîòîö³ ð³äèíè òà ãàçó, ó êîñ-

ì³÷íîìó ñåðåäîâèù³, à òàêîæ ëîïàòåâ³ òà áåçëîïàòåâ³ ïîâ³òðÿí³ ãåíåðàòîðè,

ïàë³, ï³äâîäí³ êàáåë³ çâ’ÿçêó, îïîðè ìîðñüêèõ íàôòîâèõ ïëàòôîðì òà ³í. Ðîç-

ïîä³ëåíèìè ñèñòåìàìè º óñ³ ìåõàí³÷í³ îá’ºêòè, äå îäèí ç ë³í³éíèõ ðîçì³ð³â

ÿê ì³í³ìóì ó 10–20 ðàç³â á³ëüøèé çà äâà ³íøèõ. Öå êîñì³÷í³ çâ’�çêè íà íàâ-

êîëîçåìíîìó ïðîñòîð³ äîâæèíîþ äåñÿòêè ê³ëîìåòð³â [1]; ÐÑ îïèñóþòü çàë³çî-

áåòîíí³ ïàë³ [2] â ´ðóíò³ äëÿ ðîçðàõóíê³â íàïðóæåíî-äåôîðìîâàíîãî ñòàíó ³

îö³íþâàííÿ òåõí³÷íîãî ñòàíó [3–5]; ï³äâîäí³ íàôòî- òà ãàçîïðîâîäè [6]; áóê-

ñèðóâàí³ ñèñòåìè [7–11]; ñèñòåìè åðë³ôòà âåëèêî¿ ïðîòÿæíîñò³ äëÿ âèäîáóòêó

ì³íåðàë³â (êîíêðåö³é) ç äíà îêåàíó äîâæèíîþ 5–10 êì [12]. Ìàòåìàòè÷í³ ìî-

äåë³, ùî â³äîáðàæàþòü äèíàì³êó ÐÑ â ïðîñòîðîâî-íåîäíîð³äíîìó ïîë³ ìàñî-

âèõ ³ ïîâåðõíåâèõ ñèë, çàçâè÷àé îïèñóþòüñÿ íåë³í³éíèìè ð³âíÿííÿìè â ÷àñ-

òèííèõ ïîõ³äíèõ [5, 7, 8, 13], ðîçâ’ÿçàííÿ ÿêèõ ìîæëèâå ëèøå ç âèêîðèñòàí-

íÿì îá÷èñëþâàëüíèõ ìåòîä³â [7–9]. Îá÷èñëþâàëüí³ ìåòîäè ³ àëãîðèòìè äëÿ

ìàòåìàòè÷íîãî ìîäåëþâàííÿ ÐÑ äîñë³äæóâàëè ³ ðîçðîáëÿëè áàãàòî â÷åíèõ,
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ñåðåä ÿêèõ À.Â. Ãëàäêèé, Â.Ô. Ãóáàðºâ, Þ.Ã. Êðèâîíîñ, ².Â. Ñåðã³ºíêî,

Â.Â. Ñêîïåöüêèé [14–18].

Ðîçãëÿíåìî ïðîáëåìè ÷èñåëüíîãî ìîäåëþâàííÿ íåë³í³éíèõ çàäà÷ äèíàì³êè ÐÑ.

1. Ãåîìåòðè÷íèé ðîçì³ð (âçäîâæ ÐÑ) íà äåê³ëüêà ïîðÿäê³â ïåðåâèùóº ðîçì³ð

ÐÑ â ïîïåðå÷íîìó íàïðÿìêó. Öå ïðèçâîäèòü äî ñêëàäíîù³â â îá÷èñëåíí³ ïîïå-

ðå÷íèõ õâèëü ð³çíî¿ ïðèðîäè â ÐÑ (êîíô³ãóðàö³éíèõ, çãèíàëüíèõ, êðóòèëüíèõ,

äåïëàíàö³éíèõ òîùî) ç îäíî÷àñíîþ íåîáõ³äí³ñòþ âðàõóâàííÿ ïîçäîâæí³õ õâèëü.

2. Çàñòîñóâàííÿ ïðîºêö³éíèõ ìåòîä³â ÷èñåëüíîãî àíàë³çó êâàç³ë³í³éíèõ

ð³âíÿíü äèíàì³êè ÐÑ çóìîâëþº íàÿâí³ñòü ó ìàòðè÷íèõ ð³âíÿííÿõ êîåô³ö³ºíò³â

ïðè íåâ³äîìèõ, ùî ìîæóòü â³äð³çíÿòèñÿ îäèí â³ä îäíîãî íà äåê³ëüêà ïîðÿäê³â.

ßê â³äîìî, öå ïðèçâîäèòü äî âåëèêèõ ñêëàäíîù³â ç îá÷èñëåííÿì îáåðíåíî¿ ìàò-

ðèö³ ó öèõ ð³âíÿííÿõ ³ ñïðè÷èíÿº íåîáõ³äí³ñòü âèêîðèñòàííÿ ñïåö³àëüíèõ ìå-

òîä³â òà àëãîðèòì³â ïîäâ³éíî¿ òî÷íîñò³.

3. Óíàñë³äîê âåëèêî¿ ÷óòëèâîñò³ ÷èñåëüíèõ àëãîðèòì³â äî ïîõèáîê ó ïî÷àò-

êîâèõ ³ êðàéîâèõ óìîâàõ ñêëàäíî ïîäîëàòè «ðîçõèòóâàííÿ» ÷èñåëüíèõ àëãî-

ðèòì³â, òîìó âèíèêàº ïîòðåáà ó çàñòîñóâàíí³ ñïåö³àëüíèõ ìåòîä³â òà ïðîãðàì-

íèõ âèñîêî÷àñòîòíèõ ô³ëüòð³â.

4. Ï³ä ÷àñ ÷èñåëüíî¿ ðåàë³çàö³¿ áàãàòîõâèëüîâèõ ìîäåëåé ÐÑ âèíèêàþòü

äåÿê³ òðóäíîù³, çóìîâëåí³ òèì, ùî øâèäê³ñòü ïîøèðåííÿ õâèëü ð³çíîãî òèïó íå-

îäíàêîâà [8]. Â îêðåìèõ âèïàäêàõ, íàïðèêëàä äëÿ ïîçäîâæí³õ ³ ïîïåðå÷íèõ

õâèëü ó ÐÑ, ð³çíèöÿ ìîæå ñòàíîâèòè âåëè÷èíó â äåê³ëüêà ïîðÿäê³â [8]. Çà ÷è-

ñåëüíî¿ ðåàë³çàö³¿ öÿ îñîáëèâ³ñòü ïðèçâîäèòü äî íàêîïè÷åííÿ ïîõèáîê â îá÷èñ-

ëåíí³ øóêàíèõ âåëè÷èí ï³ä ÷àñ ïåðåõîäó ç îäíîãî ÷àñîâîãî øàðó íà íàñòóïíèé

³ â ðåçóëüòàò³ — äî «ðîçõèòóâàííÿ» ïðîãðàìè.

5. Ïîøèðåí³ ìàòåìàòè÷í³ ìîäåë³ ÐÑ [19] íå º ö³ëêîì êîðåêòíèìè äëÿ âðàõó-

âàííÿ ð³çíîìàí³òòÿ õâèëüîâèõ ïðîöåñ³â. Öå âèçíà÷àº íåîáõ³äí³ñòü ïîáóäîâè

óòî÷íåíèõ áàãàòîõâèëüîâèõ ìîäåëåé ÐÑ äîäàòêîâî äî ñïåö³àëüíèõ ÷èñåëüíèõ

ìåòîä³â òà àëãîðèòì³â ¿õíüîãî îá÷èñëåííÿ.

ÏÎÑÒÀÍÎÂÊÀ ÇÀÄÀ×²

Íåë³í³éíó õâèëüîâó ìîäåëü ÐÑ, ÿêà îïèñóº ðîçïîä³ëåíó áóêñèðóâàíó ñèñòåìó

(ðèñ. 1, 2), ùî ðóõàºòüñÿ ó ïîòîö³ ñòàö³îíàðíî àáî ç ïðèñêîðåííÿì ó ïëî-

ùèí³, ïðåäñòàâèìî ÿê ìàòðè÷íå ð³âíÿííÿ òèïó ïåðåíîñó â ñòàíäàðòíîìó âè-

ãëÿä³ [7–9]:
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Òóò E — îäèíè÷íà ìàòðèöÿ, B — ìàò-

ðèöÿ êîíâåêòèâíèõ ÷ëåí³â, D — âåê-

òîð-ñòîâïåöü ïðàâèõ ÷àñòèí, ÿêèé âèçíà-

÷àºòüñÿ ðîçïîä³ëåíèìè ìàñîâèìè òà ïî-

âåðõíåâèìè ñèëàìè, à òàêîæ ìîìåíòàìè

öèõ ñèë. Âåêòîð-ñòîâïåöü D çàëåæèòü

â³ä ÷àñó t , Ëàãðàíæåâî¿ êîîðäèíàòè S ,

âåêòîðà-ñòîâïöÿ íåâ³äîìèõ W òà êîì-

ïîíåíò ðîçïîä³ëåíèõ ìàñîâèõ ³ ïîâåðõ-

íåâèõ ñèë.

Ðîçì³ðí³ñòü ìàòðè÷íîãî ð³âíÿí-

íÿ (1) âèçíà÷àºòüñÿ ê³ëüê³ñòþ âðàõîâà-

íèõ õâèëü â ÐÑ: ðîçì³ðí³ñòü 2 — âðàõî-

âàíà îäíà õâèëÿ — ïîçäîâæíÿ àáî ïîïå-

140 ISSN 1019-5262. Ê³áåðíåòèêà òà ñèñòåìíèé àíàë³ç, 2023, òîì 59, ¹ 1

Ðèñ. 1. Çàãàëüíèé âèãëÿä ïàñòêè, ïðèêð³ïëåíî¿

äî ÐÑ, òà ë³òàêà ç ïàñòêîþ [10]. Ïðèçíà÷åííÿ

ïàñòêè — çàõèñò ë³òàêà â³ä çåí³òíèõ ðàêåò
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ðå÷íà (õàðàêòåðíî äëÿ ïåðåâàæíî¿ á³ëüøîñò³ íàóêîâèõ ïóáë³êàö³é),

ðîçì³ðí³ñòü 4 — âðàõîâàíî äâ³ õâèë³ (ïðèêëàäîì º ìîäåëü áàëêè Òèìîøåí-

êà [20]), ðîçì³ðí³ñòü 6 — âðàõîâàíî òðè õâèë³ ³ ò.³í. Ó ðîáîò³ [21] îòðèìàíî

íàéá³ëüø óçàãàëüíåíó äîòåïåð ìàòåìàòè÷íó ìîäåëü (1) ðîçì³ðíîñò³ 14, ùî îïè-

ñóº íåë³í³éíó äèíàì³êó ÐÑ â ïðîñòîðîâî-íåîäíîð³äíîìó ïîë³ ìàñîâèõ ³ ïîâåðõ-

íåâèõ ñèë. Âîíà âðàõîâóº ñ³ì õâèëü â ÐÑ ï’ÿòè òèï³â: ïîçäîâæíþ, êðóòèëüíó,

äâ³ êîíô³ãóðàö³éí³ (ïîïåðå÷í³) òà äâ³ çãèíàëüí³, à òàêîæ äåïëàíàö³éíó. Äëÿ ìî-

äåë³, îïèñàíî¿ â ðîáîò³ [21], âèêîíóþòüñÿ ïðèíöèïè ãðàíè÷íîñò³ ³ ã³ïåðáîë³÷-

íîñò³, ñôîðìóëüîâàí³ â [22].

Êðàéîâ³ òà ïî÷àòêîâ³ óìîâè äëÿ ìîäåë³ (1). Ó âåðõíüîìó ê³íö³ ÐÑ äëÿ

S L� (ðèñ. 1, 2) çàäàìî ïðîºêö³¿ øâèäêîñò³ U :

U L t U tt t( , ) ( )�
�

,

U L t U tn n( , ) ( )�
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, (2)
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.

Íà íèæíüîìó ê³íö³ ÐÑ (äëÿ S � 0) çàäàíî óìîâè äèíàì³÷íî¿ ð³âíîâàãè ñèë Fi
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ßê ïî÷àòêîâ³ óìîâè âèêîðèñòàºìî ðîçâ’ÿçêè çàäà÷³ ñòàòèêè ð³âíÿíü ìî-

äåë³ (1) äëÿ
�

�
�

t
( )� 0:

B
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S
D

�

�
� . (4)

Ìîäåëü (1) ç ïî÷àòêîâèìè (4) òà êðàéîâèìè (2), (3) óìîâàìè ÿâëÿº ñîáîþ çàì-

êíåíó ñèñòåìó êâàç³ë³í³éíèõ ð³âíÿíü â ÷àñòèííèõ ïîõ³äíèõ [23], à òàêîæ ïî÷àòêî-

âî-êðàéîâó çàäà÷ó.

Äîñë³äíèêè äëÿ ÷èñåëüíîãî ðîçâ’ÿçàííÿ êðàéîâî¿ çàäà÷³ (1)–(4) (ó çíà÷íî

ñïðîùåíîìó âèãëÿä³, ïåðåâàæíî â îäíî- àáî äâîõâèëüîâîìó íàáëèæåíí³ (1)–(4))

âèêîðèñòîâóþòü ê³ëüêà ï³äõîä³â. Íàéá³ëüø ïîøèðåíèìè ñåðåä íèõ º äèñêðåòíèé

ï³äõ³ä, ìåòîä ñê³í÷åííèõ åëåìåíò³â (ÌÑÅ) ³ ìåòîä ñê³í÷åííèõ ð³çíèöü (ÌÑÐ).

Ðîçãëÿíåìî îêðåìî êîæíèé ç íèõ.
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Ó ìåæàõ äèñêðåòíîãî ï³äõîäó [19, 24, 25] ð³âíÿííÿ, ùî îïèñóþòü ïîâåä³íêó

ÐÑ ó ïðîñòîð³, âèâîäÿòü ³ç çàãàëüíèõ ð³âíÿíü Ëàãðàíæà 2-ãî ðîäó, à ÐÑ àïðîêñè-

ìóºòüñÿ â³äð³çêàìè ñòðèæí³â, äóã ê³ë ³ ò.³í. [26]. Çàì³íà ð³âíÿíü ó ÷àñòèííèõ

ïîõ³äíèõ çâè÷àéíèìè òà ïðîñòîòà ðåàë³çàö³¿ íà ÏÊ ñïðèÿëè øèðîêîìó âèêîðèñòàí-

íþ äèñêðåòíîãî ï³äõîäó äëÿ ðîçâ’ÿçàííÿ çàäà÷ ñòàòèêè ³ äèíàì³êè ÐÑ [24, 26, 27].

Òåîð³þ äèñêðåòíîãî ï³äõîäó âèñâ³òëåíî â ìîíîãðàô³ÿõ [19, 24]. Àëå âèêîðèñòàí-

íÿ äèñêðåòíî¿ ìîäåë³ ÐÑ äëÿ ðîçâ’ÿçàííÿ ïðîñòîðîâèõ, ãåîìåòðè÷íî ³ ô³çè÷íî

íåë³í³éíèõ çàäà÷ ïðèçâîäèòü äî ïåâíèõ òðóäíîù³â. Öå, íàñàìïåðåä, çàëåæèòü

â³ä ê³ëüêîñò³ äèñêðåòíèõ åëåìåíò³â, ïîòð³áíèõ äëÿ çàáåçïå÷åííÿ òî÷íîñò³ òà

ãëàäêîñò³ àïðîêñèìàö³¿, à òàêîæ â³ä ¿õíüîãî «çøèâàííÿ» [25]. Òàê, ï³ä ÷àñ

äîñë³äæåííÿ òèõ ÷è ³íøèõ åôåêò³â â ÐÑ àâòîðè âðàõîâóþòü øàðí³ðí³ ç’ºäíàííÿ

åëåìåíò³â [24], ïðóæèíí³ [28], ïðóæèíí³ ç äåìïôåðîì [29] ³ ò.³í. Îäíèì ³ç ñêëàä-

íîù³â, ùî îáìåæóþòü ðåàë³çàö³þ öüîãî ï³äõîäó, º íåîáõ³äí³ñòü îá÷èñëþâàòè

³íòåãðàëüí³ âèðàçè â³ä óçàãàëüíåíèõ ñèë ó êîæíîìó âóçë³ çøèâàííÿ äèñêðåòíèõ

åëåìåíò³â [24, 25], ùî çá³ëüøóº âèòðàòè îá÷èñëþâàëüíîãî ÷àñó. Óíàñë³äîê öüî-

ãî ïîòð³áíî îáìåæóâàòèñÿ ì³í³ìàëüíî ìîæëèâîþ ê³ëüê³ñòþ äèñêðåòíèõ åëå-

ìåíò³â [24], ùî â äåÿêèõ âèïàäêàõ ìîæå ïðèçâåñòè äî ïîõèáîê ³ íàêîïè÷åííÿ

ïîìèëîê â îá÷èñëåííÿõ [24].

ÌÑÅ íàé÷àñò³øå çàñòîñîâóºòüñÿ äëÿ ðîçâ’ÿçàííÿ çàäà÷ ìåõàí³êè ñóö³ëüíèõ

ñåðåäîâèù òà áóâ çàñòîñîâàíèé äëÿ àíàë³çó çàäà÷ ñòàòèêè ³ äèíàì³êè ÐÑ [26, 28].

Íàéá³ëüøîãî ïîøèðåííÿ â³í íàáóâ äëÿ ðîçâ’ÿçàííÿ ñòàòè÷íèõ ³ êâàç³ñòàòè÷íèõ

çàäà÷ [27, 28]. Îñê³ëüêè ÐÑ — öå îäíîâèì³ðíèé îá’ºêò ñóö³ëüíîãî ñåðåäîâèùà,

äëÿ éîãî àïðîêñèìàö³¿ â ÌÑÅ ïîòð³áåí îäíîâèì³ðíèé ñê³í÷åííèé åëåìåíò, ÿêèì

º ñòðèæåíü [19, 24]. Ó ðåçóëüòàò³ ìè îòðèìóºìî äåÿêå óçàãàëüíåííÿ äèñêðåòíî¿

ìîäåë³ ÐÑ ç âèêîðèñòàííÿì êîíöåïö³¿ ÌÑÅ. Òîìó ó ðàç³ çàñòîñóâàííÿ ÌÑÅ äëÿ

äîñë³äæåííÿ íåñòàö³îíàðíèõ øâèäêîïëèííèõ ïðîöåñ³â, ïðîñòîðîâèõ çì³í õàðàê-

òåðèñòèê ñèñòåì ç ðîçïîä³ëåíèìè ïàðàìåòðàìè, ÿêèìè º ÐÑ, ìè ñòèêàºìîñÿ

ç òèìè ñàìèìè òðóäíîùàìè, ùî ³ ó ðàç³ çàñòîñóâàííÿ äèñêðåòíî¿ ìîäåë³ [25, 27].

Øâèäê³ñòü ïîøèðåííÿ çáóðåíü ó ðàç³ âèêîðèñòàííÿ äèñêðåòíîãî ï³äõîäó òà

ÌÑÅ â ÐÑ ñòàº íåñê³í÷åííîþ ³ îäíàêîâîþ äëÿ ð³çíèõ õâèëüîâèõ ìîä; º ïîðó-

øåííÿ ïðèíöèïó ã³ïåðáîë³÷íîñò³ [22] (ïîçäîâæí³, ïîïåðå÷í³, êðóòèëüí³ òà çãè-

íàëüí³ çáóðåííÿ ïîøèðþþòüñÿ â ìîäåë³ ç îäíàêîâîþ øâèäê³ñòþ). Íàñïðàâä³ öå

íå â³äïîâ³äàº ïðèðîä³ ÿâèùà, îñê³ëüêè øâèäê³ñòü ïîøèðåííÿ ïîçäîâæíüîãî

³ìïóëüñó ìîæå çíà÷íî ïåðåâèùóâàòè øâèäê³ñòü ïîøèðåííÿ ïîïåðå÷íîãî

³ìïóëüñó. Öå º ñåðéîçíèì îáìåæåííÿì äî çàñòîñóâàííÿ öèõ ï³äõîä³â ³ º äæåðå-

ëîì íàêîïè÷åííÿ ïîìèëîê ï³ä ÷àñ ðîçâ’ÿçàííÿ çàäà÷ äèíàì³êè äëÿ êåðóâàííÿ

ï³äâîäíèìè ïðèâ’ÿçíèìè àïàðàòàìè, íåðóéí³âíî¿ ä³àãíîñòèêè ïàëü (ïîøèðåííÿ

òà â³äáèòòÿ õâèëü ó çàë³çîáåòîííèõ ïàëÿõ [30–35]) òà ³í.

Öèõ íåäîë³ê³â ïîçáàâëåíèé ìåòîä ñê³í÷åííèõ ð³çíèöü, ÿêèé øèðîêî çàñòîñî-

âóºòüñÿ äëÿ òàêèõ ñêëàäíèõ çàäà÷ [8, 36, 37], îñîáëèâî çàäà÷ âèçíà÷åííÿ íàïðóæå-

íî-äåôîðìîâàíîãî ñòàíó ÐÑ ï³ä ÷àñ ïåðåõ³äíèõ ïðîöåñ³â ó ïëîùèí³ òà ïðîñòîð³ ç³

çì³ííîþ â ÷àñ³ äîâæèíîþ ÐÑ [38]. Ó ðàç³ çàñòîñóâàííÿ öüîãî ìåòîäó ïðîòÿãîì âñüîãî

÷àñó ðîçðàõóíêó ìàòåìàòè÷íà ìîäåëü º ã³ïåðáîë³÷íîþ, øâèäê³ñòü ïîøèðåííÿ çáó-

ðåíü â ÐÑ — ñê³í÷åííà òà â³äïîâ³äàº ô³çèö³ ïðîöåñó — òèïó çáóðåíü (ïîçäîâæí³,

êîíô³ãóðàö³éí³, çãèíàëüí³, êðóòèëüí³ òà ³íø³ çáóðåííÿ ïîøèðþþòüñÿ ³ç ñê³í÷åííîþ

øâèäê³ñòþ) [8]. Îäíàê ñóòòºâà â³äì³íí³ñòü ó øâèäêîñòÿõ ïîøèðåííÿ õâèëü ð³çíîãî

òèïó â ÐÑ ³ç çàñòîñóâàííÿì çâè÷àéíîãî ñê³í÷åííîð³çíèöåâîãî àëãîðèòìó ïðèçâîäèòü

äî íåìîæëèâîñò³ âèêîðèñòàííÿ áóäü-ÿêèõ ñê³í÷åííîð³çíèöåâèõ ñõåì (ÿâíèõ, íåÿâ-

íèõ) äëÿ ÷èñåëüíîãî ðîçâ’ÿçàííÿ. Òîìó ïåðåä äîñë³äíèêàìè ñòî¿òü ïðîáëåìà âèáîðó

ñê³í÷åííîð³çíèöåâî¿ ñõåìè (ÑÐÑ) äëÿ ìàòåìàòè÷íîãî ìîäåëþâàííÿ ÐÑ.
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1. ÑÐÑ ìàº áóòè ñò³éêîþ äëÿ ðîçâ’ÿçàííÿ ñèíãóëÿðíèõ ð³âíÿíü âèõ³äíî¿ ìà-

òåìàòè÷íî¿ ìîäåë³ [39].

2. ÑÐÑ ìàº áóòè ñò³éêîþ äî ïîõèáîê ó ôîðìóëþâàíí³ êðàéîâèõ óìîâ.

3. ÑÐÑ ïîâèííà ìàêñèìàëüíî êîðåêòíî âðàõîâóâàòè çì³íè êðàéîâèõ óìîâ,

ùî íà ïðàêòèö³ â³äïîâ³äàº â³òðîâîõâèëüîâ³é õèòàâèö³ êîðàáëÿ-áóêñèðóâàëüíèêà,

ðîáîò³ ñóäíîâî¿ ëåá³äêè ï³ä ÷àñ áóêñèðóâàííÿ, ç³òêíåííÿì áóêñèðóâàíîãî àïàðà-

òà ç ïåðåøêîäàìè (äíîì, ðàêåòîþ òîùî).

Óñå âèêëàäåíå âèùå âèçíà÷àº àêòóàëüí³ñòü äîñë³äæåíü âèáîðó ÑÐÑ, çäàòíî¿

ìàêñèìàëüíî â³äïîâ³äàòè çàçíà÷åíèì âèùå âèìîãàì.

ÂÈÁ²Ð ÒÀ ÏÎÐ²ÂÍßËÜÍÈÉ ÀÍÀË²Ç Ð²ÇÍÈÖÅÂÈÕ ÑÕÅÌ ÄËß ×ÈÑÅËÜÍÎÃÎ

ÌÎÄÅËÞÂÀÍÍß ÄÂÎÕÂÈËÜÎÂÎÃÎ ÍÀÁËÈÆÅÍÍß ÌÎÄÅË² (1)–(4)

Ó âèïàäêó äâîõâèëüîâîãî íàáëèæåííÿ ìîäåë³ (1)–(4) îäèíè÷íà ìàòðèöÿ E ìà-

òèìå ðîçì³ð 4 4� , ìàòðèöÿ êîíâåêòèâíèõ ÷ëåí³â B òàêîæ ìàº ðîçì³ð 4 4� ,

âåêòîð-ñòîâïåöü ïðàâèõ ÷àñòèí D òà âåêòîð-ñòîâïåöü íåâ³äîìèõ W ìàþòü

ðîçì³ð 1 4� .

Çàïèøåìî ïîêîìïîíåíòíî åëåìåíòè ìàòðèö³ B, âåêòîðà-ñòîâïöÿ D ³ âåêòî-

ðà-ñòîâïöÿ W [3–5]:
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äå d0 — ïî÷àòêîâèé ä³àìåòð ÐÑ äî äåôîðìóâàííÿ; � — êóò íàõèëó ÐÑ äî

ãîðèçîíòàë³; m, M , � — ìàñà, ïðèºäíàíà ìàñà ³ ïëàâó÷³ñòü îäèíèö³ äîâæèíè

ÐÑ äî äåôîðìóâàííÿ; k f , kn — ã³äðîäèíàì³÷í³ êîåô³ö³ºíòè îïîðó òåðòÿ ³ ôîð-

ìè ÐÑ; � — ù³ëüí³ñòü ð³äèíè; T — åôåêòèâíå íàòÿæ³ííÿ ÐÑ; ut , un — â³äíîñ-

íà äîòè÷íà ³ íîðìàëüíà øâèäêîñò³ ÐÑ; t — ÷àñ; S — ïîòî÷íà äîâæèíà ÐÑ äî

äåôîðìóâàííÿ; e
EF

�
1

— åôåêòèâíà ðîçòÿæí³ñòü ÐÑ; E — ìîäóëü Þíãà; F —

ïëîùà ïîïåðå÷íîãî ïåðåð³çó ÐÑ äî äåôîðìóâàííÿ.

Ãðàíè÷í³ óìîâè â êîð³íí³é òî÷ö³ ÐÑ (òî÷ö³ ñõîäæåííÿ ÐÑ ç ëåá³äêè, ðîçòà-

øîâàíî¿ íà êîðì³ êîðàáëÿ (S � 0)), ÿêà çä³éñíþº ð³âíîïðèñêîðåíèé ðóõ, çàïèøå-

ìî ó âèãëÿä³

u t V tt ( , ) ( )cos0 � �, u t V tn ( , ) ( )sin0 � �, (6)

äå u tt ( , )0 , u tn ( , )0 — â³äíîñíà äîòè÷íà ³ íîðìàëüíà øâèäêîñò³ ÐÑ ó òî÷ö³ ÐÑ,

S � 0; V t( ) — øâèäê³ñòü (çàêîí ðóõó) ñóäíà-áóêñèðóâàëüíèêà.
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Íà áóêñèðóâàíå ò³ëî ä³þòü ñèëè òÿæ³ííÿ, âèøòîâõóâàëüíà ñèëà, äèíàì³÷í³

ñèëè îïîðó òà ³íåðö³¿ ïðèºäíàíî¿ ìàñè ð³äèíè, çóñèëëÿ T ó òî÷ö³ êð³ïëåííÿ

ï³äâîäíîãî áóêñèðóâàíîãî àïàðàòà (ÏÁÀ). Ó öüîìó ðàç³ êðàéîâà óìîâà äëÿ S L�

ìàòèìå âèãëÿä
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,

äå Q
�

— êîíòàêòíà ñèëà ó òî÷ö³ êð³ïëåííÿ ÏÁÀ äî ÐÑ; P
�

— ð³çíèöÿ ã³äðî-

ñòàòè÷íî¿ âèøòîâõóâàëüíî¿ ñèëè ³ ñèëè òÿæ³ííÿ, ùî ä³þòü íà ÏÁÀ; M
�

—

ñóìà ìàñè ³ ïðèºäíàíî¿ ìàñè ÏÁÀ; K
�

— êîåô³ö³ºíò îïîðó ÏÁÀ; Z
�

— ïëî-

ùà ì³äåëåâîãî ïåðåð³çó ÏÁÀ.

Îñê³ëüêè ð³âíÿííÿ (1) º ìàòðè÷íèì ð³âíÿííÿì òèïó ïåðåíîñó, äëÿ éîãî ÷è-

ñåëüíîãî ðîçâ’ÿçàííÿ ìîæíà âèêîðèñòîâóâàòè â³äîì³ ð³çíèöåâ³ ñõåìè äëÿ òàêîãî

êëàñó ð³âíÿíü: Ëàêñà, äâîøàðîâ³ ñõåìè òîùî [40]. Ó ðàç³ âèêîðèñòàííÿ ÿâíèõ

ð³çíèöåâèõ ñõåì äëÿ ðîçâ’ÿçàííÿ ð³âíÿííÿ ïåðåíîñó îñíîâíîþ âèìîãîþ, ùî çà-

áåçïå÷óº ñò³éê³ñòü ÷èñåëüíîãî ðîçâ’ÿçêó, º ïåâí³ îáìåæåííÿ íà êðèòåð³é ñò³é-

êîñò³ ð³çíèöåâèõ ñõåì Ôð³äð³êñà–Êóðàíòà–Ëåâ³ (ÔÊË):

b Ci j,

�

�

�

�
� . (8)

Òóò �� — êðîê ðîçðàõóíêîâî¿ ñ³òêè çà ÷àñîì; �� — êðîê ðîçðàõóíêîâî¿ ñ³òêè

çà Ëàãðàíæåâîþ êîîðäèíàòîþ S ; bi j, — åëåìåíòè ìàòðèö³ êîíâåêòèâíèõ

÷ëåí³â B ; C — äåÿêà êîíñòàíòà. Çàóâàæèìî, ùî âåëè÷èíà C â³äïîâ³äíî äî

êîíêðåòíî¿ ÐÑ íàáóâàº ïåâíîãî çíà÷åííÿ.

Îñîáëèâ³ñòþ ÐÑ º ¿õíÿ ðîçòÿæí³ñòü. Óíàñë³äîê öüîãî ïðè ïîõ³äí³é � �T t/ â ìî-

äåë³ (1)–(4) êîåô³ö³ºíòè º ìàëèìè (â³ä10
4�

äî10
9�

). Öå ñâ³ä÷èòü ïðî ñèíãóëÿðí³ñòü

ìàòðèö³ B òà ¿¿ ïîãàíó îáóìîâëåí³ñòü. Ô³çè÷íî öÿ îñîáëèâ³ñòü ìàòðèö³ B õàðàêòåðè-

çóº çíà÷íó ð³çíèöþ â øâèäêîñò³ ïîøèðåííÿ ïîçäîâæí³õ ³ ïîïåðå÷íèõ õâèëü â ÐÑ.

Îòæå, ùîá çàäîâîëüíèòè óìîâó ñò³éêîñò³ ÷èñåëüíîãî àëãîðèòìó (âèêîíàííÿ óìîâ

äëÿ ÷èñëà ÔÊË) äëÿ âñ³õ êîåô³ö³ºíò³â ìàòðèö³ B, ïîòð³áíî ð³çíèöåâó ñ³òêó âèáèðà-

òè òàêèì ÷èíîì, ùîá â³äíîøåííÿ êðîêó ðîçðàõóíêîâî¿ ñ³òêè çà Ëàãðàíæåâîþ êîîð-

äèíàòîþ äî êðîêó ðîçðàõóíêîâî¿ ñ³òêè çà ÷àñîì ïåðåâèùóâàëî áåçðîçì³ðíó

øâèäê³ñòü ïîøèðåííÿ ïîçäîâæí³õ êîëèâàíü ó äîñë³äæóâàí³é ÐÑ (øâèäê³ñòü ïîøè-

ðåííÿ ïîçäîâæí³õ êîëèâàíü íàéá³ëüøà ó ïîð³âíÿíí³ ç ³íøèìè òèïàìè êîëèâàíü â

ÐÑ). À öå òàê ñàìî ñïðè÷èíÿº ñêëàäíîù³ â çàñòîñóâàíí³ ÿâíèõ ð³çíèöåâèõ ñõåì äëÿ

àíàë³çó ñèñòåìè êâàç³ë³í³éíèõ ã³ïåðáîë³÷íèõ ð³âíÿíü (1) òà ³íøèõ ð³âíÿíü, îòðèìà-

íèõ íà îñíîâ³ ñïðîùåííÿ ñèñòåìè (1) äëÿ ð³çíèõ îêðåìèõ âèïàäê³â. Äëÿ ðîçâ’ÿçàííÿ

ÑËÀÐ, âðàõîâóþ÷è ïîãàíó îáóìîâëåí³ñòü ìàòðèö³ B, åêñïåðèìåíòàëüíèì îá÷èñ-

ëåííÿì áóëî îáðàíî ìåòîä ðåãóëÿðèçàö³¿.

×ÈÑÅËÜÍ² ÅÊÑÏÅÐÈÌÅÍÒÈ

ßê ïðèêëàä íåÿâíèõ ð³çíèöåâèõ ñõåì ðîçâ’ÿçàííÿ ìàòðè÷íîãî ð³âíÿííÿ ïåðå-

íîñó ðîçãëÿíåìî ð³çíèöåâ³ ñõåìè Êðàíêà–Í³êîëüñîí òà Åéëåðà. Øàáëîíè öèõ

ñõåì çîáðàæåíî íà ðèñ. 3.

Ìàòðèöÿ B ³ âåêòîð-ñòîâïåöü D º íåë³í³éíèìè ôóíêö³ÿìè, ÿê³ çàëåæàòü â³ä

íåçàëåæíèõ çì³ííèõ t ³ S , à òàêîæ ³íøèõ çì³ííèõ òà ïàðàìåòð³â. Àíàë³çóþ÷è

ð³çíèöåâ³ ñõåìè äëÿ ðîçâ’ÿçàííÿ ð³âíÿííÿ (1), çàñòîñîâóâàòèìåìî êâàç³ë³íåàðè-

çàö³þ êîåô³ö³ºíò³â ìàòðèö³ B ³ âåêòîðà-ñòîâïöÿ D íà ïîòî÷íîìó ðîçðàõóíêîâî-

ìó êðîö³ çà ÷àñîì t.
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Ó ðàç³ âèêîðèñòàííÿ ð³çíè-

öåâî¿ ñõåìè Êðàíêà–Í³êîëüñîí

äëÿ ÷èñåëüíîãî ðîçâ’ÿçàííÿ ñèñ-

òåìè íåë³í³éíèõ ã³ïåðáîë³÷íèõ

ð³âíÿíü ñêëàäíîù³â àïðîêñèìàö³¿

êðàéîâèõ óìîâ çàçâè÷àé íå âèíè-

êàº. Çàñòîñóâàííÿ ð³çíèöåâî¿ ñõå-

ìè Åéëåðà âèìàãàº äîäàòêîâèõ

ãðàíè÷íèõ óìîâ. Ðîçãëÿíåìî ïðè-

êëàä ÐÑ ó ïëîñê³é ïîñòàíîâö³

(ïîçäîâæíüî-êîíô³ãóðàö³éíà (ïî-

ïåðå÷íà) âçàºìîä³ÿ).

Íà ïðàêòèö³ çàçâè÷àé âè-

êîðèñòîâóþòü ÷îòèðè ãðàíè÷íèõ óìîâè: çàëåæí³ñòü êîîðäèíàò íà âåðõíüîìó

ê³íö³ ÐÑ â³ä ÷àñó òà ãðàíè÷íà óìîâà íà ¿¿ íèæíüîìó ê³íö³. Ç íèõ ìîæíà âèçíà÷è-

òè êðàéîâ³ óìîâè äëÿ ÷îòèðüîõ ïðîºêö³é øâèäêîñò³: U tt ( , )0 , U tn ( , )0 , U L tt ( , ),

U L tn ( , ) . Êðàéîâ³ óìîâè ìîæíà àïðîêñèìóâàòè îäíèì ç â³äîìèõ ñïîñîá³â [35].

Äëÿ âèêîðèñòàííÿ ð³çíèöåâî¿ ñõåìè Åéëåðà íåîáõ³äíî çàäàòè ùå ÷îòèðè ãðàíè÷-

íèõ óìîâè äëÿ Ò t( , )0 , �( , )0 t òà �( , )L t , Ò L t( , ) ó ïëîñê³é çàäà÷³. Àïðîêñèìàö³þ

â³äñóòí³õ ãðàíè÷íèõ óìîâ äëÿ Ò t( , )0 , �( , )0 t òà �( , )L t , Ò L t( , ) ìîæíà çä³éñíèòè

äåê³ëüêîìà ñïîñîáàìè. Ìè âèêîðèñòàºìî øàáëîíè, çîáðàæåí³ íà ðèñ. 4 äëÿ

ë³âîãî (âåðõíüîãî) ê³íöÿ ÐÑ ³ ïðàâîãî (íèæíüîãî) ê³íöÿ ÐÑ.

Äëÿ àíàë³çó åôåêòèâíîñò³ òà òî÷íîñò³ ðîçâ’ÿçàííÿ ð³âíÿíü äèíàì³êè ÐÑ ³ç

çàñòîñóâàííÿì ð³çíèöåâî¿ ñõåìè Åéëåðà ³ ð³çíèöåâî¿ ñõåìè Êðàíêà–Í³êîëüñîí

ïðîâåäåìî òåñòóâàííÿ ÷èñåëüíèõ àëãîðèòì³â òà ïðîãðàì îêðåìî òà ó ïîð³âíÿíí³.

Ðîçãëÿíåìî ðîçâ’ÿçàííÿ ìîäåëüíî¿ çàäà÷³ äëÿ òàêèõ êðàéîâèõ óìîâ, äå ãîðèçîí-

òàëüíà øâèäê³ñòü V íà âåðõíüîìó ê³íö³ ÐÑ äëÿ S L� ìàº âèãëÿä

V

V t

V t t

V t

�

�

� �

� �

�

�
�

�
�

1

1

2

0

0 05 0 20

20

, ,

. , [ ; ],

, [ ; ].

(9)

Ïàðàìåòðè (äàí³) ÐÑ º òàêèìè: äîâæèíà ñèñòåìè — 200 ì (L); êîåô³ö³ºíò

îïîðó òåðòÿ — 0.01 (k f ); êîåô³ö³ºíò îïîðó ôîðìè — 0.2 (kn ); åôåêòèâíà ðîç-

òÿæí³ñòü ÐÑ — 0.014 (e); åôåêòèâíà øèðèíà îáò³êà÷à ïî ì³äåëþ — 0.05 ì (d0);

â³ä’ºìíà ïëàâó÷³ñòü ë³í³¿ — 25.4 Í/ì (�); åôåêòèâíà ïîãîííà ìàñà (ìàñà

³ ïðèºäíàíà ìàñà) îáò³êà÷à — 2.5 êã/ì ( m M� ); åôåêòèâíà ìàñà çàãëèáëþâà-

÷à — 500 êã (M
�

); éîãî êîåô³ö³ºíò îïîðó — 0.5 (K
�

); ïëîùà ì³äåëåâîãî ïå-

ðåð³çó çàãëèáëþâà÷à — 0.2 ì
2

(Z
�

), çàãëèáëþâàëüíà ñèëà — 4000 Í (P
�

).

Ðîçðîáëåííÿ ³ òåñòóâàííÿ çä³éñíþâàëèñü â îïåðàö³éí³é ñèñòåì³ Windows 10

Enterprise LTSB/LTSC; ÿê ³íòåãðîâàíå ñåðåäîâèùå îáðàíî Microsoft Visual Studio 16.0.
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i � 1, j i � 1, j � 1

i, j i, j � 1

i � 1, j i � 1, j � 1

i, j i, j � 1

i � 1, j � 2

i, j � 2

Ðèñ. 3. Øàáëîíè ñê³í÷åííî-ð³çíèöåâèõ ñõåì Êðàíêà–Í³êîëüñîí (à) òà Åéëåðà (á)

à á

i �1,1 i �1, 2

i, 1

S � L

Ðèñ. 4. Øàáëîíè àïðîêñèìàö³¿ â³äñóòí³õ ãðàíè÷íèõ óìîâ

äëÿ Ò t( , )0 , �( , )0 t òà �( , )L t , Ò L t( , ) â ð³çíèöåâ³é ñõåì³

Åéëåðà, N — ê³ëüê³ñòü åëåìåíò³â ó ðÿäêó ð³çíèöåâî¿ ñõåìè

à á

i � 1, N � 1 i � 1, N

i, N

S � 0



Äëÿ êîìï³ëÿö³¿ âèõ³äíîãî êîäó ìîâîþ Fortran 2003 âèçíà÷åíî Intel® Visual Fortran

COpenMPiler 18.0 for Windows, îñê³ëüêè â³í ãàðàíòóº íàéêðàùó ïðîäóêòèâí³ñòü ³

âèêîðèñòîâóº ï³äñâ³÷óâàííÿ ñèíòàêñèñó Fortran 2003 ó Visual Studio.

Ñïåðøó ïåðåâ³ðÿëàñÿ åôåêòèâí³ñòü ð³çíèöåâî¿ ñõåìè Êðàíêà–Í³êîëüñîí

[41, 42] òà ð³çíèöåâî¿ ñõåìè Åéëåðà [42] îêðåìî íà ãðóá³é òà ïîäð³áíåíèõ ð³çíè-

öåâèõ ñ³òêàõ äëÿ àïðîêñèìàö³¿ êðàéîâî¿ çàäà÷³ êâàç³ë³í³éíèõ ð³âíÿíü ç êðàéîâè-

ìè òà ïî÷àòêîâèìè óìîâàìè (5)–(7), (9). Êðîê çà ÷àñîì ñòàíîâèâ �t � 0.2 ñ, äàë³

�t � 0.1 ñ; êðîê çà Ëàãðàíæåâîþ êîîðäèíàòîþ áóâ ñïåðøó �S � 30 ì, à äàë³

�S �15 ì ç óðàõóâàííÿì âèêîíàííÿ êðèòåð³þ Êóðàíòà–Ôð³äð³êñà–Ëåâ³ (8).

Ðåçóëüòàòè ïîð³âíÿëüíèõ ðîçðàõóíê³â äëÿ â³äíîñíèõ ïîõèáîê ó â³äñîòêàõ

äëÿ ð³çíèöåâî¿ ñõåìè Êðàíêà–Í³êîëüñîí íàâåäåíî â òàáë. 1, à äëÿ ð³çíèöåâî¿

ñõåìè Åéëåðà — â òàáë. 2. Ìàêñèìàëüíà ð³çíèöÿ äîñÿãàº 22 % íà ïðîì³æíîìó

êðîö³ çà ÷àñîì äëÿ ut .

Óíàñë³äîê ñèíãóëÿðíîñò³ ìàòðèö³ B äëÿ ô³ëüòðàö³é øê³äëèâèõ âèñîêî÷àñ-

òîòíèõ îñöèëÿö³é ðîçâ’ÿçêó óñåðåäíþâàëè ðåçóëüòàòè ïî÷àòêîâèõ îá÷èñëåíü íà

òðüîõ ïîñë³äîâíèõ êðîêàõ çà ÷àñîì:

Y
Y Y Y

i
J i

J
i
J

i
J

�
� �

� �1 1

3
. (10)
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Ò à á ë è ö ÿ 1. Ðåçóëüòàòè ðîçðàõóíê³â çà ð³çíèöåâîþ ñõåìîþ Êðàíêà–Í³êîëü-

ñîí ç óìîâàìè �t � 0.2 ñ ³ �S � 30 ì, à òàêîæ äëÿ ïîäð³áíåíî¿ ó äâà ðàçè — ç

óìîâàìè �t � 0.1 ñ ³ �S �15 ì

×àñ (ñ) S (ì) �T (%) �� (%) �ut (%) �un (%)

6.4

0 0.7 0.6 5.6 3.4

30 0.8 1.2 9.4 3.4

60 0.9 3.2 9.2 0.0

90 1.0 2.3 9.1 0.6

120 1.2 2.7 9.6 1.5

150 1.5 2.7 11.6 2.7

12.8

0 0.6 0.5 22.0 10.3

30 0.7 3.2 21.3 7.1

60 0.8 2.1 21.0 4.3

90 0.9 2.3 21.1 11.2

120 1.0 2.3 22.2 0.0

150 1.1 3.2 13.5 4.6

25.6

0 0.6 0.7 0.0 0.7

30 0.7 0.8 0.1 0.7

60 0.7 1.4 0.3 8.9

90 0.9 2.1 0.5 1.3

120 1.0 2.1 0.6 2.7

150 1.1 1.0 0.3 0.1

64.0

0 0.8 0.0 0.0 0.3

30 0.9 0.4 0.0 0.5

60 1.0 0.6 0.7 1.0

90 1.1 1.9 0.3 1.8

120 1.3 1.6 0.8 1.6

150 1.5 2.1 2.4 0.2



Òóò Yi
J

— ïîçíà÷åííÿ îäí³º¿ ç âåëè÷èí U t , U n , T , �; i — êðîê çà êîîðäèíà-

òîþ; J — êðîê çà ÷àñîì.

Îá÷èñëåííÿ â³äíîñíî¿ ïîõèáêè îñüîâîãî çóñèëëÿ T ³ êóòà íàõèëó �, â³äíîñ-

íèõ äîòè÷íî¿ ut òà íîðìàëüíî¿ un øâèäêîñòåé ÐÑ çä³éñíþâàëîñÿ çà ôîðìóëàìè

�T
T T

T

f
�

�
, ��

� �

�
�

�f
, �u

u u

u
t

tf t

t

�
�

, �u
u u

u
n

nf n

n

�
�

, (11)

äå T f , � f , utf , unf — çíà÷åííÿ çì³ííèõ, îòðèìàí³ íà ïîäð³áíåí³é ó äâà ðàçè

ð³çíèöåâ³é ñ³òö³ Êðàíêà–Í³êîëüñîí (Åéëåðà); T , �, ut , un — çíà÷åííÿ çì³ííèõ,

îòðèìàíèõ íà ïî÷àòêîâ³é ð³çíèöåâ³é ñ³òö³ Êðàíêà–Í³êîëüñîí (Åéëåðà).

Ïîð³âíÿëüíèé àíàë³ç ïîõèáîê ð³çíèöåâèõ ñ³òîê Êðàíêà–Í³êîëüñîí òà Åéëå-

ðà ïðîâåäåìî çà ìàêñèìàëüíîþ ïîõèáêîþ â îäèí ìîìåíò ÷àñó. Ç òàáë. 1 âèïëè-

âàº, ùî ÷èñåëüíèé àëãîðèòì íà îñíîâ³ ð³çíèöåâî¿ ñõåìè Êðàíêà–Í³êîëüñîí ìàº

íåîáõ³äíó òî÷í³ñòü ³ ìîæå áóòè âèêîðèñòàíèé äëÿ ÷èñåëüíîãî ìîäåëþâàííÿ ïå-

ðåõ³äíèõ ïðîöåñ³â ó ÐÑ. Ð³çíèöÿ â ñèëîâèõ ³ ãåîìåòðè÷íèõ õàðàêòåðèñòèêàõ íà-

ïðóæåíî-äåôîðìîâàíîãî ñòàíó ÐÑ, îòðèìàíèõ íà ãðóá³é ³ ïîäð³áíåí³é ð³çíèöå-

âèõ ñ³òêàõ, º íåçíà÷íîþ (ó ñåðåäíüîìó â³ä 5 äî 8 %), êð³ì ïåðåõ³äíîãî ðåæèìó

ðóõó ç ïðèñêîðåííÿì, êîëè â³äì³ííîñò³ ìîæóòü çá³ëüøóâàòèñÿ äî 20 %.
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Ò à á ë è ö ÿ 2. Ðåçóëüòàòè ðîçðàõóíê³â íà îñíîâ³ ð³çíèöåâî¿ ñõåìè Åéëåðà äëÿ

�t � 0.2 ñ ³ �S � 30 ì, à òàêîæ äëÿ ïîäð³áíåíî¿ ó äâà ðàçè ñõåìè äëÿ �t � 0.1 ñ

³ �S �15 ì

×àñ (ñ) S (ì) �T (%) �� (%) �ut (%) �un (%)

6.4

0 1.3 0.0 0.0 1.0

30 0.2 6.1 3.1 1.8

60 1.0 0.3 0.5 5.3

90 1.2 4.9 5.03 4.5

120 0.8 12.7 4.0 6.3

150 0.4 5.7 2.4 10.6

12.8

0 3.1 1.6 0.4 1.3

30 3.6 2.7 1.6 8.4

60 3.0 8.0 1.1 6.0

90 5.8 10.1 2.2 6.0

120 2.1 18.2 5.3 26.3

150 10.1 24.4 38.0 25.0

25.6

0 2.4 7.1 1.9 6.2

30 2.8 8.7 5.0 26.2

60 3.2 13.1 2.4 3.8

90 2.7 7.4 5.6 6.2

120 4.8 5.1 5.1 11.6

150 0.6 37.6 9.0 15.6

64.0

0 7.1 1.7 4.8 15.5

30 8.3 2.1 15.4 19.8

60 7.4 2.1 1.6 6.4

90 12.2 35.1 11.3 9.5

120 8.4 5.5 2.1 44.2

150 23.4 11.3 2.7 72.9



Ç òàáë. 2 âèïëèâàº, ùî ÷èñåëüíèé àëãîðèòì íà îñíîâ³ ð³çíèöåâî¿ ñõåìè

Åéëåðà (ìàêñèìàëüíà ïîõèáêà 38 %) ìàº ìåíøó òî÷í³ñòü ïîð³âíÿíî ç ð³çíèöå-

âîþ ñõåìîþ Êðàíêà–Í³êîëüñîí, à òîìó ïèòàííÿ ùîäî ¿¿ âèêîðèñòàííÿ äëÿ ÷è-

ñåëüíîãî ìîäåëþâàííÿ ïåðåõ³äíèõ ïðîöåñ³â â ÐÑ çàëèøàºòüñÿ. Ð³çíèöÿ â ñèëî-

âèõ ³ ãåîìåòðè÷íèõ õàðàêòåðèñòèêàõ ÐÑ, îòðèìàíèõ íà ãðóá³é ³ ïîäð³áíåí³é

ð³çíèöåâ³é ñõåì³ Åéëåðà, º á³ëüøîþ â ïîð³âíÿíí³ ç â³äì³ííîñòÿìè ó ðàç³ âèêî-

ðèñòàííÿ ð³çíèöåâî¿ ñõåìè Êðàíêà–Í³êîëüñîí.

Ïîð³âíÿëüíèé àíàë³ç ðîçðàõóíê³â íà îñíîâ³ ð³çíèöåâî¿ ñõåìè Êðàíêà–Í³êîëü-

ñîí òà ð³çíèöåâî¿ ñõåìè Åéëåðà äëÿ �t � 0.2 ñ òà �S � 30 ì íàâåäåíî â òàáë. 3.

Îá÷èñëåííÿ â³äíîñíî¿ ïîõèáêè îñüîâîãî çóñèëëÿ T ³ êóòà íàõèëó �, â³äíîñ-

íèõ äîòè÷íî¿ ut òà íîðìàëüíî¿ un øâèäêîñòåé ÐÑ çä³éñíþâàëîñÿ çà ôîðìóëàìè
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�
, (12)

äå T ff , � ff , ut ff , un ff — çíà÷åííÿ çì³ííèõ, îòðèìàí³ íà ð³çíèöåâ³é ñ³òö³ Åé-

ëåðà; T , �, ut , un — çíà÷åííÿ çì³ííèõ, îòðèìàíèõ íà ð³çíèöåâ³é ñ³òö³ Êðàí-

êà–Í³êîëüñîí.

ßê âèïëèâàº ç òàáë. 3, ðåçóëüòàòè îá÷èñëåíü íà ãðóá³é ñ³òö³, îòðèìàí³ çà ñõåìà-

ìè Êðàíêà–Í³êîëüñîí ³ Åéëåðà, ìîæóòü çíà÷íî â³äð³çíÿòèñÿ. Ïðè÷èíà öüîãî — íå-
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Ò à á ë è ö ÿ 3. Ïîð³âíÿííÿ ð³çíèöåâèõ ñõåì Êðàíêà–Í³êîëüñîí ³ Åéëåðà äëÿ

�t � 0.2 ñ, �S � 30 ì

×àñ (ñ) S (ì) �T
��

(%) ��
��

(%) �ut

��
(%) �un

��
(%)

32

0 0.0 6.4 6.0 2.9

30 0.3 5.9 12.4 5.8

60 0.0 10.4 9.1 2.6

90 0.0 8.9 14.0 5.1

120 0.6 6.3 7.3 7.7

150 2.3 0.6 11.1 3.3

64

0 4.4 5.6 22.1 13.5

30 5.1 0.0 22.9 2.0

60 4.3 7.6 16.0 11.6

90 7.4 8.8 16.2 3.6

120 3.6 13.7 26.3 7.1

150 11.7 28.3 4.3 25.5

128

0 1.6 10.4 2.4 9.5

30 1.9 15.8 6.2 15.4

60 2.4 17.1 0.1 4.1

90 1.8 19.2 8.3 5.9

120 3.8 10.6 1.0 11.0

150 8.0 24.6 9.7 13.3

320

0 5.9 18.6 4.3 17.5

30 6.8 30.2 9.2 3.5

60 5.8 5.3 1.2 7.0

90 9.8 38.9 14.8 6.5

120 6.2 10.2 0.5 26.8

150 17.3 12.8 0.8 74.3



ïåðåáîðí³ ïîìèëêè, ñïðè÷èíåí³ ïîõèáêàìè àïðîêñèìàö³¿ â³äñóòí³õ ãðàíè÷íèõ óìîâ,

à òàêîæ ïîãàíà îáóìîâëåí³ñòü ìàòðèö³.

Çàòèì ïðîâîäèëè ïîäð³áíåííÿ ó äâà ðàçè îáîõ ð³çíèöåâèõ ñõåì. Ðåçóëüòàòè

ðîçðàõóíê³â íàâåäåíî â òàáë. 4.

Îá÷èñëåííÿ â³äíîñíî¿ ïîõèáêè îñüîâîãî çóñèëëÿ T , êóòà íàõèëó �, â³äíîñíèõ

äîòè÷íî¿ ut òà íîðìàëüíî¿ un øâèäêîñòåé ÐÑ çä³éñíþâàëîñÿ çà ôîðìóëàìè (12).

Ó ðàç³ ïîäð³áíåííÿ ð³çíèöåâî¿ ñ³òêè ó äâà ðàçè ðåçóëüòàòè ðîçðàõóíê³â çà äâî-

ìà ñõåìàìè (îñîáëèâî íà ä³ëÿíö³ âñòàíîâëåííÿ) ïðàêòè÷íî çá³ãàþòüñÿ (äèâ.

òàáë. 4). Öå çóìîâëåíî òèì, ùî ìàº ì³ñöå ìåíøèé âïëèâ ïîõèáîê âèçíà÷åííÿ
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Ò à á ë è ö ÿ 4. Ðåçóëüòàòè ðîçðàõóíê³â çà ð³çíèöåâèìè ñõåìàìè Êðàí-

êà–Í³êîëüñîí ³ Åéëåðà äëÿ �t � 0.1ñ, �S �15 ì

×àñ (ñ) S (ì) �T
���

(%) ��
���

(%) �ut

���
(%) �un

���
(%)

1 2 3 4 5 6

32

0 0.3 0.6 0.3 0.5

15 0.3 0.9 0.1 0.1

30 0.3 1.2 0.4 0.7

45 0.4 0.5 0.0 0.2

60 0.3 6.6 0.4 2.7

75 0.4 0.0 0.0 1.1

90 0.4 1.0 0.6 0.2

105 0.4 0.3 0.2 3.6

120 0.2 2.8 1.5 0.5

135 0.4 2.3 1.5 4.9

150 0.03 2.3 1.7 1.6

64

0 0.5 2.0 6.4 1.7

15 0.5 2.5 0.6 1.4

30 0.4 2.7 0.9 0.8

45 0.4 2.3 0.5 0.2

60 0.4 2.8 0.3 0.5

75 0.5 0.9 0.0 2.4

90 0.3 0.2 0.4 0.0

105 0.5 0.5 0.2 0.3

120 0.4 4.5 2.1 0.8

135 0.5 1.9 1.1 2.8

150 0.5 2.1 0.1 1.3

96

0 0.0 0.6 0.8 2.6

15 0.0 3.3 1.4 3.2

30 0.0 2.9 0.9 0.1

45 0.0 2.2 1.1 1.6

60 0.1 1.4 0.7 2.6

75 0.0 1.5 0.6 0.9

90 0.2 1.1 0.3 2.4

105 0.2 3.0 0.4 2.2

120 0.4 2.3 1.1 1.5

135 0.7 1.8 0.3 3.0

150 0.6 1.9 1.6 1.9



ãðàíè÷íèõ óìîâ íà ÷èñåëüí³ ðåçóëüòàòè. Çà ïîäàëüøîãî ïîäð³áíåííÿ ð³çíèöåâî¿ ñ³òêè

ð³çíèöÿ â ÷èñåëüíèõ ðåçóëüòàòàõ, îòðèìàíèõ çà äâîìà ñõåìàìè, ñêëàäàº íå á³ëüøå 0.5%.

Âîäíî÷àñ, ÿê âèïëèâàº ç àíàë³çó òàáë. 1 òà òàáë. 4, ðåçóëüòàòè ðîçðàõóíê³â

ç âèêîðèñòàííÿì ð³çíèöåâèõ ñõåì Êðàíêà–Í³êîëüñîí íà ãðóá³é ³ íà á³ëüø äð³áíèõ

ð³çíèöåâèõ ñ³òêàõ äëÿ âèçíà÷åííÿ õàðàêòåðèñòèê õâèëüîâèõ ïðîöåñ³â ó ÐÑ

â³äð³çíÿþòüñÿ íåçíà÷íî. Ðîçðàõóíêè çà ð³çíèöåâîþ ñõåìîþ Êðàíêà–Í³êîëüñîí

íàâ³òü íà ãðóáèõ ñ³òêàõ ìîæóòü äàâàòè ðåçóëüòàòè ç íåîáõ³äíèì ñòóïåíåì òî÷-

íîñò³. Äî òîãî æ âèòðàòè ÷àñó áóäóòü ì³í³ìàëüíèìè. ²íøà ñèòóàö³ÿ ñïî-

ñòåð³ãàºòüñÿ ó ðàç³ ïîð³âíÿííÿ ðåçóëüòàò³â íà ãðóá³é ³ íà á³ëüø äð³áí³é ñ³òêàõ äëÿ

ð³çíèöåâî¿ ñõåìè Åéëåðà (äèâ. òàáë. 2). Íåïåðåáîðí³ ïîìèëêè â³ä ïîõèáîê àïðîê-

ñèìàö³¿ â³äñóòí³õ ãðàíè÷íèõ óìîâ ïðèçâîäÿòü äî ùå á³ëüøèõ â³äì³ííîñòåé.

Îòæå, ð³çíèöåâà ñõåìà Êðàíêà–Í³êîëüñîí º á³ëüø òî÷íîþ òà çðó÷íîþ äëÿ

ïðîâåäåííÿ ïîäàëüøèõ ðîçðàõóíê³â ïîøèðåííÿ òà â³äáèòòÿ õâèëü ó ÐÑ.

Ïðèìóñîâà ô³ëüòðàö³ÿ îñöèëÿö³é ÷èñåëüíîãî ðîçâ’ÿçêó. Äëÿ ð³çíèöåâî¿

ñõåìè Êðàíêà–Í³êîëüñîí, ÿê ³ äëÿ ³íøèõ ñõåì äðóãîãî ïîðÿäêó òî÷íîñò³ [40, 41],

õàðàêòåðí³ îñöèëÿö³¿ ÷èñåëüíîãî ðîçâ’ÿçêó, ÿê³ íåîáõ³äíî ïðèìóñîâî çãëàäæóâà-

òè [8]. Äëÿ öüîãî âèêîðèñòîâóâàâñÿ ìåòîä êâàç³ë³íåàðèçàö³¿ íà ðîçðàõóíêîâîìó

êðîö³ çà ÷àñîì. Â³í çíèæóº òî÷í³ñòü ð³çíèöåâî¿ ñõåìè Êðàíêà–Í³êîëüñîí äî ïåðøî-

ãî ïîðÿäêó òî÷íîñò³. ×åðåç òå ð³çíèöåâà ñõåìà ïåðåòâîðþºòüñÿ ç äèñïåðñ³éíî¿ â äè-

ôóç³éíó. Àëå ïðèìóñîâå çãëàäæóâàííÿ ÷èñåëüíèõ ðåçóëüòàò³â ïîòð³áíå âíàñë³äîê

ïîñò³éíèõ îñöèëÿö³é, ÿê³ ñïîñòåð³ãàþòüñÿ ï³ä ÷àñ îá÷èñëåíü. Öå º íàñë³äêîì,

ïî-ïåðøå, ïîãàíî¿ îáóìîâëåíîñò³ ìàòðèö³ B; ïî-äðóãå, çáóðåíü ÷èñåëüíîãî àëãîðèò-

ìó â³ä ïîõèáîê, ùî âèíèêàþòü, êîëè çàäàþòü ïî÷àòêîâî-êðàéîâ³ óìîâè; ïî-òðåòº,
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Ïðîäîâæåííÿ òàáë. 4

1 2 3 4 5 6

128

0 0.2 1.9 0.6 1.9

15 0.2 2.5 0.4 0.6

30 0.1 5.0 0.9 0.6

45 0.1 3.3 0.7 3.5

60 0.0 7.0 2.3 0.8

75 0.0 3.1 0.6 2.4

90 0.0 8.3 2.6 1.5

105 0.0 2.2 0.5 2.3

120 0.2 8.0 0.9 3.2

135 0.3 1.1 0.0 1.9

150 0.5 4.8 0.0 0.2

320

0 0.0 1.8 0.3 1.8

15 0.0 2.5 0.6 0.0

30 0.0 2.5 0.4 0.4

45 0.1 2.2 0.9 0.3

60 0.0 6.9 0.5 1.1

75 0.2 0.0 0.6 0.2

90 0.2 9.4 0.6 0.5

105 0.3 3.8 0.4 0.3

120 0.3 2.8 1.1 1.9

135 0.5 8.4 1.0 2.5

150 0.5 0.9 0.7 0.0



òî÷íîñò³ ñê³í÷åííî-ð³çíèöåâî¿ àïðîêñèìàö³¿ ìàòåìàòè÷íî¿ ìîäåë³ ÐÑ çà ñõåìîþ

Êðàíêà–Í³êîëüñîí; ïî-÷åòâåðòå, òî÷íîñò³ ï³äñóìêîâîãî îá÷èñëþâàëüíîãî àëãîðèò-

ìó òà áàãàòüîõ ³íøèõ ôàêòîð³â, ùî âïëèâàþòü íà ñò³éê³ñòü ÷èñåëüíîãî àëãîðèòìó òà

êîðåêòí³ñòü ðåçóëüòàò³â.

Äëÿ ñò³éêîñò³ ÷èñåëüíîãî àëãîðèòìó îá÷èñëåííÿ ïîòð³áíî âåñòè ç ïîäâ³éíîþ

òî÷í³ñòþ, òîìó ùî áóäü-ÿê³ ìàë³ ïîõèáêè ó âèçíà÷åíí³ òîãî ÷è ³íøîãî ðîçðàõóíêî-

âîãî ïàðàìåòðà ïðèçâîäÿòü äî îñöèëÿö³é ÷èñåëüíèõ ðåçóëüòàò³â. Ï³ä ÷àñ îá÷èñëåíü

ç³ çâè÷àéíîþ òî÷í³ñòþ (äîòðèìàíí³ íåâåëèêî¿ ê³ëüêîñò³ çíà÷óùèõ öèôð ï³ñëÿ êðàï-

êè) ñïîñòåð³ãàëîñÿ íàêîïè÷åííÿ ïîõèáîê ó ðàç³ ïåðåõîäó ç îäíîãî ðîçðàõóíêîâîãî

øàðó çà ÷àñîì íà ³íøèé. Íàñë³äêîì öüîãî º «ðîçõèòóâàííÿ» ðîçðàõóíêîâîãî àëãî-

ðèòìó. Ï³ä ÷àñ îá÷èñëåíü ç ïîäâ³éíîþ òî÷í³ñòþ ö³ îñöèëÿö³¿ çà ðàõóíîê âèñîêî÷àñ-

òîòíî¿ ô³ëüòðàö³¿ çãëàäæóâàëèñÿ ó ðàç³ ïåðåõîäó ç îäíîãî ðîçðàõóíêîâîãî øàðó çà

÷àñîì íà ³íøèé. Öå îïîñåðåäêîâàíî ï³äòâåðäæóºòüñÿ ðåçóëüòàòàìè ðîáîòè [43]

âíàñë³äîê ïîãàíî¿ îáóìîâëåíîñò³ ìàòðèö³ ñ³òêîâèõ ë³í³éíèõ ð³âíÿíü.

Äëÿ âèçíà÷åííÿ îïòèìàëüíîãî ðåæèìó ðîáîòè îá÷èñëþâàëüíî¿ ïðîãðàìè ç âè-

êîðèñòàííÿì ð³çíèöåâî¿ ñõåìè Êðàíêà–Í³êîëüñîí áóëî ïðîâåäåíî ïîð³âíÿííÿ âèñî-

êî÷àñòîòíîãî (òèì÷àñîâîãî, ôîðìóëà (10)) òà ãåîìåòðè÷íîãî óñåðåäíåííÿ [40, 41]:

Y
Y Y Y

i
J i

J
i
J

i

J

�
� �

� �1 1

3
. (13)

Òóò Yi
J

— ïîçíà÷åííÿ îäí³º¿ ç âåëè÷èí U t , U n , T , �; i — êðîê çà êîîðäèíà-

òîþ; J — êðîê çà ÷àñîì.

Ðåçóëüòàòè ïîð³âíÿííÿ â³äïîâ³äíèõ õàðàêòåðèñòèê íàïðóæåíî-äåôîðìîâà-

íîãî ñòàíó ÐÑ íàâåäåíî â òàáë. 5.

ISSN 1019-5262. Ê³áåðíåòèêà òà ñèñòåìíèé àíàë³ç, 2023, òîì 59, ¹ 1 151

Ò à á ë è ö ÿ 5. Ðåçóëüòàòè âèñîêî÷àñòîòíîãî òà ãåîìåòðè÷íîãî óñåðåäíåííÿ

×àñ (ñ) S (ì) �T
�

(%) ��
�

(%) �ut

�
(%) �un

�
(%)

64

0 2.6 18.7 11.6 39.6

30 3.5 40.1 1.2 32.7

60 4.5 60.1 7.5 21.6

90 6.1 72.5 15.7 7.0

120 8.7 79.3 20.8 13.9

150 14.5 45.0 9.5 42.6

128

0 3.2 31.5 8.2 27.5

30 4.1 51.9 14.9 25.4

60 5.2 72.9 29.1 17.9

90 6.8 75.7 28.1 8.0

120 9.4 95.7 33.6 7.6

150 13.5 62.3 31.0 35.3

320

0 2.8 37.3 9.0 33.3

30 3.7 62.6 22.8 29.9

60 4.9 88.4 23.4 20.6

90 6.8 111.7 30.3 11.4

120 9.6 106.4 36.4 6.3

150 14.3 79.7 33.7 37.4



Îá÷èñëåííÿ â³äíîñíî¿ ïîõèáêè îñüîâîãî çóñèëëÿ T ³ êóòà íàõèëó �, â³äíîñ-

íèõ äîòè÷íî¿ ut òà íîðìàëüíî¿ un øâèäêîñòåé ÐÑ çä³éñíþâàëîñÿ çà ôîðìóëàìè

� T
T T

T

ww w

w

�
�

�
, ��

� �

�

�
�

�ww w

w

,

(14)

�u
u u

u
t

tww tw

tw

�
�

�
, �u

u u

u
n

nww nw

nw

�
�

�
,

äå Tw, �w utw, unw — çíà÷åííÿ çì³ííèõ, îòðèìàíèõ ïðè âèñîêî÷àñòîòíîìó

(òèì÷àñîâîìó) óñåðåäíåíí³, Tww, �ww, utww, unww — çíà÷åííÿ çì³ííèõ, îòðè-

ìàíèõ ïðè ãåîìåòðè÷íîìó óñåðåäíåíí³.

Íà ï³äñòàâ³ àíàë³çó òàáë. 5 ìîæíà çðîáèòè âèñíîâîê, ùî ãåîìåòðè÷íå óñåðåä-

íåííÿ º íåïðèéíÿòíèì, áî ïðèçâîäèòü äî íåêîðåêòíèõ ðåçóëüòàò³â. Âèñîêî÷àñòîòíå

óñåðåäíåííÿ, ùî ïîòðåáóº á³ëüøèõ âèòðàò ÷àñó (ðîçðàõóíêè âèêîíóþòüñÿ íà òðüîõ

ïîñë³äîâíèõ øàðàõ çà ÷àñîì), ó ïîð³âíÿíí³ ç ãåîìåòðè÷íèì óñåðåäíåííÿì (ðîçðà-

õóíêè âèêîíóþòüñÿ íà îäíîìó øàð³ çà ÷àñîì) íå ñïðè÷èíÿº ïîìèëîê ÷èñåëüíèõ ðå-

çóëüòàò³â. Òàêèé ñïîñ³á (óñåðåäíåííÿ çà ÷àñîì) ñïðèÿº ï³äâèùåííþ òî÷íîñò³ ð³çíè-

öåâèõ ñõåì äî äðóãîãî ïîðÿäêó ï³ä ÷àñ ðîçðàõóíêó ïëàâíèõ íåñòàö³îíàðíèõ ïðî-

öåñ³â, ÿê ïîêàçàíî â äîñë³äæåííÿõ [40, 43]. Âèêîðèñòàííÿ êâàç³ë³íåàðèçàö³¿ çà ÷àñîì

íàêëàäàº ïåâí³ îáìåæåííÿ íà êðèòåð³é ÔÊË, ÿê³ º ñïåöèô³÷íèìè äëÿ êîæíîãî êîí-

êðåòíîãî âèïàäêó ÷èñåëüíîãî ðîçâ’ÿçàí-

íÿ íåñòàö³îíàðíî¿ çàäà÷³ äèíàì³êè ÐÑ,

à òàêîæ äëÿ âèêîðèñòîâóâàíî¿ ð³çíèöå-

âî¿ ñõåìè.

Âàð³þâàííÿ ïàðàìåòð³â �t (c) ³

�S ( )ì ïîêàçàëî, ùî â ä³àïàçîí³ �t �

�[0.001; 0.2] ñ ³ �S �[ ; ]1 30 ì ÷èñåëüí³

îá÷èñëåííÿ º ñò³éêèìè. Ä³àïàçîí

çì³íè êðèòåð³þ ÔÊË çà ïîçäîâæí³ìè

õâèëÿìè (� ïç) äëÿ ð³çíèõ çíà÷åíü ìîäó-

ëÿ Þíãà E òà øâèäêîñòåé ïîçäîâæí³õ

õâèëü 	 ïç íàâåäåíî â òàáë. 6.

ÂÈÑÍÎÂÊÈ

1. Ðîçãëÿíóòî îñîáëèâîñò³ çàñòîñóâàííÿ ÌÑÐ äëÿ ðîçâ’ÿçàííÿ íåë³í³éíèõ äè-

íàì³÷íèõ çàäà÷ ÐÑ. Îñíîâíèìè îáìåæåííÿìè äëÿ çàñòîñóâàííÿ ÌÑÐ, âèêî-

ðèñòîâóâàíîãî äëÿ ÷èñåëüíîãî ìîäåëþâàííÿ ïîøèðåííÿ òà â³äáèòòÿ õâèëü

ó ÐÑ, º îñîáëèâîñò³ âèçíà÷àëüíèõ êâàç³ë³í³éíèõ ð³âíÿíü, ùî ïîëÿãàþòü ó íå-

îáõ³äíîñò³ îäíî÷àñíîãî îá÷èñëåííÿ çì³ííèõ, ÿê³ õàðàêòåðèçóþòü øâèäêî-

ïëèíí³ òà ïîâ³ëüí³ ïðîöåñè. Äëÿ òàêèõ ñèñòåì ð³âíÿíü âèêîðèñòîâóþòü òåðì³í

«ñèíãóëÿðíî çáóðåíà ñèñòåìà ð³âíÿíü» [39]. Ö³ çáóðåííÿ º íàñë³äêîì çíà÷íî¿

ð³çíèö³ ó øâèäêîñòÿõ ïîøèðåííÿ ïîçäîâæí³õ, êîíô³ãóðàö³éíèõ, çãèíàëüíèõ ³

êðóòèëüíèõ õâèëü ó ÐÑ íà ô³çè÷íîìó ð³âí³. Ç îãëÿäó íà öå ïîòð³áíî çàñòîñî-

âóâàòè ñïåö³àëüí³ ïîêðîêîâ³ çà ÷àñîì ìåòîäè ðåãóëÿðèçàö³¿ òà ô³ëüòðàö³¿ ÷è-

ñåëüíèõ ðåçóëüòàò³â. Öå íàêëàäàº ïåâí³ îáìåæåííÿ íà ìîæëèâ³ñòü ìîäåëþâàí-

íÿ ðåàëüíèõ ïðîöåñ³â òà íà òî÷í³ñòü îòðèìàíèõ ðåçóëüòàò³â ³ çìóøóº çàñòîñî-

âóâàòè íåÿâí³ ð³çíèöåâ³ ñõåìè òà âèñîêî÷àñòîòíó ô³ëüòðàö³þ. Äëÿ ðîçâ’ÿçàííÿ

ÑËÀÐ ç óðàõóâàííÿì ïîãàíî¿ îáóìîâëåíîñò³ ìàòðèö³ B åêñïåðèìåíòàëüíèì

îá÷èñëåííÿì áóëî îáðàíî ìåòîä ðåãóëÿðèçàö³¿.

2. Çä³éñíþþ÷è ðîçðàõóíêè çà ð³çíèöåâîþ ñõåìîþ Êðàíêà–Í³êîëüñîí,

íàâ³òü íà ãðóáèõ ñ³òêàõ ìîæíà îòðèìàòè ðåçóëüòàòè ç íåîáõ³äíèì ñòóïåíåì òî÷-
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Ò à á ë è ö ÿ 6. Çàëåæí³ñòü êðèòåð³þ

ÔÊË çà ïîçäîâæí³ìè õâèëÿìè (� ïç) â³ä

ð³çíèõ çíà÷åíü ìîäóëÿ Þíãà E òà

øâèäêîñòåé ïîçäîâæí³õ õâèëü 	 ïç

Ìîäóëü Þíãà Å

(Í/ì
2
)

	 ïç (ì/ñ) � ïç

10
7

169.4 8.448

10
8

533.7 26.573

10
9

1690.3 84.498



íîñò³. Äî òîãî æ âèòðàòè ÷àñó º ì³í³ìàëüíèìè. ²íøà ñèòóàö³ÿ ñïîñòåð³ãàºòüñÿ

ó ðàç³ ïîð³âíÿííÿ ðåçóëüòàò³â íà ãðóá³é ³ á³ëüø äð³áí³é ñ³òêàõ äëÿ ð³çíèöåâî¿

ñõåìè Åéëåðà. Íåïåðåáîðí³ ïîìèëêè â³ä ïîõèáîê àïðîêñèìàö³¿ â³äñóòí³õ ãðà-

íè÷íèõ óìîâ ïðèçâîäÿòü äî ùå á³ëüøèõ ïîõèáîê.

3. Íà ï³äñòàâ³ ïîð³âíÿëüíîãî àíàë³çó äâîõ ð³çíèöåâèõ ñõåì ìîæíà ðåêîìåí-

äóâàòè ð³çíèöåâó ñõåìó Êðàíêà–Í³êîëüñîí äëÿ ïðîâåäåííÿ ïîäàëüøèõ ðîçðà-

õóíê³â ó äîñë³äæåííÿõ áàãàòîõâèëüîâèõ ïðîöåñ³â ó ÐÑ òà êåðóâàíí³ ÐÑ ó ðåæèì³

ðåàëüíîãî ÷àñó.

ÑÏÈÑÎÊ Ë²ÒÅÐÀÒÓÐÈ

1. Troger H., Alperton A.P., Beletsky V.V., Dranovskii V.I., Khoroshilov V.S., Pirozhenko A.V.,

Zakrzhevskii A.E. Dynamics of tethered space systems. 1st ed. CRC Press, 2017. 245 p.

2 Àìñòåðäàì íà ñâàÿõ. URL: https://www.holandiabeztajemnic.pl/?page_id=32236&lang=ru.

3. Farenyuk G., Kaliukh I., Farenyuk E., Kaliukh T., Berchun Y., Berchun V. Experimental and

theoretical diagnostics of defects in ferroconcrete piles based on reflection of longitudinal and

transverse waves. High Tech Concrete: Where Technology and Engineering Meet. Hordijk D.,

Lukoviñ M. (Eds). Cham: Springer, 2018. P. 1307–1317. https://doi.org/10.1007/978

-3-319-59471-2_151.

4. Kaliukh I., Fareniuk G., Trofymchuk O., Fareniuk I., Berchun Y. Identification of defects in

reinforced concrete piles based on multi-wave reflection. Proc. of the fib Symposium 2019:

Concrete — Innovations in Materials, Design and Structures, 2019. P. 991–998.

5. Kaliukh Y., Vusatiuk A. Factorization in problems of control and dynamics of lengthy systems.

Cybernetics and Systems Analysis. 2019. Vol. 55, N 2. P. 274–283. https://doi.org/10.1007/

s10559-019-00132-9.

6. Òóðåöüêèé ïîò³ê. URL: http://turkstream.info/.

7. Kaliukh I., Lebid O. Application of asymptotic and numerical methods to determine stability

boundaries of distributed systems in a flow. Cybernetics and Systems Analysis. 2022. Vol. 58,

N 2. P. 233–241. https://doi.org/10.1007/s10559-022-00455-0.

8. Kaliukh I., Lebid O. Constructing the adaptive algorithms for solving multi-wave problems.

Cybernetics and Systems Analysis. 2021. Vol. 57, N 6. P. 938–949. https://doi.org/10.1007/

s10559-021-00419-w.

9. Kaliukh I., Trofymchuk O., Lebid O. Numerical solution of two-point static problems for

distributed extended systems by means of the Nelder–Mead method. Cybernetics and Systems

Analysis. 2019. Vol. 55, N 4. P. 616–624. https://doi.org/10.1007/s10559-019-00170-3.

10. AN/ALE-50 towed decoy system. URL: https://en.wikipedia.org/wiki/AN/ALE-50_towed_

decoy_system.

11. Zhu Z.H. Dynamic modeling of cable system using a new nodal position finite element method.

International Journal for Numerical Methods in Biomedical Engineering. 2010. Vol. 26, Iss. 6.

P. 692–704. https://doi.org/10.1002/cnm.1161.

12. Ãëóáîêîâîäíàÿ äîáû÷à. URL: https://dic.academic.ru/dic.nsf/enc_geolog/1445/%D0%93%

D0%BB%D1%83%D0%B1%D0%BE%D0%BA%D0%BE%D0%B2%D0%BE%D0%B4%

D0%BD%D0%B0%D1%8F.

13. Kaliukh I., Senatorov V., Khavkin O., Kaliukh T., Khavkin K. Experimental and analytic

researches on technical state, design and operation of reinforced concrete anti-landslide

structures for seismic dangerous regions of Ukraine. Proc. of the Fib Symposium: Engineering

a Concrete Future: Technology, Modeling and Construction (Apr. 22–24, 2013, Tel-Aviv).

2013. P. 625–628.

ISSN 1019-5262. Ê³áåðíåòèêà òà ñèñòåìíèé àíàë³ç, 2023, òîì 59, ¹ 1 153



14. Ãëàäêèé À.Â., Ñåðãèåíêî È.Â., Ñêîïåöêèé Â.Â. ×èñëåííî-àíàëèòè÷åñêèå ìåòîäû èññëå-

äîâàíèÿ âîëíîâûõ ïðîöåññîâ. Êèåâ: Íàóê. äóìêà, 2001. 452ñ.

15. Ãëàäêèé À.Â., Ñêîïåöêèé Â.Â. Î ÷èñëåííîì ìîäåëèðîâàíèè è îïòèìèçàöèè îäíîíàïðàâ-

ëåííûõ âîëíîâûõ ïðîöåññîâ â íåîäíîðîäíûõ ñåðåäàõ. Êèáåðíåòèêà è ñèñòåìíûé àíà-

ëèç. 2010. ¹ 5. Ñ. 177–186.

16. Ãóáàðåâ Â.Ô. Ðàöèîíàëüíàÿ àïïðîêñèìàöèÿ ñèñòåì ñ ðàñïðåäåëåííûìè ïàðàìåòðàìè.

Êèáåðíåòèêà è ñèñòåìíûé àíàëèç. 2008. ¹ 2. Ñ. 99–115.

17. Selezov I.T., Kryvonos Yu.G., Gandzha I.S. Wave propagation and diffraction. Mathematical

methods and applications. Ser. Foundations of Engineering Mechanics. Singapore: Springer,

2018. 237 p. https://doi.org/10.1007/978-981-10-4923-1.

18. Trofimchuk A.N. Dynamic interaction of a rigid slab with a water-saturated poroelastic foundation.

International Applied Mechanics. 1996. Vol. 32, N 1. P. 60–64. https://doi.org/10.1007/

BF02084849.

19. Ñàëòàíîâ Í.Â. Ãèáêèå íèòè â ïîòîêàõ. Êèåâ: Íàóê. äóìêà, 1974. 140 ñ.

20. Òèìîøåíêî Ñ.Ï. Êîëåáàíèÿ â èíæåíåðíîì äåëå. Ìîñêâà: Ôèçìàòãèç, 1959. 450 ñ.

21. Ëåá³äü Î.Ã. Ï’ÿòèìîäîâà êâàç³ë³í³éíà ìîäåëü íåë³í³éíî¿ äèíàì³êè ïðîòÿæíî¿ ñèñòåìè. Åêî-

ëîã³÷íà áåçïåêà òà ïðèðîäîêîðèñòóâàííÿ. 2021. ¹ 38(2). Ñ. 104–120. https://doi.org/10.32347/

2411-4049.2021.2.104-120.

22. Ñåëåçîâ È.Ò. Ðàçâèòèå è ïðèëîæåíèå ìåòîäà Êîøè–Ïóàñîíà â ýëàñòîäèíàìèêå ñëîÿ è

óðàâíåíèå Òèìîøåíêî. Êèáåðíåòèêà è ñèñòåìíûé àíàë³ç. 2018. ¹ 3. C. 106–115.

23. Êóðàíò Ð. Óðàâíåíèÿ ñ ÷àñòíûìè ïðîèçâîäíûìè. Ìîñêâà: Ìèð, 1964. 830 ñ.

24. Áåðòî Ã.Î. Îêåàíîãðàôè÷åñêèå áóè. Ëåíèíãðàä: Ñóäîñòðîåíèå, 1979. 216 ñ.

25. Áóõàðèí Ñ.Í., Êàëèêîâ Â.Í., Íåêðàñîâ È.Â., Îðäàíîâè÷ À.Å. Î òî÷íîñòè àïïðîêñèìàöèè

ãèáêîé íèòè êîíå÷íîìåðíîé ìîäåëüþ. Ìàòåðèàëû ²²² ðåñïóáëèêàíñêîé êîíôåðåíöèè ïî

ïðèêëàäíîé ãèäðîìåõàíèêå. Êèåâ: Èí-ò ãèäðîìåõàíèêè ÀÍ ÓÑÑÐ, 1984. Ñ. 31.

26. Leonard J.M., Nath J.H. Comparison of finite element and lumped parameter methods for

oceanic cables. J. Eng. Struct. 1981. Vol. 3, N 6. P. 153–167.

27. Paul B., Soler A.I. Cable dynamics and optimum owing strategies for submersibles. Mar.

Technol. Soc. J. 1972. Vol. 2. P. 34–42.

28. Peyrot A.H., Asce M. Marine cable structures. J. Struct. Div.: Proc. Amer. Soc. Civ. Eng.

1980. Vol. 106, N 12. P. 2391–2404.

29. Èëüèí Ð.Ô., Æèãóëà Ò.È. Ê äèíàìèêå óïðóãî-âÿçêèõ íèòåé (êàíàòîâ) ïðè ìíîãîêàíàòíîì

ïîäúåìå ãðóçà. Ïðèêëàäíàÿ ìåõàíèêà. 1976. T. 12, ¹ 8. Ñ. 58–63.

30. Lin J.-M., Sansalone Ì. Impact-echo response of hollow cylindrical concrete structure

surrounded by soil and rock: Part I — Numerical studies. Geotechnical Testing. 1994. Vol. 17,

N 2. P. 207–219.

31. Lin J.-M., Sansalone Ì. Impact-echo response of hollow cylindrical concrete structure surrounded

by soil and rock: Part II — Experimental studies. Geotechnical Testing. 1994. Vol. 17, N 2.

P. 220–226.

32. Liao S.T., Roesset J.M. Identification of defects in piles through dynamic testing. Int. J. for

Numer. and Analyt. Meth. in Geomech. 1997. Vol. 21, N 4. P. 277–291.

33. Liao S.-T., Tong J.-H., Chen C.-H., Wu T.-T. Numerical simulation and experimental study of

Parallel Seismic test for piles. International Journal of Solids and Structures. 2006. Vol. 43.

P. 2279–2298.

34. Ambrosini D., Ezeberry J. Long piles integrity trough impact echo technique. Mecanica

Computacional. Vol. XXIV. Buenos Aires, Argentina, 2005. P. 651–669.

154 ISSN 1019-5262. Ê³áåðíåòèêà òà ñèñòåìíèé àíàë³ç, 2023, òîì 59, ¹ 1



35. Kim D.S., Seo W.S., Lee K.M. IE-SASW method for nondestructive evaluation of concrete

structure. NDT&E International. 2006. Vol. 39, N 2. P. 143–154.

36. Ablow C.M., Schechter S. Numerical simulation of undersea cable dynamics. Ocean Eng.

1983. Vol. 10, N 6. P. 443–457.

37. Âàëååâ Â.È., Êîæåâíèêîâà Ã.Ë. Òðîñîâûå ñèñòåìû â ïîòîêå æèäêîñòè Ìîñêâà: ÖÀÃÈ,

1976. ¹ 489. 57 c.

38. Lebid À.G. Control and dynamics of a distributed system with variable length. Journal of

Automation and Information Sciences. 2020. Vol. 52, Iss. 9. P. 39–50. https://doi.org/10.1615/

JAutomatInfScien.v52.i9.40.

39. Êîâàëåâà Ì.À., Ðóòêîâñêèé À.Ë. Ñèíãóëÿðíî âîçìóùåííûå ñèñòåìû îïòèìàëüíîãî

óïðàâëåíèÿ. Ìîñêâà: Ìèð íàóêè, 2020. 95 c. URL: https://www.twirpx.com/file/3444935/.

40. Ñàìàðñêèé À.À. Òåîðèÿ ðàçíîñòíûõ ñõåì. Ìîñêâà: Íàóêà, 1983. 616 ñ.

41. Õðóù Â.Ê. ×èñëåííûå ìåòîäû ãàçîâîé äèíàìèêè. Äíåïðîïåòðîâñê: Äíåïðîïåòðîâñêèé

óí-ò, 1981. 102 ñ.

42. Kaliukh Y.I. Specific features of using the linearization method for the analysis of low-frequency

oscillations of a towed system. Int. Appl. Mech. 2021. Vol. 57, N 1. P. 103–110.

https://doi.org/10.1007/s10778-021-01055-9.

43. ßíåíêî Í.Í. Ìåòîä äðîáíûõ øàãîâ ðåøåíèÿ ìíîãîìåðíûõ çàäà÷ ìàòåìàòè÷åñêîé ôèçè-

êè. Íîâîñèáèðñê: Íàóêà, 1967. 196 ñ.

I. Kaliukh, O. Trofymchuk, Î. Lebid

PECULIARITIES OF APPLYING THE FINITE-DIFFERENCE METHOD FOR CALCULATION

OF NONLINEAR PROBLEMS OF THE DYNAMICS OF DISTRIBUTED SYSTEMS IN A FLOW

Abstract. Peculiarities of application of the finite-difference method (FDM) for calculation of

nonlinear dynamic problems of distributed systems (DS) in a flow are considered. The main

limitations for the application of the FDM for numerical modeling of wave propagation and

reflection in DS are the features of the defining quasilinear equations. They are associated with

the need to simultaneously calculate the variables responsible for transient and slow wave

processes. The term “singularly perturbed system of equations” is used for such systems of

equations. These perturbations are the result of a significant difference in the propagation

velocities of longitudinal, configurational, bending, and torsional waves in the DS at the

physical level, etc. Therefore, it is necessary to use special step-by-step methods of

regularization and filtering of the numerical results. It imposes certain contstraints on the

ability to model real processes and the accuracy of the results and forces the use of implicit

difference schemes and high-frequency filtering. When solving the system of linear algebraic

equations, taking into account the poor conditioning of the matrix of convective terms, the

method of regularization was chosen by experimental calculation. Calculations according to the

Crank–Nicholson difference scheme, even using coarse grids, can give results with the required

degree of accuracy. And the cost of time will be minimal. Another picture is observed when

comparing the results on coarse and fine grids for the Euler difference scheme. Irresistible

mistakes brought in by errors in approximating the missing boundary conditions lead to greater

differences.

Keywords: finite difference method, distributed systems, nonlinearity, singularity, high

frequency filtering.
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