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Àíîòàö³ÿ. Äîñë³äæåíî àñèìïòîòè÷í³ âëàñòèâîñò³ ³íòåãðàë³â òèïó Ïóàññîíà íà êëàñàõ äè-
ôåðåíö³éîâíèõ ôóíêö³é ç âèêîðèñòàííÿì ñó÷àñíèõ ìåòîä³â òåîð³¿ îïòèìàëüíèõ ð³øåíü òà
òåîð³¿ àïðîêñèìàö³¿ ôóíêö³é. Îá÷èñëåíî òî÷í³ çíà÷åííÿ âåðõíüî¿ ìåæ³ â³äõèëåííÿ
ôóíêö³é êëàñ³â Ñîáîëºâà â³ä ³íòåãðàë³â òèïó Ïóàññîíà â ð³âíîì³ðíèé ìåòðèö³. Çàñòîñîâà-
íèé ìåòîä äîñë³äæåíü äàº ìîæëèâ³ñòü ç íàïåðåä çàäàíîþ òî÷í³ñòþ îö³íèòè ïîõèáêó
â³äõèëåííÿ êëàñ³â äèôåðåíö³éîâíèõ ôóíêö³é â³ä ¿õí³õ ïîë³ãàðìîí³éíèõ ³íòåãðàë³â Ïóàññî-
íà. Îòðèìàíî ðåçóëüòàòè, ÿê³ â ïîäàëüøîìó ñïðèÿòèìóòü ïîáóäîâ³ ÿê³ñí³øèõ ìàòåìàòè÷-
íèõ ìîäåëåé ïðèðîäíè÷èõ ³ ñîö³àëüíèõ ÿâèù, à îòæå, ³ åôåêòèâí³øîìó ðîçâ’ÿçóâàííþ
áàãàòüîõ çàäà÷ ïðèêëàäíî¿ ìàòåìàòèêè.

Êëþ÷îâ³ ñëîâà: ïîë³ãàðìîí³éí³ ð³âíÿííÿ, êëàñè Ñîáîëºâà, îïòèì³çàö³éí³ çàäà÷³, àñèìïòî-
òè÷í³ îö³íêè, òî÷í³ çíà÷åííÿ â³äõèëåíü.

ÂÑÒÓÏ

Ï³ä ÷àñ ðîçâ’ÿçàííÿ êîíêðåòíèõ çàäà÷ ïðèêëàäíî¿ ìàòåìàòèêè ³íîä³ äîâîäèòü-

ñÿ âèêîíóâàòè ÷èìàëî íåîáõ³äíèõ äîïîì³æíèõ îá÷èñëåíü, ùî óñêëàäíþº öåé

ïðîöåñ. Î÷åâèäíî, ùî â ö³é ñèòóàö³¿ ïîòð³áíî çàñòîñîâóâàòè ÿê³ñü ³íø³ ìåòî-

äè, ùî äàäóòü çìîãó çíàõîäèòè áîäàé íàáëèæåí³ ðîçâ’ÿçêè ö³º¿ çàäà÷³. Äëÿ

öüîãî çàñòîñîâóþòü ìåòîäè òåîð³¿ íàáëèæåííÿ ôóíêö³é ó ïîºäíàíí³ ç ïðèíöè-

ïàìè îïòèìàëüíîñò³ â òåîð³¿ ïðèéíÿòòÿ ð³øåíü.

Òàê, îñòàíí³ì ÷àñîì âñå á³ëüøå â³äñë³äêîâóºòüñÿ âçàºìîçâ’ÿçîê òåîð³¿ íà-

áëèæåííÿ ³ç çàäà÷àìè âàð³àö³éíîãî ÷èñëåííÿ òà ìåòîä³â îïòèì³çàö³¿, çàäà÷à-

ìè òåîð³¿ êåðóâàííÿ, ³ãðîâèìè çàäà÷àìè äèíàì³êè [1–3] òîùî. Â öüîìó àñ-

ïåêò³ (ðàêóðñ³) àêòóàëüíîþ º îö³íêà ïîõèáîê íàáëèæåííÿ îäíèõ ìàòåìàòè÷-

íèõ îá’ºêò³â ³íøèìè. Îòæå, ö³êàâèì º ïèòàííÿ ïðî àïðîêñèìàö³þ ôóíêö³é

êëàñ³â Ñîáîëºâà îïåðàòîðàìè, ÿê³ º ðîçâ’ÿçêàìè ïîë³ãàðìîí³éíèõ ð³âíÿíü

åë³ïòè÷íîãî òèïó [4–6] ç â³äïîâ³äíèìè ãðàíè÷íèì óìîâàìè. Ç îäíîãî áîêó,

îïåðàòîðè òàêîãî òèïó ìàþòü ïðèíöèïîâå çíà÷åííÿ äëÿ ðîçâ’ÿçàííÿ çàäà÷

ìàòåìàòè÷íîãî ìîäåëþâàííÿ [7–11], ç ³íøîãî, — êëàñè ôóíêö³é Ñîáîëºâà çà

ñâîºþ ñóòòþ ìàþòü âàæëèâå çíà÷åííÿ ÿê ó òåîð³¿ äèôåðåíö³àëüíèõ ð³âíÿíü

ç ÷àñòèííèìè ïîõ³äíèìè, òàê ³ â òåîð³¿ êåðóâàííÿ, ìåòîäàõ îá÷èñëåíü, òåîð³¿

ôóíêö³é, òåîð³¿ îïòèìàëüíèõ ð³øåíü òîùî. Ç îãëÿäó íà âèêëàäåíå íå ï³äëÿãàº

ñóìí³âó àêòóàëüí³ñòü ðîçâ’ÿçóâàíî¿ â ö³é ðîáîò³ çàäà÷³ ïðî íàáëèæåííÿ

êëàñ³â äèôåðåíö³éîâíèõ ôóíêö³é Ñîáîëºâà ïîë³ãàðìîí³éíèìè îïåðàòîðàìè

Ïóàññîíà [12].

Ó á³ëüøîñò³ âèïàäê³â ï³ä ÷àñ ðîçâ’ÿçàííÿ çàäà÷ òàêîãî òèïó ¿õí³é ðîçâ’ÿçîê

çàçâè÷àé çàïèñóþòü ó âèãëÿä³ òàê çâàíèõ àñèìïòîòè÷íèõ îö³íîê, ÿê³ íå çàâæäè

äàþòü ìîæëèâ³ñòü ÿê³ñíî îö³íèòè ïîõèáêó â³äõèëåííÿ ïîáóäîâàíî¿ ìàòåìàòè÷-

íî¿ ìîäåë³ â³ä ðåàëüíîãî äîñë³äæóâàíîãî ïðîöåñó.

Ó ö³é ðîáîò³ ïðîïîíóºòüñÿ ìåòîä, ÿêèé äàº çìîãó îòðèìàòè íå àñèìïòîòè÷í³

îö³íêè, à òî÷í³ çíà÷åííÿ íàáëèæåííÿ ôóíêö³é êëàñ³â Ñîáîëºâà ïîë³ãàðìîí³éíè-

ìè îïåðàòîðàìè. Öåé ìåòîä íàäàñòü çìîãó ç íàïåðåä çàäàíîþ òî÷í³ñòþ îö³íþâà-

òè ïîõèáêó â³äõèëåííÿ ïîáóäîâàíî¿ ìàòåìàòè÷íî¿ ìîäåë³ â³ä ðåàëüíîãî

äîñë³äæóâàíîãî ïðîöåñó.
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Ïîçíà÷èìî C ïðîñò³ð íåïåðåðâíèõ 2�-ïåð³îäè÷íèõ ôóíêö³é, â ÿêîìó íîðìó

åëåìåíòà çàçâè÷àé âèçíà÷àþòü çà äîïîìîãîþ ñï³ââ³äíîøåííÿ
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º éîãî ÿäðîì, � �� � � �0 0 1 2 1s q/ , .

Íåõàé äàë³ W l Nl , � (äèâ., íàïðèêëàä, [15]), — ìíîæèíà 2�-ïåð³îäè÷íèõ

ôóíêö³é, ÿê³ ìàþòü àáñîëþòíî íåïåðåðâí³ ïîõ³äí³ äî ( )l �1 -ãî ïîðÿäêó âêëþ÷íî

³ ìàéæå ñêð³çü | ( )|( )� l z � 1. Êëàñè ôóíêö³é W l Nl , � , íàçèâàþòü êëàñàìè

ôóíêö³é Ñîáîëºâà.

Íàñë³äóþ÷è Î.². Ñòåïàíöÿ, ïîçíà÷èìî

� ( ; ( )) sup | | ( ) ( ; , )| |, ,W P Pl
s q C

W
s q C

l
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(5)

âåðõíþ ìåæó â³äõèëåííÿ ôóíêö³é ç êëàñó W l Nl , � , â³ä ³íòåãðàëà òèïó Ïóàñ-

ñîíà (3) ó ð³âíîì³ðí³é ìåòðèö³. ßêùî â ÿâíîìó âèãëÿä³ áóäå çíàéäåíà

ôóíêö³ÿ g( )� òàêà, ùî äëÿ � � �

� ( ; ( )) ( ) ( ( )),W P g o gl
s q C� � �� � ,

òî çã³äíî ç [15] êàæóòü, ùî ðîçâ’ÿçàíà çàäà÷à Êîëìîãîðîâà–Í³êîëüñüêîãî äëÿ

êëàñó ôóíêö³é Ñîáîëºâà W l ³ ³íòåãðàëà òèïó Ïóàññîíà Ps q, ( ; ; )� � � , çàäàíîãî

çà äîïîìîãîþ ñï³ââ³äíîøåíü (3), (4), ó ìåòðèö³ ïðîñòîðó C.

Ïåðø³ äîñë³äæåííÿ àïðîêñèìàòèâíèõ âëàñòèâîñòåé ³íòåãðàë³â òèïó Ïóàññî-

íà áóëè çðîáëåí³ Ì.Ï. Ò³ìàíîì [12]. Ï³çí³øå éîãî äîñë³äæåííÿ áóëè ïðîäîâ-

æåí³ â [16, 17], äå ðîçâ’ÿçóâàëàñü çàäà÷à Êîëìîãîðîâà–Í³êîëüñüêîãî äëÿ ³íòåã-

ðàë³â òèïó Ïóàññîíà íà ð³çíèõ êëàñàõ ïåð³îäè÷íèõ ôóíêö³é. Ùî æ äî îá÷èñëåí-

íÿ òî÷íèõ çíà÷åíü äëÿ âåëè÷èíè (5), òî âîíè äîñ³ íå çíàéäåí³.

Ñàìå òîìó îñíîâíîþ ìåòîþ çàïðîïîíîâàíî¿ ðîáîòè º îòðèìàííÿ òî÷íèõ

çíà÷åíü äëÿ âåðõí³õ ìåæ â³äõèëåíü ôóíêö³¿ êëàñó Ñîáîëºâà W l Nl , � , â³ä ³íòåã-

ðàëà òèïó Ïóàññîíà â ð³âíîì³ðíèé ìåòðèö³.
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Çà ïðèéíÿòèõ ïîçíà÷åíü ìàþòü ì³ñöå òâåðäæåííÿ.
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² íàñàìê³íåöü, çàñòîñóâàâøè ñï³ââ³äíîøåííÿ (17) äî ïðàâî¿ ÷àñòèíè (16),

îòðèìàºìî ð³âí³ñòü (6). Òåîðåìó 1 äîâåäåíî.
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ó ò³ì, ùî öåé âèïàäîê áóâ ðàí³øå ðîçãëÿíóòèé ó [19, òåîðåìà 1].
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Kn — êîíñòàíòè Àõ³ºçåðà–Êðåéíà–Ôàâàðà, çàäàí³ çà äîïîìîãîþ

ñï³ââ³äíîøåíü (8) ³ (9) â³äïîâ³äíî.

Äîâåäåííÿ. Äëÿ âèïàäêó l i� 2 , i N� , àíàëîã³÷íî äî äîâåäåííÿ ð³âíîñò³ (12)
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Òàêèì ÷èíîì, áåðó÷è äî óâàãè ñï³ââ³äíîøåííÿ (23) ³ (21), ïðèõîäèìî äî

âèñíîâêó, ùî
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Îòðèìàíà òàêèì ÷èíîì ðåêóðåíòíà ôîðìóëà (25) ìîæå áóòè çàïèñàíà ó âèãëÿä³
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Çàñòîñóâàâøè äî äðóãîãî äîäàíêà ïðàâî¿ ÷àñòèíè (26) ïîçíà÷åííÿ (21) ³
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Íàñàìê³íåöü, ³ç ïðàâî¿ ÷àñòèíè (28) çà âèêîðèñòàííÿ ïîçíà÷åíü (8), (9) ³

ç óðàõóâàííÿì, ùî
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i N� , (29)

ìàºìî ñïðàâåäëèâ³ñòü ð³âíîñò³ (18). Òåîðåìó 2 äîâåäåíî.

Íàñë³äîê 1. Î÷åâèäíî, ùî äëÿ s � 0 ³íòåãðàë Ps q, ( ; ; )� � � , ÿêèé áóâ çàäàíèé

çà äîïîìîãîþ ñï³ââ³äíîøåíü (3) ³ (4), ïåðåòâîðþºòüñÿ â ³íòåãðàë Àáåëÿ–Ïóàññî-

íà [22, 23] àáî Ïóàññîíà [24]. Òîìó ç òåîðåì 1 òà 2 äëÿ s � 0 âèïëèâàþòü ðàí³øå

îòðèìàí³ â [25] ðåçóëüòàòè.

Íàñë³äîê 2. Îñê³ëüêè äëÿ s �1 òà q �1 2/ çàäàíèé çà äîïîìîãîþ ñï³ââ³äíî-

øåíü (3) òà (4), ³íòåãðàë Ps q, ( ; ; )� � � ïåðåòâîðþºòüñÿ â á³ãàðìîí³éíèé ³íòåãðàë

Ïóàññîíà [26], ç äîâåäåíèõ òåîðåì 1 òà 2 âèïëèâàþòü ðåçóëüòàòè, îòðèìàí³

â [27].

ÂÈÑÍÎÂÊÈ

Ó ïðîöåñ³ íàâåäåíèõ ó ðîáîò³ äîñë³äæåíü áóëè îòðèìàí³ àïðîêñèìàòèâí³

âëàñòèâîñò³ ³íòåãðàë³â òèïó Ïóàññîíà íà êëàñàõ ôóíêö³é Ñîáîëºâà

â ð³âíîì³ðí³é ìåòðèö³. Äîâåäåí³ â ðîáîò³ òåîðåìè äàþòü ìîæëèâ³ñòü çàïèñàòè

òî÷í³ çíà÷åííÿ íàáëèæåííÿ äèôåðåíö³éîâíèõ ôóíêö³é W l Nl , � , ïîë³ãàð-

ìîí³éíèìè ³íòåãðàëàìè Ïóàññîíà. Îñê³ëüêè ³íòåãðàë òèïó Ïóàññîíà (³íòåãðà-

ëè ç òàê çâàíèìè äåëüòà-ïîä³áíèìè ÿäðàìè [28–30]) º ðîçâ’ÿçêàìè ïîë³ãàð-

ìîí³éíèõ ð³âíÿíü ç â³äïîâ³äíèìè ãðàíè÷íèìè óìîâàìè, à êëàñè ôóíêö³é Ñî-

áîëºâà ìàþòü âàæëèâå çíà÷åííÿ äëÿ ðîçâ’ÿçóâàííÿ ð³çíèõ îïòèì³çàö³éíèõ

çàäà÷ [31–33], òî îòðèìàí³ ðåçóëüòàòè â ïîäàëüøîìó ñïðèÿòèìóòü ðîçâèòêó

ñó÷àñíî¿ ïðèêëàäíî¿ ìàòåìàòèêè.
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Yu.I. Kharkevych
EXACT VALUES OF THE APPROXIMATIONS OF DIFFERENTIABLE FUNCTIONS
BY INTEGRALS OF THE POISSON TYPE

Abstract. The asymptotic properties of integrals of the Poisson type on the classes of
differentiable functions are analyzed with the use of modern methods of the theory of optimal
solutions and the theory of approximation of functions. Namely, the exact values of the upper
bound of the deviation of the functions of the Sobolev classes from integrals of the Poisson
type in the uniform metric are found. The research method used in the study makes it possible
to estimate the deviation error of the classes of differentiable functions from their
polyharmonic Poisson integrals with predetermined accuracy. The results obtained in the study
will further contribute to the construction of higher-quality mathematical models of natural and
social phenomena and therefore to more efficient solution of many problems of applied
mathematics.

Keywords: polyharmonic equations, the Sobolev classes, optimization problems, asymptotic
estimates, exact values of deviations.
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