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ÌÀÒÅÌÀÒÈ×ÍÅ ÌÎÄÅËÞÂÀÍÍß ÏÐÎÑÒÎÐÎÂÎ-ÐÎÇÏÎÄ²ËÅÍÈÕ
ÑÈÑÒÅÌ, ÏÎË²ÍÎÌ²ÀËÜÍÎ ÇÀËÅÆÍÈÕ Â²Ä Ë²Í²ÉÍÈÕ
ÄÈÔÅÐÅÍÖ²ÀËÜÍÈÕ ÏÅÐÅÒÂÎÐÅÍÜ ÔÓÍÊÖ²¯ ÑÒÀÍÓ

Àíîòàö³ÿ. Ïîñòàâëåíî ³ çà ñåðåäíüîêâàäðàòè÷íèì êðèòåð³ºì ðîçâ’ÿçàíî ïî÷àòêîâî-êðàéîâ³
çàäà÷³ äèíàì³êè íåë³í³éíèõ ïðîñòîðîâî-ðîçïîä³ëåíèõ ñèñòåì. Ðîçãëÿíóòî ñèñòåìè, ë³í³éíà
ìàòåìàòè÷íà ìîäåëü ÿêèõ äîïîâíåíà ïîë³íîì³àëüíî âèçíà÷åíîþ çàëåæí³ñòþ â³ä äèôå-
ðåíö³àëüíèõ ïåðåòâîðåíü ¿õíüî¿ ôóíêö³¿ ñòàíó. Áóäóþòüñÿ àíàë³òè÷í³ çàëåæíîñò³ ö³º¿
ôóíêö³¿ çà íàÿâíîñò³ äèñêðåòíî ³ íåïåðåðâíî âèçíà÷åíèõ ïî÷àòêîâî-êðàéîâèõ ñïîñòåðå-
æåíü çà íèìè áåç îáìåæåíü íà ê³ëüê³ñòü òà ÿê³ñòü îñòàíí³õ. Îö³íåíî òî÷í³ñòü ìíîæèí îò-
ðèìàíèõ ðîçâ’ÿçê³â òà äîñë³äæåíî ¿õíþ îäíîçíà÷í³ñòü.

Êëþ÷îâ³ ñëîâà: íåë³í³éí³ äèíàì³÷í³ ñèñòåìè, ñèñòåìè ç íåâèçíà÷åíîñòÿìè, ñèñòåìè
ç ðîçïîä³ëåíèìè ïàðàìåòðàìè, ïðîñòîðîâî-ðîçïîä³ëåí³ ñèñòåìè, ïñåâäîðîçâ’ÿçêè, íåêî-
ðåêòí³ ïî÷àòêîâî-êðàéîâ³ çàäà÷³.

ÂÑÒÓÏ

Öÿ íàóêîâà ðîáîòà º ïðîäîâæåííÿì äîñë³äæåíü àâòîðà, àíîíñîâàíîãî â [1] òà
îïóáë³êîâàíîãî â [2–4], ñòîñîâíî òàêèõ ñêëàäíèõ [5] ³ ïðàêòè÷íî ïîòð³áíèõ
[6] íåë³í³éíèõ äèíàì³÷íèõ ïðîñòîðîâî-ðîçïîä³ëåíèõ ñèñòåì, ÿê³ ôóíêö³îíó-
þòü â óìîâàõ íåâèçíà÷åíîñò³ çà ê³ëüê³ñòþ òà ÿê³ñòþ ïî÷àòêîâî-êðàéîâèõ
ñïîñòåðåæåíü çà íèìè. Ç öèõ ïðè÷èí çàäà÷³ ïîáóäîâè ôóíêö³¿ ñòàíó òàêèõ
ñèñòåì º íàäçâè÷àéíî ñêëàäíîþ ïðîáëåìîþ ³ ìåòîäàìè àíàë³òè÷íî¿ òà îá÷èñ-
ëþâàëüíî¿ ìàòåìàòèêè ðîçâ’ÿçàíèìè áóòè íå ìîæóòü.

Ó ðîçâèòîê âèêëàäåíèõ â [4] íàóêîâèõ ðåçóëüòàò³â ñòîñîâíî äîñë³äæåííÿ
ñòàíó ìóëüòèïë³êàòèâíî íåë³í³éíèõ ñèñòåì áóäóâàòèìåìî ôóíêö³¿ ñòàíó ïðîñòî-
ðîâî-ðîçïîä³ëåíèõ äèíàì³÷íèõ ñèñòåì, ìàòåìàòè÷í³ ìîäåë³ ôóíêö³îíóâàííÿ
ÿêèõ îïèñóþòüñÿ ë³í³éíèìè äèôåðåíö³àëüíèìè ð³âíÿííÿìè, äîïîâíåíèìè
íåë³í³éíîñòÿìè, âèçíà÷åíèìè â [4].

Äëÿ ðîçâ’ÿçàííÿ ïî÷àòêîâî-êðàéîâèõ çàäà÷ äèíàì³êè ðîçãëÿäóâàíèõ ñèñòåì

â îáìåæåíèõ ïðîñòîðîâî-÷àñîâèõ îáëàñòÿõ çã³äíî ç [1,7] çàïðîïîíîâàíå ìàòåìà-

òè÷íå ìîäåëþâàííÿ äèñêðåòíî òà íåïåðåðâíî ñïîñòåðåæëèâîãî ãðàíè÷íî-ïî÷àò-

êîâîãî ñòàíó ñèñòåìè â³äïîâ³äíî äî ³íòåãðàëüíîãî åêâ³âàëåíòó ¿¿ äèôåðåíö³àëü-

íî¿ ìîäåë³, ïîáóäîâàíîãî â [8] çà ñåðåäíüîêâàäðàòè÷íèì êðèòåð³ºì. Ç âèêîðèñ-

òàííÿì ìåòîäèê, çàïðîïîíîâàíèõ â [9] ùîäî ïñåâäîîáåðíåííÿ ë³í³éíèõ

àëãåáðà¿÷íèõ, ³íòåãðàëüíèõ ³ ôóíêö³îíàëüíèõ ïåðåòâîðåíü, áóäå ïîáóäîâàíî òà

äîñë³äæåíî çà òî÷í³ñòþ òà îäíîçíà÷í³ñòþ ìíîæèíè ôóíêö³é ³ âåêòîð³â, ÿêèìè

ìîäåëþþòüñÿ ñïîñòåðåæåííÿ çà ñèñòåìîþ, à ç ¿õí³ì âèêîðèñòàííÿì — ³ ìíîæè-

íè ïñåâäîðîçâ’ÿçê³â â³äïîâ³äíèõ ïî÷àòêîâî-êðàéîâèõ çàäà÷.

ÏÎÑÒÀÍÎÂÊÀ ÇÀÄÀ×² ÒÀ ÎÑÎÁËÈÂÎÑÒ² ¯¯ ÐÎÇÂ’ßÇÀÍÍß

Ïîøèðèìî âèêëàäåí³ â [4] ìàòåìàòè÷í³ ðåçóëüòàòè ìîäåëþâàííÿ

ìóëüòèïë³êàòèâíèõ íåë³í³éíèõ äèíàì³÷íèõ ñèñòåì çà ¿õí³ì óçàãàëüíåííÿì —

íåë³í³éí³ ñèñòåìè, ìàòåìàòè÷íà ìîäåëü ÿêèõ º ë³í³éíîþ êîìá³íàö³ºþ ë³í³éíèõ

äèôåðåíö³àëüíèõ ïåðåòâîðåíü ôóíêö³¿ ñòàíó y s( ). Äèíàì³êó òàêèõ ñèñòåì

ó íåîáìåæåí³é ïðîñòîðîâ³é îáëàñò³ ðîçãëÿíóòî íàìè â [8]. Ïðè öüîìó
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Ó ðîáîò³ [8] ïîáóäîâàíî ïñåâäîîáåðíåííÿ ñèñòåìè (1) äëÿ äåÿêèõ îêðåìèõ

âèïàäê³â ñòîñîâíî âèçíà÷åííÿ ôóíêö³¿ ñòàíó y s( ) òà ðîçïîä³ëåíîãî

çîâí³øíüî-äèíàì³÷íîãî çáóðåííÿ u s( ), ÿêå öåé ñòàí ñóïðîâîäæóº. Çîêðåìà, ðîç-

ãëÿäàëèñÿ âèïàäêè íåïåðåðâíîãî òà äèñêðåòíîãî âèçíà÷åííÿ ôóíêö³¿ u s( ). Çàäà÷à

ïîáóäîâè ñåðåäíüîêâàäðàòè÷íîãî íàáëèæåííÿ äî ôóíêö³¿ y s( ) äëÿ íåïåðåðâíî

âèçíà÷åíîãî u s( ) âèÿâèëàñÿ ñêëàäíîþ ³ áóëà ðîçâ’ÿçàíà äëÿ âèïàäêó N � 2. Ïðè
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Òóò, àíàëîã³÷íî íàâåäåíîìó â [4],
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äå � �sm — êðîê äèñêðåòèçàö³¿ ôóíêö³¿ u s( ).
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Ç âèêîðèñòàííÿì ðåçóëüòàò³â (2), (7), (8) ïñåâäîîáåðíåííÿ ñèñòåìè (1) â íå-

îáìåæåí³é ïðîñòîðîâî-÷àñîâ³é îáëàñò³, ÿê ³ â [4], ïîáóäóºìî ôóíêö³þ y s( ) (àáî

âåêòîð y ¿¿ çíà÷åíü) ñòàíó ñèñòåìè (1) â îáìåæåí³é ïðîñòîðîâî-÷àñîâ³é îáëàñò³
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ßê ³ âèùå, äëÿ ðîçâ’ÿçàííÿ çàäà÷ (1), (11), (12) òà (1), (13), (14) áóäåìî âèõî-

äèòè ç óìîâ ñåðåäíüîêâàäðàòè÷íîãî âèêîíàííÿ ñïîñòåðåæåíü (11), (12) òà (13),
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çîâí³øíüî-äèíàì³÷íèìè ôàêòîðàìè.
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ÿê ³ âèùå, ðîçøóêóâàíó çã³äíî ç (13) ôóíêö³þ ñòàíó y s( ) ðîçãëÿäóâàíî¿ ñèñòåìè
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j

k

k 0

( ) òà u
j

k

k

( )

( { , ..., }, , )j k k Nk � �1 1 . Òî÷í³ñòü òà îäíîçíà÷í³ñòü îòðèìàíîãî çã³äíî ç (39)–(42)

ðîçâ’ÿçêó çàäà÷³, ÿê ³ ðàí³øå, áóäå âèçíà÷àòèñÿ âåëè÷èíîþ �
2 òà óìîâîþ (35).

ÂÈÑÍÎÂÊÈ

Ðîçâ’ÿçàíî çàäà÷³ äîñë³äæåííÿ äèíàì³êè íåë³í³éíèõ ïðîñòîðîâî-ðîçïîä³ëåíèõ

ñèñòåì, ë³í³éíà ìàòåìàòè÷íà ìîäåëü ÿêèõ äîïîâíåíà ïîë³íîì³àëüíî âèçíà÷å-

íîþ çàëåæí³ñòþ â³ä äèôåðåíö³àëüíèõ ïåðåòâîðåíü ¿õíüî¿ ôóíêö³¿ ñòàíó. Çà-

äà÷³ ðîçâ’ÿçàíî äëÿ äèñêðåòíî òà íåïåðåðâíî çàäàíèõ çíà÷åíü ãðàíè÷íî-ïî-

÷àòêîâèõ çîâí³øíüî-äèíàì³÷íèõ çáóðþâàëüíèõ ôàêòîð³â, óçãîäæåííÿ ðîçâ’ÿç-

êó ç ÿêèìè âèçíà÷àºòüñÿ çà ñåðåäíüîêâàäðàòè÷íèì êðèòåð³ºì. Âèêîíàííÿ öèõ

âèìîã äîñÿãàºòüñÿ ó ðàç³ ïñåâäîîáåðíåíèõ íåïðîñòèõ ðîçâ’ÿçóâàëüíèõ

ð³âíÿíü, ÿê³ îòðèìóþòü çà ïî÷àòêîâî-êðàéîâèõ óìîâ ôóíêö³îíóâàííÿ ñèñòåìè.

144 ISSN 1019-5262. Ê³áåðíåòèêà òà ñèñòåìíèé àíàë³ç, 2023, òîì 59, ¹ 2



Ïðîáëåìè óçãîäæåíîñò³ ðîçâ’ÿçêó ç íåë³í³àéíîþ ìàòåìàòè÷íîþ ìîäåëëþ ñèñ-

òåìè âèð³øóþòüñÿ [8] íà åòàï³ ïåðåõîäó â³ä äèôåðåíö³àëüíî¿ ôîðìè ìîäåë³

äî ¿¿ ³íòåãðàëüíîãî åêâ³âàëåíòà.

Ðåçóëüòàòîì öüîãî íàóêîâîãî äîñë³äæåííÿ º ïðîñò³ ³ äîñòóïí³ äëÿ ïðàêòè÷-

íî¿ ðåàë³çàö³¿ ðîçðàõóíêîâ³ ôîðìóëè, ÿê³ äëÿ öèõ ñêëàäíèõ ³ â çàãàëüíîìó âèïàä-

êó íåêîðåêòíî ñôîðìóëüîâàíèõ ïî÷àòêîâî-êðàéîâèõ çàäà÷ ìåòîäàìè êëàñè÷íî¿

òà îá÷èñëþâàëüíî¿ ìàòåìàòèêè ïîáóäóâàòè íåìîæíà.
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V.A. Stoyan
MATHEMATICAL MODELING OF SPATIALLY DISTRIBUTED SYSTEMS, POLYNOMIALLY
DEPENDENT ON LINEAR DIFFERENTIAL TRANSFORMATIONS OF THE STATE FUNCTION

Abstract. Initial–boundary-value problems of the dynamics of nonlinear spatially distributed
systems are formulates and solved according to the root-mean-square criterion. Systems whose
linear mathematical model is supplemented by the polynomially defined dependence on the
differential transformation of their state function are considered. Analytical dependences of this
function are generated under the presence of their discretely and continuously defined
initialboundary-value observations, without constraints on the number and quality of the latter.
The accuracy of the sets of the obtained solutions is evaluated, and their uniqueness is
analyzed.

Keywords: nonlinear dynamical systems, systems with uncertainties, distributed-parameter
systems, spatially distributed systems, pseudosolutions, ill-posed initial–boundary-value
problems.
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