UDC 330.115

T. ERMOLIEVA

International Institute for Applied Systems Analysis, Laxenburg, Austria,
e-mail: ermol@iiasa.ac.at.

Y. ERMOLIEV

International Institute for Applied Systems Analysis, Laxenburg, Austria;
V.M. Glushkov Institute of Cybernetics, National Academy of Sciences of Ukraine,
Kyiv, Ukraine, e-mail: ermoliev@iiasa.ac.at.

P. HAVLIK

International Institute for Applied Systems Analysis, Laxenburg, Austria,
e-mail: havlik.petr@gmail.com.

A. LESSA-DERCI-AUGUSTYNCZIK

International Institute for Applied Systems Analysis, Laxenburg, Austria,
e-mail: augustynczik@iiasa.ac.at.

N. KOMENDANTOVA

International Institute for Applied Systems Analysis, Laxenburg, Austria,
e-mail: komendan@iiasa.ac.at.

T. KAHIL

International Institute for Applied Systems Analysis, Laxenburg, Austria,
e-mail: kahil@iiasa.ac.at.

J. BALKOVIC

International Institute for Applied Systems Analysis, Laxenburg, Austria,
e-mail: balkovic@iiasa.ac.at.

R. SKALSKY

International Institute for Applied Systems Analysis, Laxenburg, Austria,
e-mail: skalsky@iiasa.ac.at.

C. FOLBERTH

International Institute for Applied Systems Analysis, Laxenburg, Austria,
e-mail: folberth@iiasa.ac.at.

P.S. KNOPOV

V.M. Glushkov Institute of Cybernetics, National Academy of Sciences of Ukraine, Kyiv,
Ukraine, e-mail: knopovl@yahoo.com; knopovl@gmail.com.

G. WANG

China Agricultural University (CAU), Beijing, China, e-mail: gangwang@cau.edu.cn.

CONNECTIONS BETWEEN ROBUST STATISTICAL ESTIMATION,
ROBUST DECISION=MAKING WITH TWO-STAGE STOCHASTIC
OPTIMIZATION, AND ROBUST MACHINE LEARNING PROBLEMS'

Abstract. The paper discusses connections between the problems of two-stage stochastic
programming, robust decision-making, robust statistical estimation, and machine learning.
In the conditions of uncertainty, possible extreme events and outliers, these problems require
quantile-based criteria, constraints, and “goodness-of-fit” indicators. The two-stage STO
problems with quantile-based criteria can be effectively solved with the iterative stochastic
quasigradient (SQG) solution algorithms. The SQG methods provide a new type of machine
learning algorithms that can be effectively used for general-type nonsmooth, possibly
discontinuous, and nonconvex problems, including quantile regression and neural network
training. In general problems of decision-making, feasible solutions and concepts of optimality
and robustness are characterized from the context of decision-making situations. Robust ML
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approaches can be integrated with disciplinary or interdisciplinary decision-making models,
e.g., land use, agricultural, energy, etc., for robust decision-making in the conditions of
uncertainty, increasing systemic interdependencies, and “unknown risks.”

Keywords: two-stage STO, robust decision-making and statistical estimation, robust quantile
regression, machine learning, general problems of robust decision making, systemic risks,
uncertainties.

INTRODUCTION

Various problems of decision-making under uncertainty, statistics, big data analysis,
artificial intelligence (AI) can be formulated or can be reduced to the two-stage
stochastic optimization (STO) problems. For example, these are problems inherent to
engineering, economics, finance, operations research, etc., that involve minimization
or maximization of an objective or a goal function when randomness is present in
model’s data and parameters, e.g., observations, costs, prices, returns, crop yields,
temperature, precipitation, soil characteristics, water availability, emissions, return
periods of natural disasters, etc. Uncertain parameters can be interpreted as
environment-determining variables [1], that conditions the performance of the system
under investigation. Randomness can enter the problems in several ways:

1) through stochastic (exogenous or/and endogenous) parameters, e.g., costs,
prices, returns, crop yields;

2) stochastic resources, e.g., water, land, biomass, investments;

3) random occurrence of exogenous natural disasters depleting resources and
assets;

4) stochastic endogenous events (systemic risks) induced by decisions of various
agents.

Non-normal probability distributions of stochastic parameters and
percentile-based criteria functions. Stochastic variables can be characterized by
means of a probability distribution (parametric or nonparametric) function or can be
represented by probabilistic scenarios. Probability distributions of stochastic
parameters are often non-normal, heavy tailed and even multimodal. For example,
Fig. 1 depicts probability distribution of wheat yields for several countries — major
grain producers. Horizontal axis denotes yield (in kilograms per hectare of harvested
land) and vertical axis shows the number of years (frequency) the corresponding yield
occurred in the 1960-2012 period. Cumulative distribution refers to the percentage of
total of the yield occurrences at or below the value on the horizontal axis. Low wheat
yields on the left-hand side visualized in all four panels can cause imbalances in grain
supply-demand chains and thus lead to prices increase, market disturbances, trade
bans, etc. These low values correspond to about 20 % percentiles of the crop yield
observations and can correspond to production years characterized by bad weather
conditions, e.g., low precipitation or/and high temperature in important grain growth
periods/months (e.g., grain filling period).

If probability distribution functions of stochastic parameters are non-normal,
non-symmetrical, or even heavy tailed, such decision-making or/and parameter
estimation criteria as Mean-Variance, Ordinary Least Square (OLS) or Root Mean
Squared Error (RMSE) are not appropriate. They rely only on the first two moments,
i.e., mean and variance, which characterize normal distributions. Thus, the
information about the tails of the distributions is not accounted for. Extreme values
(outliers) can distort the results, i.e., the criteria are not robust. In statistics and
machine learning, the OLS and RMSE estimates can be misleading, and the effects
can be different for different subsets of data sample.
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Fig. 1. Empirical wheat yield distributions by major grain producers, 1960— 2012, FAO data analysis

For decision-making, statistical estimation and machine learning problems in the
presence of non-normal, heavy tailed and possibly multimodal probability distributions it is
more natural to use the median or other quantile-based criteria instead of the mathematical
expectation. The problems can be formulated in the form of a two-stage STO with
discontinuous chance (probabilistic or quantile-based) constraints used for robust
decision-making under uncertainty and risks [2]. For nonsmooth, possibly discontinuous
and nonconvex problems, including quantile-based regression and neural networks training,
the discussion about the application and convergence of the stochastic quasigradient (SQG)
methods can be found, e.g., in ([3-7]). For the case of a general endogenous reinforced
learning, the convergence of the SQG procedure was proven in [8] based on the results of
nondifferentiable optimization providing a new type of machine learning algorithms solving
the problem of distributed decentralized models’ linkage under asymmetric information and
uncertainty. In this case, the SQG procedure enables to organize an iterative computerized
negotiation between individual systems (models) representing Intelligent Agents (IA). The
models act as “agents” that communicate with a “central hub” (a regulator) and take
decisions in order to maximize the “cumulative reward.”

Two-stage decisions. Often, decisions (actions) or parameter estimation have to be
performed ex-ante before the true values (realizations) of the uncertain parameters become
known or observed [9-15]. Sometimes, the observations can be only partial or incomplete,
i.e., incomplete “learning”. These situations happen, for example, in the process of
agricultural production planning under weather variability and market risks [10-13]; water
reservoir management [ 14]; investments in irrigation and crop storage facilities [10]; energy
technologies investment planning [13], and in many other application areas.

The ex-ante decisions may require revisions and corrections after the information
about the uncertain parameter realization becomes known (i.e., after “learning” or
partial “learning” of uncertain parameters values). Which means, that the ex-ante
decisions/solutions can incur the costs for their correction, revision, or reversion. Thus,
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there are two types (two-stage) of decisions. The term “two-stage” does not necessary
mean two consequent time intervals. Rather, they correspond to steps in the decision
process. The ex-ante decision x may be “here-and-now” decision whereas ex-post
decisions y correspond to all future actions to be taken in different time periods in
response to the environment created by the chosen x and the observed value of the
uncertain parameter o in that specific time period [10—13]. In another instance, the x, y
solutions may represent sequences of control actions over a given time horizon. In the
case of dynamical systems, there may also be an additional group of variables
characterizing the state of the system [14, 15]. These problems often emerge in
operations research models, economics and system analysis, in the theory of optimal
control and its applications in engineering, inventory control, etc. Specific applications
include: deriving parameters of a statistical model (parametric or nonparametric) or
training a machine learning model that maps an input to an output based on examples of
input-output pair through minimizing/maximizing a percentile-based “goodness-of-fit”
criteria; deciding on optimal dynamic investments allocation into new technologies
(irrigation, energy, agricultural, water management) to minimize costs or/and maximize
profits accounting for various norms and constraints; deciding when to release water
from a multipurpose reservoir for hydroelectric power generation, agricultural and
industrial production, household requirements, environmental constraints, food
protection; defining insurance coverage and premiums to minimize risk of bankruptcy
of insurers and risk of overpayments of individuals.

Basic model of a two-stage decision-making and parameter estimation. Let
us illustrate the concept of the two-stage decision making and robust statistical
estimation problem with an example of a simplest two-stage STO model.

Assume, there are observations of an uncertain variable w , which can be associated
with a stochastic parameter, e.g., demand for a certain product or resource (water level),
a crop yield, a weather parameter (temperature, precipitation, pressure). The choice of the
decision x > x >0, to fulfill stochastic demand w (or the estimate of a crop yield or
weather parameter based on observations of ) can be associated with a function f (x, )
reflecting costs of overestimation and underestimation of @ . In the simplest case, f (x,w)
is a random piecewise linear function f (x,®) = max {a(x — w), B(w —x)}, where @ is
the unit overestimation/surplus cost (associated e.g., with storage costs) and 5 is the unit
underestimation/shortage cost (associated e.g., with import costs, which also can be
interpreted as borrowing). The problem is to find the level x that is “optimal”, in a sense,
for all foreseeable random scenarios/observations .

The expected cost criterion leads to the minimization of the following function:

FX)=Ef(x,w)=Emax {a(x — o), f(w —x)}

subject to x > x >0 for a given upper bound x. This stochastic minimax problem
is also reformulated as a two-stage stochastic programming.

The optimal solution minimizing F'(x) and more general stochastic minimax
problems defines quantile type characteristics of solutions [2, 10-15], e.g., CVaR risk
measures. For example, if the distribution of @ has a density, «, >0, then the optimal
solution x minimizing F(x) is the quantile defined as Pr{w <x}=p/(a +pf).

Function F'(x) is convex, therefore the SQG algorithm can be defined as the
following discontinuous adaptive machine learning process:

M = min {max {0, x* — p,EFY, X}, k=0,1,...,

k

where & k= a, if the current level of production x" exceeds the observed demand w

and &F = — [ otherwise, p is a positive step size. The SQG method can be viewed as
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an adaptive machine learning process which is able to learn the optimal level x through

sequential adjustments of its current levels xo,xl,xz,...,xk,... to observable

(or simulated) scenarios/observations wo, wl, w? . wk, .... The SQG process is

a convergent with probability 1 sequential estimation procedure. Problem of minimizing
F (x) illustrates the essential difference between the so-called scenario analysis aiming
at the straightforward calculation of x(w) for various scenarios of w and the STO
optimization approach, the STO model produces one solution that is optimal (“robust”)
against all possible stochastic scenarios @ [2, 10-16]. Themodel of this section
illustrates typical difficulties in dealing with optimization of continuously differentiable
expectation functions F (x) when sample functions f(x,®) are nonsmooth.

1. CONNECTIONS AND NEW PROBLEMS OF STATISTICS

AND STOCHASTIC OPTIMIZATION

Let us formulate a general stochastic optimization (STO) model, which can be
appropriately revised to capture various problems of decision-making under
uncertainty, statistics, big data analysis, artificial intelligence (Al): find x
minimizing (maximizing) the expectation functional:

F(x)=Ef(x,0)= f(x,0)P(x,db), (1)
xelX, 2)

where the set of feasible solutions X can be a set of scalar quantities, a set of
vectors or a set of abstract elements, e.g., a set of probability density functions. In
general problems X is described by using similar to (1) expectation functionals. The
random “loss” functions f (x, #) are often non-smooth and discontinuous functions.

The main complexity of the STO model (1), (2) is that exact evaluation of F (x) is
practically impossible. This may be due to various reasons: probability measure P (x, d6)
is unknown or only partially known, random function f'(x, ) is analytically intractable,
or the evaluation of F'(x) is analytically intractable despite well-defined £ (x,6) and P.
All these makes impossible to use standard optimization methods. When exact evaluation
of the objective function F'(x) (or derivatives) is not possible, the SQG methods enable
effective solution of the problems. SQG methods perform a sequential revision of
approximate solutions towards the optimal using newly acquired information on the
system, obtained via either direct on-line observations or(and) simulations. This feature is
especially practical in decision-making problems with decision-dependent exogenous
uncertainties and risks, in statistical estimation, ML and Al problems.

Standard statistical problems are formulated as the minimization of the type (1)
functionals in the case when the probability measure P is unknown but the sample

6',...,6" of observations drawn randomly according to P is available. It is assumed

that P does not depend on X.

Statistics (statistical decision theory) deals with situations in which the model
of uncertainty and the optimal solution are defined by unknown sampling model P.
The main issue is to recover P by using available samples. In other words, the desirable
optimal solutions x = x” is associated with P (or its parameters), the performance of x”
can be observed from available random data on its performance.

STO models were introduced for decision making problems under uncertainty
arising in operation research and systems analysis which are typically described by
alarge number of decision variables and uncertainties. These models deal with
fundamentally different situations. The uncertainty, feasible solutions, and performance
of the optimal solution are not given by the sampling model. All of these have to be
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characterized from the context of the decision-making situation. As a consequence,
multiple performance indicators, constraints, and dependencies among decisions and
uncertainties play a key role. Thus, in STO, which in fact arose as an extension of
linear and non-linear programming with their sophisticated computation techniques,
the accent is on solving problems (1), (2) with large number of decisions variables,
random parameters and constraints.

The classical statistics has been developed on the basis of asymptotic analysis
requiring large samples of historical data. In this case, additional apriori information
on “true” to be estimated parameters of the sampling model can be ignored, and the
multidimensional optimization problem (1), (2) can be separated into independent
small optimization problems. Consequently, a large place in statistics is occupied by
the search for closed form solutions and simple computational procedure. In
particular, this is often possible due to simple structure of the loss function f(x,8)
which is often defined as a quadratic function characterizing a distance between true
parameters x* =6 and its estimate x.

New important problems in statistics and STO have to confront situations with
small data samples, cases of missing observations or absence of direct observations. For
these problems, experiments may be dangerous or even simply impossible. These new
problems require explicit joint treatment of all relevant interdependent observable,
partially observable and non-observable variables by using various prior information in
the form of additional constraints describing these interdependencies. These leads to
high dimensions. The key issue is the representation of interdependencies enabling
to organize pseudo-sampling based on proper characterization of probability measure
P by using all available information.

Consequently, these new problems are formulated as general constrained STO
problems where estimation of unknown probability measure P is directly associated
with goals of overall decision-making problem. Since only specific data are essential
for desirable decisions, the combined consideration of statistical estimation within
overall decision-making problem can considerably reduce the quality and quantity of
estimated information, e.g., the accuracy of the true parameters of P including even
requirements on the uniqueness of P. New type of estimation problems arise which
can be called as downscaling problems.

Consider some important statistical estimation problems which can be formulated as
STO model (1), (2). Instead of asymptotic analysis, this provides the natural criterion of
efficiency which can be used to evaluate the convergence to optimal solutions with respect
to increasing number of real observations, resampling schemes, and pseudo sampling
procedures. This section characterizes also loss functions which are typical for statistics.

1.1. Regression estimation. Assume that a random function u(v) for each
element v from a set V' corresponds a random element u(v) of the set U. Assume that
V< Rl, UcR' Let Pis a joint probability measure defined on pairs 6 = (u,v).

The regression function is defined as the conditional mathematical expectation

r(v):E(u|v):_[uP(U|v). 3)
It is easy to see that »(v) minimizes the functional (providing it is well defined)
F (x(v)) = E(u(v) = x(v))*, “)

where Euz(v)< 0, Exz(v)< 0.
It follows from the fact that

ngir;F(x(v))=EnﬂnE[(u(v>—x)2|v],

4 E(u() - x)?|v] = ~2(E(u| v) - x) =0.
dx
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The estimation of r(v) is usually considered in the set of functions given in
a parametric form {r(x,v), x € X } . In this case, the criterion (4) can be rewritten as

F(x)=Eu@®) - r(x,0))* = E(r(v) — r(x,0))* + E(u(v) - r(x,v))?,

i.e., the minimum of F'(x) is attained at the function r(x,v) which is close to r(v)

in the metric L, (P) defined as \/E(r(v) — r(x,v))>.
1.2. Quantile based regression. The conditional expectation r(v) provides

a satisfactory representation of stochastic dependencies u(v) when they are well
approximated by two first moments, e.g., for normal distributions. For general
(possibly, multimodal) distributions it is more natural to use the median or other
quantiles instead of the expectation. Let us define the quantile regression function
r,(v) as the maximal value y satisfying equation

P(u(v) 2 ylv)=p(v), ®)
where 0< p(v)<1 . It can be shown that function " (v) minimizes the functional
F(x(v))=E(p)x(v) + max {0, u(v) - x(v)}). (6)

This is due to the following. First of all, we have
min F(x(v)) = £ min E[p(v)x + max {0, u(v) —x(v)|v}].
x(v) X

Assume that probability P(d6) has continuous density function p(0), P(df) = p(6)d6.
Then from the optimality condition for internal stochastic minimax problem follows that
optimal solution x satisfies the equation

p()— [ P(d6]v)=0, @)

i.e., indeed, it satisfies (5).

Let us note, that the minimization of more general at the first glance functional

F(x(v)) = E(a()x(v) +max {a©)(u) —x(u)), B0)(x(V) - u@®))})
is reduced to the minimization of (6) with p(v)=(a + B)(a + ﬂ)fl. The median
corresponds to the case when a=0, a =pf. The existence of optimal solution
requires a< . The literature on the support vector (as Huber [7]) uses
F(x(v))=Emax {u(v) —x()—-¢&x@)—u(v) + e}

There is interesting effect of ¢ on the optimality condition (7) and, thus,
corresponding modification of the basic idea (5).

The estimation of " (v) can be considered by a parametric set of functions
{rp (x,v),x € X}. In this case, the criterion (6) is rewritten as

F(x)=E[p()r(x,v)+ max {0, u(x)—r(x,v)}]
or equivalently

F(x) = Emax [a(v)(u(v)—r(x,v)), f)(r(x,v)—u@))],
a(@)>0, p()>0, p(v) =a()/(a()+[(v)).

Assuming 7(-,v) in (6) is a convex function for all v €V, F(x) is also a convex
function. If r(-,v) is a linear function for all v €V, then F(x) can be minimized
by linear programming methods.

for
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If | u(v)|< const, v €V, then | F(x) — F(ry) |< const £ | ) ) -r(x,v)|, ie., the
minimum of F'(x) in (6) is attained at the function r(x,v) which is closed to r, (v) in
the metric L, (P) defined as E | "y W) —-rx,v)|.

1.3. Density estimation. Assume P(df) has a density function p(@). Consider

an arbitrary density function x(6) >0, j x(0)d0 =1 and the expectation functional

F(x(0))=E Inx(0) = j In x(0) p(6)d6. (7)

The maximum of F (x(0)) (if it exists) is attained at the function p(6). The proof
follows from the Jensen’s inequality, which states that for a concave function ¥ and
integrable ®(0), E | D(0)|< w0, EV(D(0)) <V (ED(H)).

Let V(@) =1n®, O(0)=x(0)/ p(0), then

x(0) x(0)
Fx(0)-F(p))=|In=——Lp(@)d0<In | —-p(@)dd=In1=0.
I P(0) I p(0)
Example 1. Let 6',...,6" be available (not necessarily distinct) observations of 6.

The sample mean value of F(x(v)) is calculated as

N
FY (x(0)= %Zlnx(@’ )= j PN (6)Inx(6)do, (8)
Ji=1
where pN 0)= L Zfil 0(0—0") is the empirical density defined by the Dirac
function d(-). N
The maximization of F Y (x(0)) with respect to feasible density functions x(6) > 0,
J. x(0)d6 =1 yields the empirical density function

1 ¥ :
N (@)==>066-0"). )
N i=1

2. PROBLEMS WITH SMALL SAMPLES AND HIGH DIMENSIONS OF 6

Standard statistical estimation and STO approaches for solving (1), (2) are based
on the ability to obtain observations according to probability measure P. In fact,
the justification of these methods, e.g., their consistency (convergence) and
efficiency, rely on asymptotic analysis requiring infinite number of observations.
For new problems, in particular, arising in the study of global change processes,
we often have large number of unknown interdependent variables 6, x and only
very restricted samples of real observations.

Experiments to generate new real observations may be extremely expensive,
dangerous or simply impossible. The natural approach for dealing with new problems
can be based on using all additional information on P. The main issue is not to obtain
a good estimation of P, but to achieve a robust solution of (1), (2). A key problem is
the design of pseudosampling procedures enabling to generate samples of closed to
reality observations ensuring the robustness (in a sense) of the solution. High
dimensions and general cases of random functions f'(x,8) in (1) will require often
rather sophisticated STO computational methods. Given observations o, ...,0Y of

vector 0, function F' (x(-)) in (1) is estimated often by using the empirical density

N
1 .
PN (0)=—2000-06"), (10)
Ni:l
i.e., as the sample mean functional v
1 .
FR@=[f0py 0)d0=—31(x.0"). (11)
i=1
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Here we use notation x instead of x(60) for the sake of simplicity, i.e., instead of
vector-function x(0) we view x(6) as a vector x eR".

Besides the sample 01, e 0V of size N , there often exist additional information

on unknown P. Let us denote by E the set of admissible distributions consistent with
available information. The robust solution can be defined as x € X which minimizes

F(x)zglal( j f(x,0)P(db) = j £ (x,0)P(x,do) , (12)

where P(x,d6) denotes the worst-case distribution. Thus, we have to deal with
a general case of STO (1), (2) where probability measure is, in general,
analytically intractable and it is affected by decision x.

The empirical density function pj (6) may not belong to =, therefore, p (6)
and estimator (11) of function F(x) have to be modified according to (12). In
particular, model (12) can be applied for the estimation of density function x(6) by
maximizing function (8) for x(0) e=. If py () ¢E, this would not lead to the
empirical density py (0). In other words, the empirical distribution function pp (6)
which is constructed only on the basis of empirical observations may not belong to =.

The representation of available information on P (d0) plays the key role in cases
of small sample size N. Besides the sample, class = may include information on some
quantiles of P(df), its shape, marginal distributions, and moments. The representation
of Z by given marginal distributions plays an important role in multidimensional
samples of 6. In this case, it is possible to include any components but maintain fixed
the one dimensional marginal. Although there is no general systematic procedure to
elicit a class =, and the procedure will depend on the particular application,
commonly used ways of eliciting such a class are the following. We can derive from
the sample straightforward nonparametric empirical density function p, (6) defined
by (10). It says that P(d@) is concentrated at observed points with equal probability
1/ N. Density py (0) can be used to derive new observations. Although any other
observation according to p, (0) is a repetition of the already observed points
o',....0", yet, this is exactly the main idea of the bootstrapping. Clearly, it would be
preferable to use pseudo-sampling schemes based on better nonparametric density

estimators. The sample o', ...,6" may have certain tendencies, e.g., clustering

around some regions in admissible set ®, 0 € ® — R'. In the case of low dimensions
(small /) this tendency can be utilized by a histogram. This nonparametric density
estimation function provides the possibility to sample new plausible observations
within “windows” of the histogram.

The use of histograms with fixed mesh in the case of high dimensions leads
to “exponential explosion” of computations (say, only 10 intervals per dimension
lead to 10’ equispaces Cartesian mesh points). Since the available sample 01, oo oN
tends to come from regions where the density is relatively high, the main idea of
better nonparametric estimators is to use observations 01, cees 6" as anchor points
from which the fine structure of density can be examined further. In fact, for solving
problem (1), (2) the philosophy of nonparametric density estimation can be used only
as guidance without actually precise estimation. However, nonparametric density
estimation uses only information which are contained in the sample. The key task is to
combine this information with other available information.

Assume that in accordance with sample 01, ...,0N , and our beliefs we can

subdivide the set ® into a collection of sets {C;, k =1,..., K}. Some of them may
correspond to clusters of available observations whereas others may reflect experts
opinions on the degree of uncertainty and its heterogeneity across the admissible set ®;
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for instance, we can distinguish some critical zones (“catalogues of earthquakes™)
which may cause significant losses f(x, ) although with high degree of uncertainty.
Accordingly, the additional beliefs can be given in terms of a “quantile” class

E:{P:IP(dO):aS,s:l,...,S}, (13)
¢
where Zlea ¢ =L more generally — in terms of ranges of probabilities
Ez{P:assjP(de)sﬁs,Fl,...,S}, (14)
C

N
where a,, B, are given numbers such that Zlea J<1< Zf:lﬁ s This class is

considered as “the most natural elicitation mechanism. It is important that both
classes (13), (14) for problem (12) lead to the type (11) mean value functions

S S
F(x):ZySf(x,Gs), Zys =1, y4>0,

s=1 s=1
where 6° belongs to C,. Namely:
Proposition 1. For any function f'(x, ) assumed to be integrable w.r.t. all P in =

defined by (13): S A
max [ £ (x,0)P(d0) =Y af (x,0°), (15)
PeE 1
where . ’
f(x,0°)=max f(x,0), s=1,...,S. (16)
0eC,
In the case of = defined by (14):
S
max [ f (v, 0)P(0) =37 of (x,6°), (17)
S5 1
where 6° is defined by (16) and $ =(9,...,9,) is such that
S S
f/:argmax{Zysf(x,@smsSySSﬁS,Zyszl}. (18)
s=1 s=1

Corollary 1. Formula (15) generalizes the standard mean value estimator (12).
Let {01, cees 05 } be distinct observations of ® and N ; the number of times 6° has been

observed in Cy Leta, = Ny / N, where N is the sample size. Then from (15) follows
that

S
Ny oo ps
max | f(x,O)P(d9)=S§Wf(x,9 ), (19)

assuming that function f'(x,-) is constant in Cj.

Remark 1. Subproblem (16), (17) have explicit simple solutions for loss
functions defined in the support vector literature.

Assume P(d0)= p(0)d6, p(6) =IK(y, 0)Q(dy), where Q(dy) satisfies quantile

constraints (13) or in terms of ranges of probability measure (14). If Q(dy) satisfies
(13), then

N
max [ f (. 0)P(d0) = [ / (x,0) [Zasms, 0)] do, (20)
€= s=1

where J° is defined similar to (16):
y’ =argmax {K(»,0),yeC}, s=1,...,S. 21
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Remark 2. From (21) follows that within approach defined by (12) the kernel-type
estimators for the density function arise from assumptions on its shape characterized by
K(y,0), O(dy). (This is a natural way to characterize, e.g., seismicity — the
Guettenberg—Richter law; distributions of claims in the insurance loss distributions;
floods severities — mixed Poison law and so on.) If function K ( -, 0) is constant, we have
standard kernel estimates.

There can be various extensions of this approach to cases in which we have
additional constraints on moments, monotonicity constraints on P(d6), marginal
distributions. If

a = j K, (6°,0)d6,
C

where K(0°, ), characterizes similarity between 6°, and 6 which can be viewed as
a probability density, then

S
;)naz(J. [(x,0)Pd0)= f(x,6° )j K(6°,0)d6. 1)
cex =1 c

s

3. SOLUTION PROCEDURES: SQG METHODS FOR ROBUST MACHINE LEARNING

Minimization of (15)—~(17) correspond to deterministic minimax problems which can
be solved by linear or nonlinear programming methods. These problems are very
simple in the case of loss functions f (x, ), which are typical for the support vector
applications. In more general cases such as (20), the problem is a standard type
STO problem (1), (2) with known probability distribution P(x,d6). This problem
can be solved by STO methods. In particular, we can use pseudo-sampling in
addition to the real sample 91,... , 6" . Stochastic SQG methods allow to overcome

the complexity arising in cases when P(x,d6) is analytically intractable. The
combination of pseudo-sampling with SQG can be viewed as the generalization of
the bootstrapping to STO procedures. We have to remember that often the main
issue is not to predict estimation of P but to find a robust solution of problem (1),
(2) what requires only similar to reality pseudo-samples.

3.1. Machine learning. SQG methods can be effectively used for Machine
Learning (ML) problems. ML approaches (also utilizing hardly interpretable neural
networks) can be combined with disciplinary or interdisciplinary decision-making
models, e.g., agricultural, environmental, energy, etc., for decision-making in the
conditions of uncertainty, increasing interdependencies and complex analytically
intractable systemic (“unknown risks”). ML algorithms are supposed to find natural
patterns in data that generate insight and help make better decisions and predictions. In
many cases, ML problems utilize Deep Neural Networks characterized by transfer
functions, etc. Neural networks are considered to be universal “predictors”
(“approximators”, “estimators”). ML grounds on the principles of statistical estimation
and learning theory [17, 18]. Robust ML in the presence of outliers is similar to robust
statistical learning. Robust ML derives a model which does not deteriorate too much
when training and testing with slightly different data (either by adding
observations/noise or by taking other dataset). In the presence of potential extreme
events, the prediction model has to be able not to ignore, but to predict extreme
outcomes. The use of quantile (percentile)-based “loss” or “goodness of fit” functions
for ML learning opens up a possibility of using the two-stage STO models [19].

In the traditional statistics theory, one has to know almost everything, including
the number of parameters and the types of dependency in order to recover the
dependency. Parameter estimation problem is considered to be the dependency
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estimation problem. According to the learning theory, it was shown that in order to
estimate the dependency from the data, it is sufficient to know some general properties of
the set of functions to which the unknown dependencies belong [17]. Machine learning
(of a perceptron, a network of neurons, a decision tree, and other models) is being used in
patters and image recognition, the type of the model does not affect the general machine
learning principles. Major achievement in the machine learning is the implementation in
1986 of the so called back-propagation methods for finding the weights of neurons. The
method is based on traditional gradient decent procedures.

3.2. Numerical optimization algorithms for machine learning. Numerical
optimization has played an important role in the evolution of ML. For example, the
gradient decent procedures, the stochastic gradient decent and their modifications and
extensions (stochastic average gradient, stochastic dual coordinate ascent, Nesterov’s
accelerated gradient, stochastic variance reduced gradient and other) are possible
approaches to the solution of large-scale machine learning problems [20, 21]. Many
algorithms are based on the results of Robins and Monro [22], Nesterov [20], Polyak
and Judinsky [23] for smooth optimization.

However, nonsmooth quantile-based loss, activation, and regularization
functions are more typical characteristics of many practical big data and ML
problems. In neural networks training, multiple layers and nonsmooth activation
functions depend in terms of absolute value, maximum or minimum operations,
further complicate the problem. Nonsmooth functions have abrupt bends and even
discontinuities requiring methods based on subdifferential and stochastic
quasigradient calculus [4-7, 24-27]. In these cases, the SQG methods make use of
generalized directional derivatives, subgradients and stochastic quasigradients. The
convergence of the SQG methods is proven in rather general cases (see discussion in
[1, 3-7, 28], references therein).

3.3. SQG methods for machine learning. The convergence of the SQG method
follows from the results of the theory of nonconvex nonsmooth stochastic
optimization [1, 3—6, 26, 27]. For highly nonconvex models such as deep neural
networks, the SQG methods allow to avoid local solutions. In cases of nonstationary
data, the SQGs allow for sequential revisions and adaptation of parameters to the
changing environment, possibly, based on offline adaptive simulations.

Let us formulate a problem ML of a neural network. It is necessary to define the
structure of a net and train it, i.e., estimate the weights/parameters of the network
model using the training set for which the solution of the problem is known, i.e., on
the available input-output data. The training task is formulated as the problem of
minimizing a loss function (empirical risk), which measures the forecast error of the
model. The root mean squared error (RMSE) predicts only an average response. For
extreme events/scenarios, e.g., crop yield shocks, production and market risks,
catastrophe (structural) losses, it is more appropriate to use a quantile-based loss (QL)
function [19, 29]. As discussed in the Introduction, the QL allows to identify values
higher or lower than the specified quantile (or critical) value of the data in the training
set and penalize the positive and negative deviations from the value differently
depending on the problem at hand. For example, over- and underestimation can incur
different costs associated with over or undersupply of a specific product or resource.
As an example, assume, that a hydropower station is undersupplied with water, which
has been diverted to be used in other sectors or activities.

The training of a neural net is achieved through the minimization of the loss
function F'(x) with respect to the net parameters x,
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N
F(x)=Y F(ix), (22)
i=1
where F'(i,x) are (nested) neuron-type functions. Each function F (i, x) corresponds
to one training object. At each step k£ =0,1,..., an object i =i(k) is picked up at
random with probability #>0 among N alternatives. Starting from the initial
parameter x", the vector x* of parameters x is adjusted in the direction opposite
to the (sub)gradient

E(k) =1/ u(iCk))F (i(k), x") (23)

of the function F (i, k). Let us note that if function f is differentiable at x, then its
gradient at x is its subgradient. If function f is nonsmooth at x, there exist a set of
subgradients of function f in x, and the function is called subdifferentiable at x.
The SQG solution procedures can be applied to the class of generalized
differentiable (GD) functions, which include continuously differentiable, convex,
concave, weakly convex and concave, semismooth and semiconvex functions. It is
easy to see that [?j(k)|xk]=Fx(xk). The index i(k) changes from iteration to
iteration in order to cover more or less uniformly the set of indices 1,..., m.
Calculation of &(k), and in particular, F, (i(k),xk) for different cases, including

nonsmooth and nonconvex functions /' and discrete event systems is discussed, for
example, in [1, 3—7, 19] and references therein.

CONCLUSIONS

The paper discusses the connections between the problems of robust decision
making, statistical estimation, and machine learning. Robust decision making in the
presence of possible extreme events and uncertainties relies on quantile-based goal
functions, constraints, and performance indicators. This approach produces solutions,
which enable stability and resilience of relevant systems irrespectively of what
uncertainty scenario (extreme event) occurs (i.e., the systems become less or even
insensitive to the scenarios). Robust statistical estimation also produces solutions,
which are not deteriorated by inclusion of additional observations especially from
non-normal and possibly heavily skewed distributions. The discussed in this paper
quantile-based regression can be considered as a nonparametric estimation method
as it does not require specific assumptions about the probability distribution of
observation (data) errors. Machine learning grounds on the principles of statistical
learning. Using quantile-based “goodness-of-fit” criteria for machine learning derives
(a) model(s) which do(es) not deteriorate too much when training and testing with
slightly different or additional data. The use of nonsmooth, possibly discontinuous
quantile (percentile)-based criteria, “loss” or “goodness of fit” functions for robust
decision-making, statistical estimation and machine learning opens-up a possibility
of using the two-stage STO models. We illustrated the application the stochastic
quasigradient (SQG) methods for the robust decision making and machine learning
problems. For general type nonsmooth, possibly discontinuous and nonconvex
problems, including for example neural networks training, the discussion about the
application and convergence of the stochastic quasigradient (SQG) methods is
available in [3-7]. For the case of a general endogenous reinforced learning, the
convergence of the SQG procedure was proven in [8] based on the results of
nondifferentiable optimization providing a new type of machine learning algorithms
solving the problem of distributed decentralized models’ linkage under asymmetric
information and uncertainty.
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II.C. Kunonos, I'. Bour (I'. Banr)

3B’SI3KM MIJK CTIMKOIO CTATUCTHUYHOIO OLIHKOIO, HAJIMHUM MPUAHATTAM

PIIIEHD I3 IBOETAITHOIO CTOXACTUYHOIO ONTHUMIBAIIEIO TA HAAIMHUMMA
MNPOBJIEMAMU MAIIMHHOI'O HABYAHHA

AHoTtanisi. Po3rnsgHyTO 3B’S3KM MK 3aJa4aMH JIBOETAIHOTO CTOXAaCTHYOTO INpOrpaMyBaHHS,
npoGsieMaMy BH3HAYeHHsST POOACTHUX pillleHb, POOACTHUMH METOJAMH y CTATHCTHII Ta MAIINH-
HOMY HaB4yaHHI. B yMoOBax HEBH3HAYEHOCTi, a TAaKOXX MOXKIMBOTO HACTaHHS EKCTPEeMaJbHUX
Mmofiil Ta cuTyamid, mi 3afadyi NOTPeOyIOTh PO3IIIALY Ta ONTHMI3alii CHCTEM 3 KBaHTHJIBHHUMHU
KPHUTEPisIMH, OOMEKSHHSIMU Ta IHIUKATOPAMH SIKOCTI pe3ysbTaTiB ((QyHKUiIMK 30UTKIB). 3amadi
JIBOETAITHOI CTOXACTHYHOI ONTHUMi3alii MOXHa e(pEeKTUBHO PO3B’A3aTH ITEPATUBHUMH METO/aMH
croxacTHyHuX KkBazirpamieHTiB (SQG). Meromu SQG maroTe 3MOTy pO3B’sI3yBaTH HETJaKi,
MOXJIMBO PO3PHBHI Ta HEOIyKJi 3ajadi MalIMHHOTO HAaBUAHHS, HANPHKIAZ, 337adi KBAHTHWIEHOT
perpecii Ta HaBuaHHA HEHpOHHOI Mepexi. Taki MOHATTS, SK JOMYCTHMi pO3B’SA3KH, OITH-
MaJIbHICTh Ta POOACTHICTH y 3arajibHHX 33j1auax MPUHHSATTS pillieHb BU3HAYAIOTHCS KOHKPETHOO
CHUTYyaIli€l0 NMPUHHATTS pilleHb. 3anadi poOACTHOrO CTATHCTHYHOIO OI[HIOBAHHS Ta MAalIMHHOTO
HaBYaHHS MOKHA 1HTErpyBaTH y 3aJadi IUTaHYBAaHHS JUCHMIUTIHAPHUX Ta MDKAWCIMIUTIHAPHUX
CHCTEM, SIK-OT: CHCTEM 3eMJICKOPHCTYBAHHS, CUIHCHKOTOCIONAPCHKUX, €HEPreTHYHUX, THX, IO
CIYTYIOTh JUIsL HIITPUMKHU NMPUHHATTSA pOOACTHUX pIllleHb B YMOBaX HEBH3HAYECHOCTEH, 3pOCTalo-
YUX CHUCTEMHHUX 3QJIC)KHOCTEH Ta HEBIIOMHX PHU3HKIB.

KorouoBi cioBa: nBoeramHa 3ajada CTOXaCTHYHOI ONTHMIi3alii, poOacTHe NMPHHHATTS PillleHb
Ta CTAaTUCTUYHE OIHIOBaHHS, POOACTHA KBAHTWIBHA pErpecis, MallMHHE HaBYaHHSA, 3arajbHi
poOJIeMH TPUHHSTTS POOACTHHUX PIllleHb, CHCTEMHI PH3WKH, HEBH3HAUCHOCTI.

Haoituna oo peoaryii 26.12.2022
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