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Àíîòàö³ÿ. Ðîçãëÿíóòî îïòèì³çàö³éíó çàäà÷ó, ó ÿê³é äîñë³äæóºòüñÿ ³íòåãðàëüíå ïðåäñòàâ-
ëåííÿ â³äõèëåííÿ ë³í³éíèõ äîäàòíèõ îïåðàòîð³â íà êëàñàõ ( ,� ��-äèôåðåíö³éîâíèõ
ôóíêö³é â ³íòåãðàëüí³é ìåòðèö³. ßê äîäàòíèé ë³í³éíèé îïåðàòîð âçÿòî ³íòåãðàë Ïóàññîíà,
ÿêèé º ðîçâ’ÿçêîì ð³âíÿííÿ Ëàïëàñà â ïîëÿðíèõ êîîðäèíàòàõ ç â³äïîâ³äíèìè ïî÷àòêîâèìè
óìîâàìè, çàäàíèìè íà ìåæ³ îäèíè÷íîãî êðóãà. ²íòåãðàë Ïóàññîíà â³äíîñÿòü äî îïåðàòîð³â
ç äåëüòà ïîä³áíèì ÿäðîì, à îòæå, â³í º íàéêðàùèì àïàðàòîì äëÿ ðîçâ’ÿçóâàííÿ áàãàòüîõ
çàäà÷ ïðèêëàäíî¿ ìàòåìàòèêè, à ñàìå: ìåòîä³â îïòèì³çàö³¿ òà âàð³àö³éíîãî ÷èñëåííÿ, ìàòå-
ìàòè÷íî¿ òåîð³¿ êåðóâàííÿ, òåîð³¿ äèíàì³÷íèõ ñèñòåì òà ³ãðîâèõ çàäà÷ äèíàì³êè, ïðèêëàä-
íîãî íåë³í³éíîãî àíàë³çó òà ïîøóêó ðóõîìèõ îá’ºêò³â. Êëàñè ( , )� � -äèôåðåíö³éîâíèõ
ôóíêö³é, íà ÿêèõ äîñë³äæåíî àñèìïòîòè÷í³ âëàñòèâîñò³ ðîçâ’ÿçê³â ð³âíÿíü Ëàïëàñà â îäè-
íè÷íîìó êðóç³, º óçàãàëüíåííÿìè äîáðå â³äîìèõ â îïòèì³çàö³éíèõ çàäà÷àõ êëàñ³â Ñî-
áîëºâà, Âåéëÿ–Íàäÿ òîùî. Ðîçâ’ÿçàíà çàäà÷à äàñòü çìîãó áóäóâàòè ÿê³ñí³ ìàòåìàòè÷í³ ìî-
äåë³ áàãàòüîõ ïðèðîäíè÷èõ òà ñîö³àëüíèõ ïðîöåñ³â.

Êëþ÷îâ³ ñëîâà: ð³âíÿííÿ Ëàïëàñà, �� �, )-ïîõ³äíà, îïòèì³çàö³éí³ çàäà÷³, çàäà÷à Êîëìîãî-

ðîâà–Í³êîëüñüêîãî.

ÂÑÒÓÏ

Ñó÷àñíèé ðîçâèòîê ñâ³òîâîãî íàðîäíîãî ãîñïîäàðñòâà âñå á³ëüøå ñòàº çà-

ëåæíèì â³ä íàéîïòèìàëüí³øèõ ðîçâ’ÿçê³â òà ¿õí³õ íàéåôåêòèâí³øèõ âïðî-

âàäæåíü ð³çíîìàí³òíèõ çàäà÷ ïðèêëàäíî¿ ìàòåìàòèêè. Íà îñîáëèâó óâàãó

ñåðåä íèõ çàñëóãîâóþòü çàäà÷³ âàð³àö³éíîãî ÷èñëåííÿ òà ìåòîä³â

îïòèì³çàö³¿, òåîð³¿ äèíàì³÷íèõ ñèñòåì òà ³ãðîâèõ çàäà÷ äèíàì³êè, ïðèêëàä-

íîãî íåë³í³éíîãî àíàë³çó ³ ìåòîä³â ïîøóêó ðóõîìèõ îá’ºêò³â òîùî [1–4].

Õàðàêòåðíîþ îñîáëèâ³ñòþ âñ³õ öèõ ïðèêëàäíèõ çàäà÷ º çàëåæí³ñòü ¿õí³õ

ðîçâ’ÿçê³â â³ä äåÿêîãî êëàñó ôóíêö³é [5–7], íàä³ëåíèõ ïåâíèìè âëàñòèâîñ-

òÿìè. Äî òîãî æ, ÿê áóëî çàçíà÷åíî Ñîáîëºâèì, äëÿ ðîçâ’ÿçàííÿ íàãàëüíèõ

ïðèêëàäíèõ ïðîáëåì ñòàëî áðàêóâàòè êëàñ³â íåïåðåðâíèõ ôóíêö³é. Òîìó

î÷åâèäíî, ùî äëÿ íàéåôåêòèâí³øîãî ðîçâ’ÿçàííÿ ïîñòàâëåíèõ ïåðåä

ñóñï³ëüñòâîì çàäà÷ äîâîäèòüñÿ âèêîðèñòîâóâàòè âñå íîâ³ ³ íîâ³ êëàñè

ôóíêö³é. Äî òàêèõ êëàñ³â íàëåæàòü êëàñè ( , )� � -äèôåðåíö³éîâíèõ ôóíêö³é,

ââåäåíèõ Î.². Ñòåïàíöåì [8, ñ. 132].

Çàïðîïîíîâàíà íèì êëàñèô³êàö³ÿ ôóíêö³é áàçóºòüñÿ íà îñíîâ³ ïåðåòâîðåíü

¿õí³õ ðÿä³â Ôóð’º çà äîïîìîãîþ ìóëüòèïë³êàòîð³â ³ çñóâ³â çà àðãóìåíòîì. Òîìó çà

ö³ºþ êëàñèô³êàö³ºþ, ç îäíîãî áîêó, ç’ÿâëÿºòüñÿ ìîæëèâ³ñòü äëÿ äåÿêî¿ çàäàíî¿

ôóíêö³¿ âêàçàòè á³ëüø âóçüêó ìíîæèíó, â ÿê³é âîíà ì³ñòèòüñÿ. À öå, ñâîºþ ÷åðãîþ,

äàñòü çìîãó ïîâí³øå âèêîðèñòîâóâàòè ¿¿ ³íäèâ³äóàëüí³ îñîáëèâîñò³, íàïðèêëàä

ó òåîð³¿ îïòèìàëüíèõ ð³øåíü (ï³ä ÷àñ åôåêòèâíîãî çàñòîñóâàííÿ äî íå¿ ñó÷àñíèõ

ìåòîä³â íàáëèæåííÿ ôóíêö³é). Ç äðóãîãî áîêó, ðîçãëÿäóâàíà â ðîáîò³ êëàñèô³êàö³ÿ

ôóíêö³é îõîïëþº øèðîêèé ñïåêòð ôóíêö³é, çîêðåìà ôóíêö³¿ ç ðîçá³æíèìè ðÿäàìè

Ôóð’º, ãëàäê³ íåñê³í÷åííî-äèôåðåíö³éîâí³, à òàêîæ àíàë³òè÷í³ ôóíêö³¿.

Îòðèìàí³ Î.². Ñòåïàíöåì [8, ñ. 132] êëàñè ôóíêö³é äëÿ ô³êñîâàíèõ çíà-

÷åíü ïàðàìåòð³â, ÿê³ ¿õ âèçíà÷àþòü, ïåðåõîäÿòü ó ðàí³øå â³äîì³ êëàñè [9, 10],
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ùî ââîäèëèñÿ çà äîïîìîãîþ îïåðàö³é äèôåðåíö³þâàííÿ, â³äïîâ³äíèõ òðèãîíî-

ìåòðè÷íèõ ïåðåòâîðåíü ³ çãîðòîê ç ñóìîâíèìè àáî óçàãàëüíåíèìè ôóíêö³ÿìè.

Âèâ÷åííÿ âëàñòèâîñòåé ³íòåãðàëüíèõ ïðåäñòàâëåíü [11–13] â³äõèëåíü ( , )� � -äè-

ôåðåíö³éîâíèõ ôóíêö³é â³ä ïåâíèõ ðîçâ’ÿçê³â äèôåðåíö³àëüíèõ ð³âíÿíü ó ÷àñ-

òèííèõ ïîõ³äíèõ åë³ïòè÷íîãî òèïó [14–16] ñòàëè íåâ³ä’ºìíîþ ñêëàäîâîþ ñó÷àñ-

íèõ äîñë³äæåíü ç ìàòåìàòè÷íî¿ òåîð³¿ êåðóâàííÿ, òåîð³¿ äèíàì³÷íèõ ñèñòåì òà

³ãðîâèõ çàäà÷ äèíàì³êè [17–19], òåîð³¿ îïòèìàëüíèõ ð³øåíü òîùî.

ßê êîíêðåòíèé ïðèêëàä ðîçâ’ÿçêó ³íòåãðî-äèôåðåíö³àëüíîãî ð³âíÿííÿ

(ð³âíÿííÿ Ëàïëàñà â ïîëÿðíèõ êîîðäèíàòàõ ó ñåðåäèí³ îäèíè÷íîãî êðóãà

[20, 21]) ó ö³é ðîáîò³ ðîçãëÿäàºòüñÿ ³íòåãðàë Ïóàññîíà. Òàêîæ äîñë³äæóþòüñÿ

éîãî àñèìïòîòè÷í³ âëàñòèâîñò³ íà êëàñàõ ( , )� � -äèôåðåíö³éîâíèõ ôóíêö³é

â ³íòåãðàëüí³é ìåòðèö³.

ÏÎÑÒÀÍÎÂÊÀ ÇÀÄÀ×² ÒÀ ÄÅßÊ² ²ÑÒÎÐÈ×Í² Â²ÄÎÌÎÑÒ²

Íåõàé L1 — ïðîñò³ð ñóìîâíèõ íà ( , )0 2� 2�-ïåð³îäè÷íèõ íåïåðåðâíèõ ôóíêö³é

�( )x ç íîðìîþ || | | | | | | | ( ) | ;� � �

�
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L x dx L
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x� .

ßêùî � �L1, òî çã³äíî ç [22] áóäåìî ïîçíà÷àòè
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äå � �( ) — ñóìîâíà 2�-ïåð³îäè÷íà ôóíêö³ÿ.

Ïîêëàâøè â ïðàâ³é ÷àñòèí³ ð³âíîñò³ (1) r e� ��1 0/ ,	 	 (äèâ., íàïðèêëàä,

[23]), ðîçâ’ÿçîê êðàéîâî¿ çàäà÷³ (2), (3) çàïèøåìî ó âèãëÿä³
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ßê³ñíî íîâèé ï³äõ³ä äî îçíà÷åííÿ êëàñ³â ïåð³îäè÷íèõ ôóíêö³é áóâ çàïðîïî-

íîâàíèé Î.². Ñòåïàíöåì ó [8, ñ. 132]. Â³í çàïî÷àòêóâàâ ðîçáèòòÿ ôóíêö³é íà êëà-

ñè â çàëåæíîñò³ â³ä øâèäêîñò³ ñïàäàííÿ äî íóëÿ ¿õí³õ êîåô³ö³ºíò³â Ôóð’º.

Íåõàé �( )k — äîâ³ëüíà ô³êñîâàíà ôóíêö³ÿ íàòóðàëüíîãî àðãóìåíòà ³ � —
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º ðÿäîì Ôóð’º äåÿêî¿ ôóíêö³¿ ç L( , )0 2� . Öþ ôóíêö³þ çã³äíî ç Î.². Ñòåïàíöåì

[8, ñ. 132] ïîçíà÷èìî �
�
� ( )� ³ íàçâåìî ( , )� � -ïîõ³äíîþ ôóíêö³¿ �( )� .

Â³äïîâ³äíî ìíîæèíó ôóíêö³é, ÿê³ çàäîâîëüíÿþòü òàê³ óìîâè ïîçíà÷àþòü L
�
� .

Ï³äìíîæèíó íåïåðåðâíèõ ôóíêö³é ³ç L
�
� ïîçíà÷àþòü C

�
� .

Íåõàé äàë³ M — äåÿêà ï³äìíîæèíà ôóíêö³é ³ç L( , )0 2� . Òîä³ ÿêùî �
�
��L ³

êð³ì òîãî �
�
� �M , òî êàæóòü, ùî �( )x íàëåæèòü êëàñó L

�
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ess sup | ( )|� x � 1, (5)
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,�
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| | ( )||� x L1
1� , (6)
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�
�M ïîçíà÷àþòü L

�
�

,1
.

Íàñë³äóþ÷è Î.². Ñòåïàíöÿ [8, ñ. 198], çàäà÷ó ïðî â³äøóêàííÿ àñèìïòîòè÷-

íèõ ð³âíîñòåé äëÿ âåëè÷èí
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1
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sup (7)

äëÿ 	 � � íàçèâàòèìåìî çàäà÷åþ Êîëìîãîðîâà–Í³êîëüñüêîãî äëÿ ³íòåãðàëà

Ïóàññîíà òà êëàñó L
�
�

,1
â ³íòåãðàëüí³é ìåòðèö³.

Îòæå, îñíîâíîþ ìåòîþ ðîáîòè º äîñë³äæåííÿ àñèìïòîòè÷íî¿ ïîâåä³íêè âå-

ëè÷èíè (7), òîáòî çíàõîäæåííÿ âåðõíüî¿ ìåæ³ â³äõèëåííÿ ôóíêö³é êëàñó L
�
�

,1

â³ä ¿õí³õ ³íòåãðàë³â Ïóàññîíà â ñåðåäíüîìó.

ÎÑÍÎÂÍÈÉ ÐÅÇÓËÜÒÀÒ ÐÎÁÎÒÈ

Ìíîæèíà M âñ³õ îïóêëèõ âíèç äëÿ v � 1 ôóíêö³é �( )v , ÿê³ çàäîâîëüíÿþòü

óìîâó lim ( )



�
��

�v 0, íå º îäíîð³äíîþ çà øâèäê³ñòþ ¿õíüîãî ñïàäàííÿ äî íóëÿ.

Â çâ’ÿçêó ç öèì ó ïðîöåñ³ âèâ÷åííÿ àïðîêñèìàòèâíèõ âëàñòèâîñòåé êëàñ³â

( , )� � -äèôåðåíö³éîâíèõ ôóíêö³é Î.². Ñòåïàíåöü çàïðîïîíóâàâ [8, ñ. 159] âè-

îêðåìëþâàòè ³ç M ï³äìíîæèíó M 0 çã³äíî ç òàêîþ õàðàêòåðèñòèêîþ:

M M0 0 1� � �
�
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�
	
�
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�
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x

x x
K x ,

äå � � � � � �( ) ( , ) ( ) ,x x x� �
�

�
�

�

�
�� �1 11

2
— ôóíêö³ÿ, îáåðíåíà äî ôóíêö³¿ �,

a K — ñòàëà, ÿêà ìîæå çàëåæàòè â³ä �.
Ó ïðèéíÿòèõ ïîçíà÷åííÿõ ìàº ì³ñöå òåîðåìà, íàâåäåíà äàë³.

Òåîðåìà 1. Íåõàé � ç ìíîæèíè M 0 òàêà, ùî ôóíêö³ÿ u u�( ) îïóêëà âíèç äëÿ

âñ³õ v � �[ , )1 ³

lim
v

v v K
��

� � ��( ) , (8)

lim
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. (9)
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Òîä³ äëÿ sin
��
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Äîâåäåííÿ. Äëÿ ³íòåãðàëà Ïóàññîíà P	 � �( ; ), çàäàíîãî çà äîïîìîãîþ

ñï³ââ³äíîøåííÿ (4), àíàëîã³÷íî äî [24] (äèâ. ôîðìóëó (4)), óâåäåìî ï³äñóìîâ-

óâàëüíó ôóíêö³þ
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�

�

1
1

0
1

1
( )

, ,
	 	

v �

�

	






�






1

(11)

ïåðåòâîðåííÿ Ôóð’º ÿêî¿ çã³äíî ç ëåìîþ 1 [25]

� ( ) ( )cos�
�

�
��

	 	t v vx dv� �
�

�
�

�

�
�

�

�
1

2
0

(12)

º ñóìîâíèì íà âñ³é ÷èñëîâ³é îñ³, òîáòî º çá³æíèì ³íòåãðàë

1

2
0

�
�

��
	 ( )cosv vx dv dx�

�

�
�

�

�
�

�

��

�

�� . (13)

Âðàõóâàâøè ïîçíà÷åííÿ (12), ðîçãëÿíåìî äëÿ âñ³õ � �
�
�( )

,
�L

1
ôóíêö³þ

I
x

x dx R
�
�

�
�

		 � � �
	

� 	 �
,

( , ) � ( ) , ,
1

0� �
�

�
�

�

�
� � �

��

�

� . (14)

Ïðè÷îìó íåâëàñíèé ³íòåãðàë ó ïðàâ³é ÷àñòèí³ (14) ñë³ä ðîçóì³òè, ÿê ãðàíèöþ

³íòåãðàë³â ïî ñèìåòðè÷íèõ ïðîì³æêàõ, ùî ìàþòü çäàòí³ñòü ðîçøèðÿòèñÿ.

Îñê³ëüêè ïåð³îäè÷í³ñòü ôóíêö³¿ (14) º î÷åâèäíîþ, àíàëîã³÷íî äî [26], ñêî-

ðèñòàâøèñü óçàãàëüíåíîþ íåð³âí³ñòþ Ì³íüêîâñüêîãî, îòðèìàºìî

I d x
x

d dx
�
�

�

�

	 �
�

�

�

	 � � � � �
	

�
,

( , ) | � ( )|
1

� ���

�

� ��� �
�

�
�

�

�
� �

� �
�

�
�

�

�
� � �

��

�

�
� �| � ( )|� � �

	
�	 �

�

�

�

x
x

d dx .

Òèì ñàìèì ïîêàçàíà ñóìîâí³ñòü ôóíêö³¿ I
�
� 	 �

,
( , )

1
. Ñë³äóþ÷è ìåòîäàì [8],

çíàõîäèìî êîåô³ö³ºíòè Ôóð’º ö³º¿ ôóíêö³¿ I
�
� 	 �

,
( , )

1
. Ìàºìî

a I
k

k
a fk k( ( , ))

( )
( )

,�
� 	 �

�
�

	1

1
�

�

�
�

�

�
� ,

b I
k

k
b fk k( ( , ))

( )
( )

,�
� 	 �

�
�

	1

1
�

�

�
�

�

�
� ,

äå ôóíêö³ÿ �
	

k�

�
�

�

�
� çàäàíà çà äîïîìîãîþ ñï³ââ³äíîøåííÿ (11), ³ â³äïîâ³äíî
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a fk ( ) ³ b fk ( ) — êîåô³ö³ºíòè Ôóð’º ôóíêö³¿ f L�
�
�

,1
. Òàêèì ÷èíîì, çã³äíî

ç ïîçíà÷åííÿìè â [27] ðÿä Ôóð’º ôóíêö³¿ I
�
� 	 �

,
( , )

1
ìàòèìå âèãëÿä

S I S
x

x dx[ ( , )] � ( )
,�

�
�
�

		 � � �
	

�
1

� �
�

�
�

�

�
�

�

 

!
!

"

#

$
$
�

��

�

�

�
�

�
�

�

�
� �

�

�

� �
	

� � � �
k

a k b kk k

k

( ( )cos ( )sin )

0

. (15)

ßêùî, ÿê ³ ðàí³øå, ôóíêö³ÿ �( )v âèçíà÷åíà ³ íåïåðåðâíà äëÿ âñ³õ v � 1 ó òî÷-

êàõ v k� íàáóâàº çíà÷åííÿ � �( ) ( )v k� , òî äëÿ ôóíêö³¿ �	 ( )v , çàäàíî¿ çà äîïîìî-

ãîþ ñï³ââ³äíîøåííÿ (11), çã³äíî ç ð³âí³ñòþ (15) äëÿ âñ³õ � �
�
�( )

,
�L

1
îòðèìóºìî

S
x

x dx S x P� �
	

�
� 	

�
�
�

	 	�
�

�
�

�

�
�

�

 

!
!

"

#

$
$
� �

��

�

� � ( )
( )

[ ( ) (
1

� �; )].

Çâ³äêè âèïëèâàº, ÿêùî ôóíêö³ÿ �	 ( )v , çàäàíà çà äîïîìîãîþ ñï³â-

â³äíîøåííÿ (11), ïåðåòâîðåííÿ Ôóð’º ÿêî¿ º ñóìîâíèì íà âñ³é ÷èñëîâ³é îñ³ (äèâ.

ëåìó 1 ³ç [25]), òî � �� �
�
�( )

,
L

1
ìàéæå äëÿ âñ³õ � áóäå âèêîíóâàòèñÿ ð³âí³ñòü

| | ( ) ( ; )| | ( ) � ( )� � � � 	 � �
	

�	 �
�

	x P
x

x dx� � �
�

�
�

�

�
�

��

�

�1

1

. (16)

Òîìó ç óðàõóâàííÿì ð³âíîñòåé (7), (16) òà (13), àíàëîã³÷íî äî ì³ðêóâàíü

³ç [26], ìîæíà ïîêàçàòè, ùî

� �( ; ( )) ( ; ( ))
, ,

L P C P C�
�

�
�	 	

1 1 � �
�

� �
�

�
�

�

�
�

�

�

�
��

�

�

�
�

�
��O x d dx

x

� 	 � 
 

��


	

	� 
 �

( ) ( )cos

| |
2

0
��
, (17)

äå � ( ; ( )) | | ( ) ( ; )| |
,

,

C P PC
C

C�
�

�
		 � � � �

�
�

�
�

� �

�

sup .

Çã³äíî ç ôîðìóëîþ (59) ³ç [25] ìàºìî

� ( ; ( ))
( )

( )cos
,

C P v vx dv dC�
�

		
� 	

�
�

��
�

�

��

�

� �
�

�
�

�

�
��� 2

0

x O�
�

�
�

�

�
�

1

	
. (18)

Äëÿ îö³íêè ³íòåãðàëà â ïðàâ³é ÷àñòèí³ (18) ñêîðèñòàºìîñÿ ôîðìóëîþ (60)

³ç [25]. Ó ðåçóëüòàò³ ÷îãî ìàòèìåìî

� 	

�
�

��
	

( )
( )cosv vx dv dx�

�

�
�

�

�
� �

�

��

�

�� 2
0

� �
�

�

�
�

�

�

�
�
�� �

�
2

2

1 1

1
�

��

	� 	
�

�

�
	

	

sin
( )

( )
( )

( )
)v dv

v

v

v
dv O 1

1
�

�

�
��

�

�
��	� 	( )
. (19)

Òîìó, îá’ºäíàâøè ñï³ââ³äíîøåííÿ (18) òà (19), ìîæåìî çàïèñàòè

� ( ; ( ))
( )

( )
( )

( )
,

C P v dv
v

v

v
dC�

�
	

	
�

��

	� 	
�

�

�
�

� ��
2

2

1 1

1

sin v O

	
	

�

�
�

�

�
�

�

�

�
�
�

�

�
�

�

�
�

1
. (20)
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²ç (11) âèïëèâàº, ùî �	 ( )0 0� ³ lim lim
v v

v v
�� ��

� % �� �	 	( ) ( ) 0. Òîæ, äâ³÷³

âèêîðèñòàâøè ìåòîä ³íòåãðóâàííÿ ÷àñòèíàìè, îòðèìàºìî

�
��

�
��

	 	

	

( )cos ( )cos

/

v vx dv v vx

0 0

1

2 2
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� � �
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/

/

v vx dx
x
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1
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1
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��

2
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�
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�
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�
�
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�
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�

�
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 ��

�
��	

	

	
( )

cos ( )cos

/ x
vx dv

x2
1

22

1
0

2
.

À îòæå, çã³äíî ç ôîðìóëîþ (82) ³ç [25] ìàòèìåìî

�
��

	� 	
	

	� 


( )cos
( )

| |

v vx dv dx O

x

�
�

�
�

�

�
� �

�

�
��

�

�
��

�

�
� 2

1

0�

	� � �, . (21)

ßêùî ï³äñòàâèòè (20) òà (21) ó ïðàâó ÷àñòèíó (17), òî î÷åâèäíî

� ( ; ( ))
( )

( )

( )

( ),
L P

v dv v dv

v�
�

	

	

	
�

�� �

	� 	

�

� 	1 1

1

2

2
� ��sin

�

�
�

�

�
�

�

�

�
�
�

�

�
�

�

�
�O

1

	
. (22)

Çã³äíî ç óìîâîþ òåîðåìè ôóíêö³ÿ v v�( ) äëÿ âñ³õ v � 1 º îïóêëîþ âíèç. Òîìó

çà äîñòàòíüî âåëèêèõ çíà÷åíü 	 îòðèìóºìî

�

� 	

�

� 	
	 	

( )

( )

( )

( )
( )

v dv

v

v v dv

v
O

� �

� �� �
2

1 . (23)

Ï³äñòàâèâøè (23) çàì³ñòü â³äïîâ³äíîãî äîäàíêó ïðàâî¿ ÷àñòèíè (22) òà âðà-

õóâàâøè ïðè öüîìó ñï³ââ³äíîøåííÿ (8) òà (9) ³ç óìîâè òåîðåìè, ëåãêî ïîêàçàòè,

ùî äëÿ âñ³õ � �M 0 âèêîíóºòüñÿ îö³íêà (10). Òèì ñàìèì òåîðåìó äîâåäåíî.

Çàóâàæåííÿ 1. Çàçíà÷èìî, ùî ôóíêö³¿ �( )v
e K

v

v

�
��

òà

�
�

( )
( ( ))

v
v K

v
�

�ln
(äå ñòàë³ K � 0 ³ � � �[ ; ]1 0 ï³ä³áðàí³ òàê, ùî ôóíêö³ÿ v v�( ) º

îïóêëîþ âíèç äëÿ âñ³õ v � 1) çàäîâîëüíÿþòü óìîâó òåîðåìè.

Çàóâàæåííÿ 2. Ïîâåðòàþ÷èñü äî îçíà÷åííÿ êëàñ³â ôóíêö³é L
�
�

,1
òà C

�
�

,�
,

íàâåäåíèõ ðàí³øå, çã³äíî ç [8, ñ. 132] ìàòèìåìî, ùî äëÿ �( ) ,k k rr� �� 0, êëàñè

C
�
�

,�
çá³ãàþòüñÿ ç äîáðå â³äîìèìè êëàñàìè W Cr

�
, ÿê³ äëÿ � � r ïåðåòâîðþþòüñÿ

â êëàñè W r ôóíêö³é � �( ), r-ò³ ïîõ³äí³ ÿêèõ ó ðîçóì³íí³ Âåéëÿ çàäîâîëüíÿþòü

óìîâó (5). Âîäíî÷àñ êëàñè L
�
�

,1
äëÿ �( ) ,k k rr� �� 0, ïåðåòâîðþþòüñÿ â äîáðå

â³äîì³ êëàñè W Lr
�

, ÿê³ äëÿ � � r ñòàþòü êëàñàìè W Lr ôóíêö³é � �( ), r-ò³ ïîõ³äí³

ÿêèõ ó ðîçóì³íí³ Âåéëÿ çàäîâîëüíÿþòü óìîâó (6). Òîìó ç óðàõóâàííÿì âèêëàäå-
íîãî ìàºìî òàêèé íàñë³äîê.

Íàñë³äîê 1. ßêùî â ð³âíîñò³ (10) ïîêëàñòè �( )v
v r

�
1

äëÿ âñ³õ v �1, òî äëÿ

� � �r 1 îòðèìàºìî àñèìïòîòè÷íó ð³âí³ñòü

� ( ; ( )) ,W L P OC1
1 2 1

	
�

	

	 	
	� �

�

�
�

�

�
� ��

ln
.
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ÂÈÑÍÎÂÊÈ

Ó ïðîöåñ³ ïðîâåäåíèõ ó ðîáîò³ äîñë³äæåíü áóëî ðîçâ’ÿçàíî îïòèì³çàö³éíó çà-

äà÷ó Êîëìîãîðîâà–Í³êîëüñüêîãî äëÿ ðîçâ’ÿçêó ð³âíÿííÿ Ëàïëàñà (ó ïîëÿðíèõ

êîîðäèíàòàõ çà ïåâíèõ êðàéîâèõ óìîâ) íà êëàñàõ ��� �)-äèôåðåíö³éîâíèõ

ôóíêö³é â ³íòåãðàëüí³é ìåòðèö³. Òîáòî áóëè îòðèìàí³ àñèìïòîòè÷í³ õàðàêòå-

ðèñòèêè äëÿ âåðõí³õ ìåæ â³äõèëåíü ôóíêö³é êëàñ³â L
�
�

,1
â³ä ¿õíüîãî ³íòåãðàëà

Ïóàññîíà â ñåðåäíüîìó.

Âîäíî÷àñ ³íòåãðàë Ïóàññîíà ìîæíà ðîçãëÿäàòè ÿê ðîçâ’ÿçîê ³íòåãðî-äèôå-

ðåíö³àëüíîãî ð³âíÿííÿ åë³ïòè÷íîãî òèïó. ² â³äïîâ³äíî â³í º ë³í³éíèì äîäàòíèì

îïåðàòîðàì ç òàê çâàíèì äåëüòà ïîä³áíèì ÿäðîì [28–31]. À îòæå, çà äîïîìîãîþ

îòðèìàíèõ ó ö³é ðîáîò³ îö³íîê â³äõèëåííÿ ��� �)-äèôåðåíö³éîâíèõ ôóíêö³é â³ä

³íòåãðàëà Ïóàññîíà â ìåòðèö³ ïðîñòîðó L ìîæíà áóäå ðîçâ’ÿçóâàòè äåÿê³

îïòèì³çàö³éí³ çàäà÷³.

Ìàëî òîãî, ç äîâåäåíî¿ òåîðåìè çà êîíêðåòíîãî çíà÷åííÿ ïàðàìåòðà

�( )k
k

�
1

áóëî ÿê íàñë³äîê îòðèìàíî ðàí³øå â³äîìèé ðåçóëüòàò, çà äîïîìîãîþ

ÿêîãî ñâîãî ÷àñó áóëè ðîçâ’ÿçàí³ ïðèêëàäí³ çàäà÷³ [32–37].

ÑÏÈÑÎÊ Ë²ÒÅÐÀÒÓÐÈ

1. Chikrii A.A., Chikrii G.Ts. Matrix resolving functions in game problems of dynamics. Proc. of

the Steklov Institute of Mathematics. 2015. Vol. 291. P. 56–65. https://doi.org/10.1134/

S0081543815090047.

2. Chikrii A.A., Mat³ch³n I.I. Game problems for fractional-order linear systems. Proc. of the

Steklov Institute of Mathematics. 2010. Vol. 268. P. 54–70. https://doi.org/10.1134/

S0081543810050056.

3. Kharkevych Yu.I. On some asymptotic properties of solutions to biharmonic equations.

Cybernetics and Systems Analysis. 2022. Vol. 58, N 2. P. 251–258. https://doi.org/10.1007/

s10559-022-00457-y.

4. Chikrii A.A., Prokopovich P.V. Simple pursuit of one evader by a group. Cybernetics and

Systems Analysis. 1992. Vol. 28, N 3. P. 438–444. https://doi.org/10.1007/ BF01125424.

5. Kharkevych Yu.I. Approximative properties of the generalized Poisson integrals on the classes

of functions determined by a modulus of continuity. Journal of Automation and Information

Sciences. 2019. Vol. 51, N 4. P. 43–54. https://doi.org/10.1615/JAutomatInfScien.v51.i4.40.

6. Zhyhallo T.V., Kharkevych Yu.I. Approximating properties of biharmonic Poisson operators in

the classes �

,
L�

�
1
. Ukr. Math. J. 2017. Vol. 69, N 5. P. 757–765. https://doi.org/10.1007/s11253-

017-1393-8.

7. Kal’chuk I.V. Approximation of ( , )� � -differentiable functions defined on the real axis by

Weierstrass operators. Ukr. Math. J. 2007. Vol. 59, N 9. P. 1342–1363. https://doi.org/

10.1007/s11253-007-0091-3.

8. Ñòåïàíåö À.È. Êëàññèôèêàöèÿ è ïðèáëèæåíèå ïåðèîäè÷åñêèõ ôóíêöèé. Êè¿â: Íàóê. äóì-

êà, 1987. 268 ñ.

9. Zhyhallo K.M., Kharkevych Yu.I. Approximation of conjugate differentiable functions by their

Abel-Poisson integrals. Ukr. Math. J. 2009. Vol. 61, N 1. P. 86–98. https://doi.org/10.1007/

s11253-009-0196-y.

10. Kal’chuk I., Kharkevych Yu. Approximation ðroperties of the generalized Abel–Poisson

integrals on the weyl-nagy classes. Axioms. 2022. Vol. 11, N 4. P. 161. https://doi.org/10.3390/

axioms11040161.

112 ISSN 1019-5262. Ê³áåðíåòèêà òà ñèñòåìíèé àíàë³ç, 2023, òîì 59, ¹ 3



11. Kharkevych Yu.I., Kal’chuk I.V. Approximation of ( , )� � -differentiable functions by

Weierstrass integrals. Ukr. Math. J. 2007. Vol. 59, N 7. P. 1059–1087. https://doi.org/10.1007/

s11253-007-0069-1.

12. Zhyhallo K.M., Kharkevych Yu.I. Approximation of functions from the classes C �
�

, �by

biharmonic Poisson integrals. Ukr. Math. J. 2011. Vol. 63, N 7. P. 1083–1107. https://doi.org/

10.1007/s11253-011-0565-1.

13. Zhyhallo K.M., Kharkevych Yu.I. Approximation of ( , )� � -differentiable functions of low

smoothness by biharmonic Poisson integrals. Ukr. Math. J. 2012. Vol. 63, N 12. P. 1820–1844.

https://doi.org/10.1007/s11253-012-0616-2.

14. Âëàäèìèðîâ Â.Ñ. Óðàâíåíèÿ ìàòåìàòè÷åñêîé ôèçèêè. 4-å èçä. Ìîñêâà: Íàóêà, 1981.

512 ñ.

15. Zhyhallo K.M., Kharkevych Yu.I. Approximation of conjugate differentiable functions by

biharmonic Poisson integrals. Ukr. Math. J. 2009. Vol. 61, N 3. P. 399–413. https://doi.org/

10.1007/s11253-009-0217-x.

16. Zh³gallo K.M., Kharkevych Yu.I. On the approximation of functions of the H��older class by

biharmonic Poisson integrals. Ukr. Math. J. 2000. Vol. 52, N 7. P. 1113–1117. https://doi.org/

10.1023/A:1005285818550.

17. Chikrii A., Matichin I. Riemann-Liouville, Caputo, and sequential fractional derivatives in

differential games. In: Breton M., Szajowski K. (Åds.). Advances in Dynamic Games. Annals

of the International Society of Dynamic Games. Birkh��auser Boston. 2011. Vol. 11. P. 61–81.

https://doi.org/10.1007/978-0-8176-8089-3_4.

18. Zajac J., Korenkov M.E., Kharkevych Yu.I. On the asymptotics of some Weierstrass functions.

Ukr. Math. J. 2015. Vol. 67, N 1. 154–158. https://doi.org/10.1007/s11253-015-1070-8.

19. Albus J., Meystel A., Chikrii A.A., Belousov A.A., Kozlov A.I. Analytical method for solution

of the game problem of soft landing for moving objects. Cybernetics and Systems Analysis.

2001. Vol. 37, N 1. P. 75–91. https://doi.org/10.1023/A:1016620201241.

20. Bushev D.N., Kharkevich Yu.I. Finding solution subspaces of the Laplace and heat equations

isometric to spaces of real functions, and some of their applications. Math. Notes. 2018.

Vol. 103, N 6. P. 869–880. https://doi.org/ 10.1134/S0001434618050231.

21. Zhyhallo K.M., Kharkevych Yu.I. Complete asymptotics of the deviation of a class of

differentiable functions from the set of their harmonic Poisson integrals. Ukr. Math. J. 2002.

Vol. 54, N 1. P. 51–63. https://doi.org/10.1023/A:1019789402502.

22. Zhyhallo T.V., Kharkevych Yu.I. Fourier transform of the summatory Abel–Poisson function.

Cybernetics and Systems Analysis. 2022. Vol. 58, N 6. P. 957–965. https://doi.org/10.1007/

s10559-023-00530-0.

23. Kal’chuk I.V., Kharkevych Yu.I. Approximation of the classes W r
�, � by generalized

Abel–Poisson integrals. Ukr. Math. J. 2022. Vol. 74, N 9. P. 575–585. https://doi.org/10.1007/

s11253-022-02084-4.

24. Zhyhallo T.V., Kharkevych Yu.I. Approximation of functions from the class C �
�

, �by Poisson

integrals in the uniform metric. Ukr. Math. J. 2009. Vol. 61, N 12. P. 1893–1914.

https://doi.org/10.1007/s11253-010-0321-y.

25. Zhyhallo T.V., Kharkevych Yu.I. Approximation of ( , )� � -differentiable functions by Poisson

integrals in the uniform metric. Ukr. Math. J. 2009. Vol. 61, N 11. P. 1757–1779.

https://doi.org/10.1007/s11253-010-0311-0.

26. Zhyhallo T.V., Kharkevych Yu.I. On approximation of functions from the class L�
�

,1
by the

Abel–Poisson integrals in the integral metric. Carpathian Math. Publ. 2022. Vol. 14, N 1.

P. 223–229. https://doi.org/10.15330/cmp.14.1.223-229.

ISSN 1019-5262. Ê³áåðíåòèêà òà ñèñòåìíèé àíàë³ç, 2023, òîì 59, ¹ 3 113



27. Abdullayev F.G., Kharkevych Yu.I. Approximation of the classes C H�
� � by biharmonic

Poisson integrals. Ukr. Math. J. 2020. Vol. 72, N 1. P. 21–38. https://doi.org/10.1007/

s11253-020-01761-6.

28. Bushev D.M., Kharkevych Yu.I. Conditions of convergence almost everywhere for the

convolution of a function with delta-shaped kernel to this function. Ukr. Math. J. 2016.

Vol. 67, N 11. P. 1643–1661. https://doi.org/10.1007/s11253-016-1180-y.

29. Hrabova U.Z., Kal’chuk I.V., Filozof L.I. Approximative properties of the three-harmonic

Poisson integrals on the classes W Hr
�

� . J. Math. Sci. (N.Y.). 2021. Vol. 254, N 3. P. 397–405.

https://doi.org/10.1007/s10958-021-05311-8.

30. Zhyhallo K.M., Kharkevych Yu.I. Approximation of differentiable periodic functions by their

biharmonic Poisson integrals. Ukr. Math. J. 2002. Vol. 54, N 9. P. 1462–1470.

https://doi.org/10.1023/A:1023463801914.

31. Kal’chuk I.V., Kharkevych Yu.I. Approximating properties of biharmonic Poisson integrals in

the classe W Hr
�

� . Ukr. Math. J. 2017. Vol. 68, N 11. P. 1727–1740. https://doi.org/0.1007/

s11253-017-1323-9.

32. Kharkevych Yu.I., Kal’chuk I.V. Asymptotics of the values of approximations in the mean for

classes of differentiable functions by using biharmonic Poisson integrals. Ukr. Math. J. 2007.

Vol. 59, N 8. P. 1224–1237. https://doi.org/10.1007/s11253-007-0082-4.

33. Kharkevych Yu. Approximation theory and related applications. Axioms. 2022. Vol. 11, N 12.

P. 736. https://doi.org/10.3390/axioms11120736.

34. Hrabova U.Z., Kal’chuk I.V., Stepanyuk T.A. Approximation of functions from the classes

W Hr
�

�by Weierstrass integrals. Ukr. Math. J. 2017. Vol. 69, N 4. P. 598–608. https://doi.org/

10.1007/s11253-017-1383-x.

35. Vlasenko L.A., Rutkas A.G., Chikrii A.A. On a differential game in an abstract parabolic

system. Proc. Steklov Inst. Math. 2016. Vol. 293 (Suppl 1). P. 254–269. https://doi.org/

10.1134/S0081543816050229.

36. Pilipenko Yu.V., Chikrij A.A. The oscillation processes of conflict control. Prikladnaya

Matematika i Mekhanika. 1993. Vol. 57, N 3. P. 3–14.

37. Chikrii A.A., Rappoport I.S. Method of resolving functions in the theory of conflict-controlled

processes. Cybernetics and Systems Analysis. 2012. Vol. 48, N 4. P. 512–531. https://doi.org/

10.1007/s10559-012-9430-y.

T.V. Zhyhallo, Yu.I. Kharkevych
SOME ASYMPTOTIC PROPERTIES OF THE SOLUTIONS
OF LAPLACE EQUATIONS IN THE UNIT DISC

Abstract. The authors consider the optimization problem related to the integral representation
of the deviation of positive linear operators on the classes of ( , )� � -differentiable functions in
the integral metric. The Poisson integral is taken as a positive linear operator, being the
solution of the Laplace equation in polar coordinates with the corresponding initial conditions
given on the boundary of the unit disc. The Poisson integral refers to operators with a delta-
like kernel; therefore, it is the best apparatus for solving many problems of applied
mathematics, namely: optimization methods and calculus of variations, mathematical control
theory, theory of dynamical systems and game problems of dynamics, applied nonlinear
analysis and moving objects search. The classes of ( , )� � -differentiable functions are
generalizations of the well-known Sobolev, Weyl–Nagy, etc. classes in optimization problems,
on which the asymptotic properties of solutions of Laplace equations in the unit disc are
analyzed. The problem solved in the paper will make it possible to generate high-quality
mathematical models of many natural and social processes.

Keywords: Laplace equation, ( , )� � -derivative, optimization problems, Kolmogorov–Nikol’skii

problem.
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