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ÎÏÅÐÀÒÎÐ²Â ÏÓÀÑÑÎÍÀ ÍÀ ÊËÀÑÀÕ ÇÈÃÌÓÍÄÀ

Àíîòàö³ÿ. Äîñë³äæåíî àïðîêñèìàòèâí³ õàðàêòåðèñòèêè óçàãàëüíåíèõ îïåðàòîð³â Ïóàññîíà

íà êëàñàõ ôóíêö³é Çèãìóíäà Z
�

äëÿ ïîäàëüøîãî ¿õíüîãî çàñòîñóâàííÿ â òåîð³¿ îïòèìàëü-

íèõ ð³øåíü. Êëàñè ôóíêö³é Çèãìóíäà Z
�

ñüîãîäí³ âñå ÷àñò³øå âèêîðèñòîâóþòü

â îïòèì³çàö³éíèõ ìåòîäàõ, ùî çóìîâëþº àêòóàëüí³ñòü ðîçâ’ÿçóâàíî¿ çàäà÷³. Îòðèìàíî

îö³íêó âåðõíüî¿ ìåæ³ â³äõèëåííÿ ôóíêö³é êëàñó Çèãìóíäà Z
�

â³ä ¿õí³õ óçàãàëüíåíèõ îïå-

ðàòîð³â Ïóàññîíà â ð³âíîì³ðí³é ìåòðèö³. Óçàãàëüíåí³ îïåðàòîðè Ïóàññîíà ÿê ðîçâ’ÿçêè

â³äïîâ³äíèõ äèôåðåíö³àëüíèõ ð³âíÿíü â ÷àñòèííèõ ïîõ³äíèõ åë³ïòè÷íîãî òèïó º ë³í³éíèìè

äîäàòíèìè îïåðàòîðàìè, à òîìó âîíè ðåàë³çóþòü íàéêðàùå àñèìïòîòè÷íå íàáëèæåííÿ

ôóíêö³é êëàñó Z
�

. Òîáòî ìàºìî êîíêðåòíó ðåàë³çàö³þ îïòèì³çàö³éíèõ çàäà÷ ìåòîäàìè

òåîð³¿ íàáëèæåíü.

Êëþ÷îâ³ ñëîâà: îïòèì³çàö³éí³ âëàñòèâîñò³ ôóíêö³é, àïðîêñèìàòèâí³ õàðàêòåðèñòèêè,

ë³í³éí³ äîäàòí³ îïåðàòîðè, êëàñè Çèãìóíäà.

ÂÑÒÓÏ

Ïðîöåñ âïðîâàäæåííÿ ñó÷àñíèõ ìåòîä³â òåîð³¿ îïòèìàëüíèõ ð³øåíü, òåîð³¿

³ãðîâèõ çàäà÷ äèíàì³êè [1–3] âñå á³ëüøå ñòàº íåìîæëèâèì áåç âèêîðèñòàííÿ

äèôåðåíö³àëüíèõ ð³âíÿíü â ÷àñòèííèõ ïîõ³äíèõ, çîêðåìà åë³ïòè÷íîãî òèïó

[4, 5]. Îòæå, âàæëèâèì º äîñë³äæåííÿ àïðîêñèìàòèâíèõ õàðàêòåðèñòèê ðîç-

â’ÿçê³â öèõ ð³âíÿíü. Íàòåïåð ìàëîäîñë³äæåíèìè º àïðîêñèìàòèâí³ õàðàêòå-

ðèñòèêè óçàãàëüíåíèõ îïåðàòîð³â Ïóàññîíà [6], ÿê³ º ðîçâ’ÿçêàìè â³äïîâ³äíèõ

³íòåãðî-äèôåðåíö³àëüíèõ ð³âíÿíü ç ïåâíèìè êðàéîâèìè óìîâàìè. Âîäíî÷àñ

îäí³ºþ ç âàæëèâèõ çàäà÷ äîñë³äæåííÿ îïåðàö³é º âàð³àö³éíà çàäà÷à, ÿêà ïîëÿ-

ãàº ó ïîøóêó òàêèõ çíà÷åíü íàáîðó ïàðàìåòð³â (îïòèìàëüíîãî ð³øåííÿ), ÿêèé

çà äåÿêèõ íàêëàäåíèõ îáìåæåíü çàáåçïå÷óº ìàêñèìóì (àáî ì³í³ìóì) ïåâíîãî

êðèòåð³þ. Îäíàê âàðòå çàö³êàâëåííÿ óçàãàëüíåííÿ ö³º¿ çàäà÷³, êîëè çíàõîäèòü-

ñÿ íåäèñêðåòíèé íàá³ð îïòèì³çàö³éíèõ ïàðàìåòð³â, à îïòèìàëüíå ð³øåííÿ

øóêàºòüñÿ íà äåÿêîìó êëàñ³ ôóíêö³é. Îñîáëèâî öå àêòóàëüíî äëÿ âèïàäêó

óçàãàëüíåíèõ îïåðàòîð³â Ïóàññîíà, êîëè ÿê êëàñ ôóíêö³é îáðàíî êëàñ

ôóíêö³é Çèãìóíäà Z
�

( )0 2� �� . Ð³÷ ó ò³ì, ùî êëàñè ôóíêö³é Çèãìóíäà Z
�

çàáåçïå÷óþòü íàéêðàùó àïðîêñèìàö³þ (íàéêðàùå íàáëèæåííÿ) óçàãàëüíåíèõ

îïåðàòîð³â Ïóàññîíà. Á³ëüøå òîãî, êëàñè ôóíêö³é Çèãìóíäà âèêîðèñòîâóþòü

â îïòèì³çàö³éíèõ ìåòîäàõ òà ¿õí³õ ïðèêëàäíèõ çàñòîñóâàííÿõ.

Ó òåîð³¿ îïòèìàëüíèõ ð³øåíü äåÿêó âàð³àö³éíó çàäà÷ó ðîçãëÿäàþòü ÿê íåïà-

ðàìåòðè÷íó çàäà÷ó îïòèì³çàö³¿. Ó ö³é ðîáîò³ ïðîïîíóºòüñÿ ñàìå òàêèé ï³äõ³ä —

øóêàºòüñÿ íàéêðàùå ó ð³âíîì³ðí³é ìåòðèö³ íàáëèæåííÿ 2�-ïåð³îäè÷íèõ

ôóíêö³é, ÿê³ çàäîâîëüíÿþòü äåÿêó äîäàòêîâó óìîâó íàëåæíîñò³ êëàñó Çèãìóíäà.

Ïðè öüîìó äîñë³äæóºòüñÿ òà àíàë³çóºòüñÿ àñèìïòîòèêà öüîãî íàáëèæåííÿ ÿê ³

â äåÿêèõ çàäà÷àõ ïðèêëàäíî¿ ìàòåìàòèêè [7–10] çà ïðèíöèïîì îïòèìàëüíîñò³

ïðèéíÿòòÿ ð³øåíü.
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ÎÑÍÎÂÍ² ÏÎÍßÒÒß ÒÀ ÏÎÑÒÀÍÎÂÊÀ ÇÀÄÀ×²

Ïîçíà÷èìî Z
�

�( )0 2� � (äèâ., íàïðèêëàä, [11]) êëàñ íåïåðåðâíèõ

2�-ïåð³îäè÷íèõ ôóíêö³é f x( ), ÿê³ çàäîâîëüíÿþòü óìîâó

| ( ) ( ) ( )| | |f x t f x f x t t� � � � �2 2
�

, � � �� �x , | |t � 2� . (1)

Íåõàé äàë³

P r f x f x t K r t dt
s q s q, ,( ; ; ) ( ) ( , )� �

�

�

1

�
�

�

(2)

º óçàãàëüíåíèì îïåðàòîðîì Ïóàññîíà [12], äå â³äïîâ³äíî

K r t sk r r r kt
s q

q k

k

, ( , ) ( ( )( ) ) cos� � � � �

�

�

	
1

2
1 1 1

1

, 0
1

2
� �s , q 
 1, r � �1 0, (3)

º ÿäðîì öüîãî îïåðàòîðà.

ßêùî ïîçíà÷èòè C ïðîñò³ð íåïåðåðâíèõ 2�-ïåð³îäè÷íèõ ôóíêö³é, ó ÿêîìó

íîðìà åëåìåíòà çàäàºòüñÿ çà äîïîìîãîþ ð³âíîñò³

|| || | ( )|f f t
C

t

� max , (4)

òî, íàñë³äóþ÷è Î.². Ñòåïàíöÿ [13], áóäåìî ðîçãëÿäàòè âåëè÷èíó

sup || ( ) ( , ; )|| : ( ; ( )), ,

f Z

s q C s q C
f x P r f x Z P r

�

� �

�

�
E . (5)

Âåëè÷èíà E( ; ( )),Z P r
s q C

�
º òî÷íîþ âåðõíüîþ ìåæåþ â³äõèëåííÿ ôóíêö³é

êëàñó Çèãìóíäà Z
�

â³ä ¿õíüîãî óçàãàëüíåíîãî îïåðàòîðà Ïóàññîíà

â ð³âíîì³ðíèé ìåòðèö³.

Äëÿ á³ëüø åôåêòèâíîãî äîñë³äæåííÿ àñèìïòîòè÷íî¿ ïîâåä³íêè óçàãàëüíå-

íèõ îïåðàòîð³â Ïóàññîíà íà êëàñàõ ôóíêö³é Çèãìóíäà â ìåòðèö³ ïðîñòîðó C àíà-

ëîã³÷íî äî [14] ó ôîðìóëàõ (2) òà (3) çðîáèìî çàì³íó çì³ííî¿ � � �
1

1n r

, r � �1 0.

Ó ðåçóëüòàò³ ÷îãî ìàòèìåìî, ùî óçàãàëüíåíèé îïåðàòîð Ïóàññîíà (2) çàïèñóâà-

òèìåòüñÿ ó âèãëÿä³

P f x f x t K t dt
s q s q, ,( ; ; ) ( ) ( , )�

�

�

�

�

� �

�

�

1
, 0

1

2
� �s , q 
 1, (6)
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k

k

e kt

1

� cos (7)

º éîãî ÿäðîì.

Òîä³ çã³äíî ç ïîçíà÷åííÿìè (6) òà (7) äîñë³äæåííÿ àñèìïòîòè÷íî¿ ïîâåä³íêè

(5) óçàãàëüíåíîãî îïåðàòîðà Ïóàññîíà P f x
s q, ( ; ; )� çà äîïîìîãîþ ìåòîä³â òåîð³¿

íàáëèæåíü íàáåðå âèãëÿäó

�( ; ( )) || ( ) ( ; ; ) ||, ,Z P f x P f x
s q C

f Z

s q C

�
� �

�

� �

�

sup . (8)

Íàñë³äóþ÷è Î.². Ñòåïàíöÿ [13], êàæåìî, ÿêùî â ÿâíîìó âèãëÿä³ çíàéäåíî

ôóíêö³þ g g Z( ) ( ; ),� � �
�

� �0 < 2, òàêó, ùî äëÿ � � � ìàº ì³ñöå àñèìïòîòè÷íà

ð³âí³ñòü � ( ; ) ( ) ( ( )),Z P g o g
s q C

�
� �� � , òî ðîçâ’ÿçàíî çàäà÷ó Êîëìîãîðîâà–
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Í³êîëüñüêîãî [13] äëÿ óçàãàëüíåíîãî îïåðàòîðà Ïóàññîíà P f x
s q, ( ; ; )� íà êëàñàõ

ôóíêö³é Çèãìóíäà Z
�

ó ð³âíîì³ðí³é ìåòðèö³.

Íàòåïåð ³ñíóº íèçêà ïðàöü, ïðèñâÿ÷åíèõ ðîçâ’ÿçàííþ çàäà÷³ Êîëìîãîðî-

âà–Í³êîëüñüêîãî äëÿ îïåðàòîð³â òèïó Ïóàññîíà [15–19] (ÿê³ º ðîçâ’ÿçêàìè

â³äïîâ³äíèõ äèôåðåíö³àëüíèõ ð³âíÿíü ó ÷àñòèííèõ ïîõ³äíèõ åë³ïòè÷íîãî òèïó

ç ïåâíèìè êðàéîâèìè óìîâàìè), ñàìå íà êëàñàõ Çèãìóíäà Z
�

äëÿ âèïàäêó, êîëè

0 1� �� . Ùîäî ðîçâ’ÿçàííÿ ö³º¿ çàäà÷³ íà êëàñàõ ôóíêö³é Z
�

äëÿ âèïàäêó

1 2� �� , òî âîíà ùå äîíèí³ íå ðîçâ’ÿçàíà.

Îòæå, îñíîâíîþ ìåòîþ ö³º¿ ðîáîòè º äîñë³äæåííÿ àñèìïòîòè÷íî¿ ïîâåä³íêè

âåðõíüî¿ ìåæ³ â³äõèëåííÿ ôóíêö³é êëàñó Z
�

ñàìå äëÿ âèïàäêó 1 2� �� â³ä ¿õí³õ

óçàãàëüíåíèõ îïåðàòîð³â Ïóàññîíà P f x
s q, ( ; ; )� ó ìåòðèö³ ïðîñòîðó C.

ÎÑÍÎÂÍÈÉ ÐÅÇÓËÜÒÀÒ ÐÎÁÎÒÈ

Çà âèêîðèñòàííÿ ïðèéíÿòèõ ïîçíà÷åíü ìàº ì³ñöå òåîðåìà.

Òåîðåìà 1. ßêùî 1 2� �� , òî äëÿ � � � áóäå ñïðàâåäëèâà îö³íêà
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Äîâåäåííÿ. Çíàéäåìî ñïî÷àòêó ³íòåãðàëüíå ïðåäñòàâëåííÿ äëÿ âåëè÷èíè

f x P f x
s q

( ) ( ; ; ),� � ç ïðàâî¿ ÷àñòèíè ð³âíîñò³ (8).

Âðàõîâóþ÷è (7), ìàºìî, ùî
1

1
�

�

�

�

K t dt
s q, ( , )

�

�
� . Òîìó î÷åâèäíî, ùî

|| ( ) ( ; ; )|| ( ( ) ( )) ( , ), ,f x P f x f x t f x K t dt
s q C s q

� � � �

�

�

�

�

�

1
�

�
�

C

� � � � �

�

�

1

2
2

�

�

�

�

( ( ) ( ) ( )) ( , ),f x t f x f x t K t dt
s q

C

.

Íà îñíîâ³ ïðåäñòàâëåííÿ (7) ÿäðà K t
s q, ( , )� óçàãàëüíåíîãî îïåðàòîðà Ïóàñ-

ñîíà (6) ëåãêî ïîêàçàòè, ùî äëÿ âñ³õ âêàçàíèõ ïàðàìåòð³â s 
 0, q 

1

2
, � � �� �t

³ ��0 çàâæäè K t
s q, ( , )� 
 0.
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Îòæå, ³ç ñï³ââ³äíîøåíü (1), (4), (8) ³ (10) âèïëèâàº, ùî

� ( ; ( )) ( ( ) ( ) ( )),Z P f x t f x f x t
s q C
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Àíàëîã³÷íî äî [11] äëÿ îá÷èñëåííÿ ³íòåãðàëà â ïðàâ³é ÷àñòèí³ (13) çàïèøåìî
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Ïîâòîðèâøè õ³ä ì³ðêóâàíü [11], îö³íèìî ïåðøèé ³íòåãðàë ïðàâî¿ ÷àñòèíè
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Òàêèì ÷èíîì ³ç ñï³ââ³äíîøåíü (11), (21) òà âëàñòèâîñòåé ãàììà-ôóíêö³¿ (äèâ.,

íàïðèêëàä, ôîðìóëó (8.331) ³ç [20]), âèïëèâàº îö³íêà çâåðõó äëÿ âåëè÷èíè
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Ùîá îòðèìàòè îö³íêó çíèçó äëÿ âåëè÷èíè (8), ñïî÷àòêó çàçíà÷èìî, ùî
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Âîäíî÷àñ àíàëîã³÷íî äî ôîðìóëè (6) ³ç [11] ìîæåìî çàïèñàòè, ùî

1 1

2
1 1 1

1 1

�

�

�

�

� �| |sin t sk e e

�

� �

�
� � �



�

�

�
�

�

�

�

�
�

�



�

�

�
�

�

�

�

�
�



�

�

�

�

�

�

�

�

�



�

�

�

�
�

�

�

�

�

�
�

�

�

� �

	

q

k

k

e kt dt

1

� cos

� �P Z P
s q s q C, ,( , | | ; ) ( ; ( ))� 	 �

� �
sin 0 � .

Îòæå,

� ( ; ( )) | | ( , ), ,Z P t K t dt
s q C s q

� �

�

�

�

�

�� �

�

�

1

� � � � �



�

�

�
�

�

�

�

�
�

�

�

� �

�




�

� �

�

�

� �( | | | | )t t sk e esin
1

2
1 1 1

1 1

�

�

�
�

�

�

�

�
�



�

�

�

�

�

�

�

�

�



�

�

�

�
�

�

�

�

�

�
��

� �

	

q

k

k

e kt dt

1

� cos . (24)

186 ISSN 1019-5262. Ê³áåðíåòèêà òà ñèñòåìíèé àíàë³ç, 2023, òîì 59, ¹ 1



Îá’ºäíàâøè ñï³ââ³äíîøåííÿ (7) òà (22–24), îòðèìàºìî âèêîíàííÿ îö³íêè (9).

Òåîðåìó äîâåäåíî.
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s q, ( ; ; )� º ë³í³éíèìè äîäàòíè-
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ÂÈÑÍÎÂÊÈ

Ó ðåçóëüòàò³ ïðîâåäåíèõ äîñë³äæåíü áóëî ðîçâ’ÿçàíî çàäà÷ó Êîëìîãîðî-

âà–Í³êîëüñüêîãî äëÿ óçàãàëüíåíèõ îïåðàòîð³â Ïóàññîíà P f x
s q, ( ; ; )� íà êëàñàõ

ôóíêö³é Çèãìóíäà Z
�

äëÿ âèïàäêó 1 2� �� ó ð³âíîì³ðí³é ìåòðèö³. Äîâåäåíà

òåîðåìà äàº ìîæëèâ³ñòü îö³íèòè âåðõíþ ìåæó â³äõèëåííÿ ôóíêö³é êëàñó Çèã-

ìóíäà Z
�

�( )1 2� � â³ä ¿õí³õ óçàãàëüíåíèõ îïåðàòîð³â Ïóàññîíà â ìåòðèö³

ïðîñòîðó. Îñê³ëüêè óçàãàëüíåí³ îïåðàòîðè Ïóàññîíà P f x
s q, ( , , )� äëÿ s � 0 ïå-

ðåòâîðþþòüñÿ â îïåðàòîðè Àáåëÿ–Ïóàññîíà A f x( , , )� , à äëÿ s �
1

2
, q �1 —

ó á³ãàðìîí³éí³ îïåðàòîðè Ïóàññîíà B f x( , , )� , òî ³ç òåîðåìè 1 ÿê íàñë³äîê îò-

ðèìóºìî àïðîêñèìàòèâí³ õàðàêòåðèñòèêè öèõ îïåðàòîð³â íà êëàñàõ ôóíêö³é
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Z
�

ó âèïàäêó 1 2� �� . Á³ãàðìîí³éí³ îïåðàòîðè Ïóàññîíà òà îïåðàòîðè

Àáåëÿ–Ïóàññîíà º ðîçâ’ÿçêàìè â³äïîâ³äíèõ äèôåðåíö³àëüíèõ ð³âíÿíü ó ÷àñ-

òèííèõ ïîõ³äíèõ åë³ïòè÷íîãî òèïó. À îòæå, çã³äíî ç òåíäåíö³ºþ îñòàíí³õ íà-

óêîâèõ äîñë³äæåíü äåÿêèõ íàïðÿìê³â [32–36] ïðèêëàäíî¿ ìàòåìàòèêè îòðè-

ìàí³ â ö³é ðîáîò³ àñèìïòîòè÷í³ îö³íêè âåðõí³õ ìåæ â³äõèëåíü ôóíêö³é êëàñó

Çèãìóíäà Z
�

�( )1 2� � â³ä ¿õí³õ óçàãàëüíåíèõ îïåðàòîð³â Ïóàññîíà ìàòèìóòü

ïîäàëüøå ïðàêòè÷íå çàñòîñóâàííÿ.
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O.G. Khanin, B.M. Borsuk

APPROXIMATE CHARACTERISTICS OF GENERALIZED POISSON OPERATORS

ON THE ZYGMUND CLASSES

Abstract. The paper analyzes the approximate characteristics of generalized Poisson operators

on the classes of Zygmund Z
�

, with the aim of their further application in the theory of

optimal solutions. Classes of Zygmund Z
�

are increasingly used in optimization methods,

emphasizing the relevance of the problem. The estimation of the upper bound of the deviation

of the functions of Zygmund class Z
�

from their generalized Poisson operators in the uniform

metric is obtained. Generalized Poisson operators as solutions of the corresponding elliptic

partial differential equations are positive linear operators and, therefore, they realize asymptotic

approximation of the class functions Z
�

in the best way. That is, we have the specific

implementation of the optimization problems using the methods of approximation theory.

Keywords: functions optimization properties, approximate characteristics, linear positive

operators, Zygmund class.
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