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ÊÐÀÉÎÂ² ÇÀÄÀ×² ÄÐÎÁÎÂÎ-ÄÈÔÅÐÅÍÖ²ÉÍÎ¯ ÊÎÍÑÎË²ÄÀÖ²ÉÍÎ¯
ÄÈÍÀÌ²ÊÈ ÄËß ÌÎÄÅË² Ç ÏÎÕ²ÄÍÎÞ ÊÀÏÓÒÎ–ÔÀÁÐ²Ö²Î

Àíîòàö³ÿ. Îäåðæàíî çàìêíåí³ ðîçâ’ÿçêè äåÿêèõ êðàéîâèõ çàäà÷ äðîáîâî-äèôåðåíö³éíî¿
ô³ëüòðàö³éíî-êîíñîë³äàö³éíî¿ äèíàì³êè ñòîñîâíî íåêëàñè÷íî¿ ìàòåìàòè÷íî¿ ìîäåë³ ç óðà-
õóâàííÿì ïðîñòîðîâî-÷àñîâî¿ íåëîêàëüíîñò³ ïðîöåñó. Öÿ ìàòåìàòè÷íà ìîäåëü ñôîðìóëüî-
âàíà ç âèêîðèñòàííÿì ïîõ³äíî¿ Êàïóòî–Ôàáð³ö³î çà ÷àñîâîþ çì³ííîþ òà Ð³ìàíà–Ë³óâ³ëëÿ
çà ãåîìåòðè÷íîþ çì³ííîþ. Ðàçîì ç ïðÿìîþ çàäà÷åþ êîíñîë³äàö³¿ äëÿ ìàñèâó ñê³í÷åííî¿
ïîòóæíîñò³ ðîçãëÿíóòî îáåðíåí³ êðàéîâ³ çàäà÷³ ùîäî âèçíà÷åííÿ íåâ³äîìèõ ôóíêö³é äæå-
ðåëà, çàëåæíèõ ëèøå â³ä ãåîìåòðè÷íî¿ àáî ÷àñîâî¿ çì³ííî¿. Íàâåäåíî óìîâè ³ñíóâàííÿ ðå-
ãóëÿðíèõ ðîçâ’ÿçê³â ðîçãëÿíóòèõ çàäà÷.

Êëþ÷îâ³ ñëîâà: ìàòåìàòè÷íå ìîäåëþâàííÿ, äðîáîâî-äèôåðåíö³éíà äèíàì³êà êîí-
ñîë³äàö³éíèõ ïðîöåñ³â, ãåîïîðèñò³ ñåðåäîâèùà, íåêëàñè÷í³ ìîäåë³, ïîõ³äí³ Êàïó-
òî–Ôàáð³ö³î òà Ð³ìàíà–Ë³óâ³ëëÿ, êðàéîâ³ çàäà÷³, çàìêíåí³ ðîçâ’ÿçêè, ïðÿì³ òà îáåðíåí³ çà-
äà÷³.

ÂÑÒÓÏ

Ñèñòåìí³ äîñë³äæåííÿ ó ãàëóç³ âèçíà÷åííÿ çàêîíîì³ðíîñòåé äèíàì³êè

ãåîì³ãðàö³éíèõ ïðîöåñ³â íà îñíîâ³ âèêîðèñòàííÿ ìåòîäîëîã³¿ ìàòåìàòè÷íîãî ³

êîìï’þòåðíîãî ìîäåëþâàííÿ º àêòóàëüíèì íàïðÿìêîì ðîçâèòêó äëÿ ñó÷àñ-

íèõ íàóê, çîêðåìà ãåî³íôîðìàòèêè òà ãåîìàòåìàòèêè [1–5]. Âàðòî çàçíà÷èòè,

ùî çà ñêëàäíèõ óìîâ ïåðåá³ãó âêàçàíèõ ïðîöåñ³â ó ãåîïîðèñòèõ ñåðåäîâèùàõ

ñóòòºâèé âïëèâ íà ¿õíþ äèíàì³êó ìàþòü åôåêòè ïàì’ÿò³ òà ïðîñòîðîâî¿ íåëî-

êàëüíîñò³, âðàõóâàííÿ ÿêèõ â ìàòåìàòè÷íèõ ìîäåëÿõ ïåðåíîñó, ïîáóäîâàíèõ

íà êëàñè÷íèõ ï³äõîäàõ äî ìîäåëþâàííÿ, º äîñòàòíüî óñêëàäíåíèì. Çàçíà÷åí³

ï³äõîäè äî ìîäåëþâàííÿ áàçóþòüñÿ íà êëàñè÷íèõ çàêîíàõ ïåðåíîñó, ÿê³ ³íîä³

º íåäîñòàòíüî àäåêâàòíèìè çà óìîâ ñóòòºâîãî â³äõèëåííÿ äîñë³äæóâàíî¿ ñèñ-

òåìè â³ä ð³âíîâàæíîãî ñòàíó [2, 6]. Ó çâ’ÿçêó ç öèì íàáóâàº çíà÷íî¿ àêòóàëü-

íîñò³ ïðîáëåìà çíàõîäæåííÿ ³ ïîáóäîâè íîâèõ, á³ëüø àäåêâàòíèõ ìàòåìàòè÷-

íèõ ìîäåëåé ñêëàäíèõ ïðîöåñ³â ïåðåíîñó, ùî áàçóþòüñÿ íà íåêëàñè÷íèõ çà-

êîíàõ, ñïðàâåäëèâèõ çà óìîâ ñóòòºâîãî â³äõèëåííÿ â³ä ð³âíîâàæíîãî ñòàíó.

Çàóâàæèìî, ùî ïðîòÿãîì îñòàíí³õ äåñÿòèë³òü ³ñòîòíîãî ïîøèðåííÿ íàáóâ

ï³äõ³ä äî ìîäåëþâàííÿ äèíàì³êè ïðîöåñ³â ïåðåíîñó ó çàçíà÷åíèõ ñèñòåìàõ,

ùî ãðóíòóºòüñÿ íà âèêîðèñòàíí³ àïàðàòó ³íòåãðî-äèôåðåíö³þâàííÿ äðîáîâîãî

ïîðÿäêó [7–11], ÿêèé ïîêàçàâ ñâîþ íåçàïåðå÷íó åôåêòèâí³ñòü [12–19].

Ó ö³é ðîáîò³ â ìåæàõ çàçíà÷åíîãî ï³äõîäó ðîçãëÿíóòî äåÿê³ íîâ³ çàäà÷³ ìà-

òåìàòè÷íîãî ìîäåëþâàííÿ äðîáîâî-äèôåðåíö³éíî¿ äèíàì³êè ïðîöåñ³â

ô³ëüòðàö³éíî¿ êîíñîë³äàö³¿ ãåîïîðèñòèõ ñåðåäîâèù íà îñíîâ³ íåêëàñè÷íî¿ ìî-

äåë³ ç óðàõóâàííÿì ÿâèùà ïîâçó÷îñò³ ãðóíòîâîãî ñêåëåòà òà ïðîñòîðîâî¿ íåëî-

êàëüíîñò³ ïðîöåñó. Äî òîãî æ äëÿ ðîçãëÿäóâàíî¿ ìîäåë³ êîíñîë³äàö³¿ ç óðàõóâàí-

íÿì ïîâçó÷îñò³ ãðóíòîâîãî ñêåëåòà òà ôàêòîðó ïðîñòîðîâî¿ íåëîêàëüíîñò³ êîí-

ñîë³äàö³éíîãî ïðîöåñó îäåðæàíî ÿê òî÷íèé ðîçâ’ÿçîê ïðÿìî¿ çàäà÷³

ô³ëüòðàö³éíîãî óù³ëüíåííÿ ãðóíòîâîãî ìàñèâó ñê³í÷åííî¿ ïîòóæíîñò³, òàê ³ ðîç-

â’ÿçêè (â çàìêíåíîìó âèãëÿä³) äåÿêèõ îáåðíåíèõ êðàéîâèõ çàäà÷ ñòîñîâíî ö³º¿

êîíñîë³äàö³éíî¿ ìîäåë³. Çîêðåìà, ðîçâ’ÿçàíî çàäà÷³ âèçíà÷åííÿ ôóíêö³¿

ïîòóæíîñò³ äæåðåëà (çàëåæíî¿ ëèøå â³ä ãåîìåòðè÷íî¿ çì³ííî¿ x) çà â³äîìîþ
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ôóíêö³ºþ ê³íöåâî¿ óìîâè çà ÷àñîâîþ çì³ííîþ òà çàäà÷³ çíàõîäæåííÿ íåâ³äîìî¿

ôóíêö³¿ äæåðåëà (çàëåæíî¿ â³ä ÷àñîâî¿ çì³ííî¿ t) çà äîäàòêîâîþ ³íòåãðàëüíîþ

óìîâîþ ïåðåâèçíà÷åííÿ.

ÌÀÒÅÌÀÒÈ×ÍÀ ÌÎÄÅËÜ ÄÐÎÁÎÂÎ-ÄÈÔÅÐÅÍÖ²ÉÍÎ¯ ÇÀ ÏÐÎÑÒÎÐÎÌ ² ×ÀÑÎÌ
ÊÎÍÑÎË²ÄÀÖ²ÉÍÎ¯ ÄÈÍÀÌ²ÊÈ Ç ÓÐÀÕÓÂÀÍÍßÌ ßÂÈÙÀ ÏÎÂÇÓ×ÎÑÒ²
ÃÐÓÍÒÎÂÎÃÎ ÑÊÅËÅÒÀ

Â³äïîâ³äíî äî òåîð³¿ ñïàäêîâî¿ ë³í³éíî¿ ïîâçó÷îñò³ øâèäê³ñòü çì³íè

êîåô³ö³ºíòà ïîðèñòîñò³ ó ÷àñ³ ïðåäñòàâëåíà ó âèãëÿä³ [5]
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äå e t( ) — êîåô³ö³ºíò ïîðèñòîñò³ äåôîðìîâàíîãî ï³ä ä³ºþ ïðèêëàäåíîãî íà-

âàíòàæåííÿ ãðóíòîâîãî ìàñèâó, a0 — ïàðàìåòð ìèòòºâî¿ äåôîðìàö³¿, a1 1, � —

ïàðàìåòðè ïîâçó÷îñò³, ùî âèçíà÷àþòüñÿ åêñïåðèìåíòàëüíî (� 1 — øâèäê³ñòü

çðîñòàííÿ äåôîðìàö³é ïîâçó÷îñò³ [3]), p p x t� ( , ) — ïîðîâèé òèñê. Â³äïîâ³äíî

äî [3–5] îñíîâíå ð³âíÿííÿ ô³ëüòðàö³éíî¿ êîíñîë³äàö³¿ òðèôàçíîãî ãðóíòîâîãî

ñåðåäîâèùà ç óðàõóâàííÿì çàçíà÷åíîãî âèùå â îäíîâèì³ðíîìó âèïàäêó çàïè-

øåìî ó âèãëÿä³
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äå � — êîåô³ö³ºíò îá’ºìíî¿ ñòèñêóâàíîñò³ ãàçîâî¿ êîìïîíåíòè, e — ñåðåäíº

çíà÷åííÿ êîåô³ö³ºíòà ïîðèñòîñò³, ux — øâèäê³ñòü ô³ëüòðàö³¿.

Òîä³ çã³äíî ç (2) ç óðàõóâàííÿì (1) çà ïðèïóùåíü îñíîâíî¿ ðîçðàõóíêîâî¿

ìîäåë³ Ôëîð³íà [3] îäåðæóºìî ð³âíÿííÿ
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äå C� — êîåô³ö³ºíò êîíñîë³äàö³¿ [3–5].

²íòåãðî-äèôåðåíö³éíå ð³âíÿííÿ (3) — öå êëàñè÷íå âèçíà÷àëüíå ð³âíÿííÿ

äëÿ íàäëèøêîâîãî òèñêó â ðîçãëÿäóâàí³é ìàòåìàòè÷í³é ìîäåë³ ô³ëüòðàö³éíî¿

êîíñîë³äàö³¿ ãðóíòîâèõ ñåðåäîâèù ç óðàõóâàííÿì ÿâèùà ïîâçó÷îñò³ ãðóíòîâîãî

ñêåëåòà [3–5].
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äå CF
tD � — îïåðàòîð äðîáîâî¿ ïîõ³äíî¿ Êàïóòî–Ôàáð³ö³î [12, 13] ïîðÿäêó �

çà çì³ííîþ t.

Íà â³äì³íó â³ä óçâè÷àºíîãî êëàñè÷íîãî ï³äõîäó äî ìîäåëþâàííÿ äèíàì³êè

êîíñîë³äàö³éíèõ ïðîöåñ³â ñòîñîâíî ëîêàëüíèõ ìîäåëåé [3–5] â ö³é ðîáîò³ âèêî-

íàíî ìàòåìàòè÷íå ìîäåëþâàííÿ äèíàì³êè âëàñíå íåëîêàëüíîãî çà

ãåîìåòðè÷íîþ çì³ííîþ x ô³ëüòðàö³éíî-êîíñîë³äàö³éíîãî ïðîöåñó â ãðóíòîâèõ

ñåðåäîâèùàõ (ç óðàõóâàííÿì ñóòòºâîãî âïëèâó ôàêòîðà ïîâçó÷îñò³ ñêåëåòà).

Òîìó, ðîçïîâñþäæóþ÷è ìîäåëüíå ð³âíÿííÿ (4) íà âèïàäîê ïðîñòîðîâî¿ íåëî-

êàëüíîñò³ êîíñîë³äàö³éíîãî ïðîöåñó, îäåðæóºìî òàêå äðîáîâî-äèôåðåíö³éíå

ìîäåëüíå ð³âíÿííÿ êîíñîë³äàö³¿ ñòîñîâíî íàï³ðíî¿ ôóíêö³¿ p x t( , ):
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�
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äå Dx
� — îïåðàòîð äðîáîâî¿ ïîõ³äíî¿ Ð³ìàíà–Ë³óâ³ëëÿ çà çì³ííîþ x ïî-

ðÿäêó � ( )1 2� �� [8, 9].

Ìîäåëüíå ð³âíÿííÿ (5) ìîæå ñëóãóâàòè îñíîâîþ íîâî¿ (äðîáîâî-äèôå-

ðåíö³éíî¿) ìàòåìàòè÷íî¿ ìîäåë³ äèíàì³êè ô³ëüòðàö³éíî¿ êîíñîë³äàö³¿ ãðóíòîâèõ

ñåðåäîâèù ç óðàõóâàííÿì ôàêòîðà ïîâçó÷îñò³ ãðóíòîâîãî ñêåëåòà òà ïðîñòîðî-

âî¿ íåëîêàëüíîñò³ ïðîöåñó. Ó ìåæàõ ö³º¿ êîíñîë³äàö³éíî¿ ìîäåë³ ïîñòàâèìî ³

ðîçâ’ÿæåìî äåÿê³ îäíîâèì³ðí³ çà ãåîìåòðè÷íîþ çì³ííîþ êðàéîâ³ çàäà÷³ íåêëà-

ñè÷íî¿ òåîð³¿ êîíñîë³äàö³¿.

ÏÐßÌÀ ÇÀÄÀ×À ÄÐÎÁÎÂÎ-ÄÈÔÅÐÅÍÖ²ÉÍÎ¯ ÊÎÍÑÎË²ÄÀÖ²ÉÍÎ¯ ÄÈÍÀÌ²ÊÈ
ÄËß ÃÐÓÍÒÎÂÎÃÎ ÌÀÑÈÂÓ ÑÊ²Í×ÅÍÍÎ¯ ÏÎÒÓÆÍÎÑÒ²

Íàéïðîñò³øà ïðÿìà çàäà÷à ìàòåìàòè÷íîãî ìîäåëþâàííÿ äðîáîâî-äèôå-

ðåíö³éíî¿ êîíñîë³äàö³éíî¿ äèíàì³êè äëÿ ãðóíòîâîãî ìàñèâó îäèíè÷íî¿ ïîòóæ-

íîñò³ ç ïðîíèêëèâèìè ìåæàìè çâîäèòüñÿ äî ðîçâ’ÿçàííÿ â îáëàñò³

	 � 
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p x t h x xt( , )| ( ) ( [ , ])� � 
0 0 1 , (8)

äå h x( ) — â³äîìà ôóíêö³ÿ ïî÷àòêîâîãî ðîçïîä³ëó òèñê³â ó ìàñèâ³,

h x L( ) [ , ]
 2 0 1 , CF
t xD D� �, — îïåðàòîðè ïîõ³äíèõ Êàïóòî–Ôàáð³ö³î òà

Ð³ìàíà–Ë³óâ³ëëÿ â³äïîâ³äíî, ÿê³ âèçíà÷àþòüñÿ ñï³ââ³äíîøåííÿìè [8, 9,

12, 13]:
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äå �( )� — ãàììà-ôóíêö³ÿ Åéëåðà [20].

Ðîçâ’ÿçîê êðàéîâî¿ çàäà÷³ (6)–(8) çíàõîäèòèìåìî ó âèãëÿä³ ðÿäó

p x t u t x x tn n

n

( , ) ( ) ( ), ( , )� 

�

�

� 	
1

	 , (9)

äå 	 
�
� �

�
n nx x E x( ) ( ),� �1 — âëàñí³ ôóíêö³¿ çàäà÷³ Øòóðìà–Ë³óâ³ëëÿ âèãëÿäó

D x x xx
�	 
	 	 	( ) ( ), ( ) ( ) , ( , ),� � � 
0 1 0 0 1 (10)

E z� �, ( ) — äâîïàðàìåòðè÷íà ôóíêö³ÿ Ì³òòàã-Ëåôôëåðà [21].

Çàäà÷à (10) äîñë³äæóâàëàñÿ, çîêðåìà, â ðîáîòàõ [22–24], â ÿêèõ ïîêàçàíî,

ùî ëèøå äëÿ âëàñíèõ çíà÷åíü 
 n , ÿê³ º íóëÿìè äâîïàðàìåòðè÷íî¿ ôóíêö³¿

Ì³òòàã–Ëåôôëåðà E� � 
, ( ), ³ñíóþòü çàçíà÷åí³ âèùå âëàñí³ ôóíêö³¿ 	n x( ). Ó ðî-

áîò³ [25] ïîêàçàíî, ùî ñèñòåìà ôóíêö³é { ( )}	n nx �
�

1 óòâîðþº â L2 0 1( , ) íåîðòîãî-
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íàëüíèé áàçèñ. Äî òîãî æ ñèñòåìà âëàñíèõ ôóíêö³é çàäà÷³, ñïðÿæåíî¿ äî çà-

äà÷³ (10), âèçíà÷àºòüñÿ [24] ó òàêèé ñïîñ³á:

{ ( )} {( ) ( ( ) )},z x x E xn n n n�
� �

�
�� � �1

1
11 1�

� �
�
 .

Â³äîìî, ùî íàâåäåí³ âèùå ñèñòåìè ôóíêö³é { ( )} , { ( )}	n n n nx z x�
�

�
�

1 1 óòâîðþ-

þòü á³îðòîãîíàëüíó ñèñòåìó ôóíêö³é [26–28].

Ðîçâèíåìî ôóíêö³þ ïî÷àòêîâîãî ðîçïîä³ëó òèñê³â h x( ) ó ðÿä çà âëàñíèìè

ôóíêö³ÿìè çàäà÷³ (10) ó âèãëÿä³

h x h xn n

n

( ) ( )�
�

�

� 	
1

, (11)

äå h h zn n L
� ( , )

( , )2 0 1
, ³ îòðèìàºìî ³ç ñï³ââ³äíîøåíü (6)–(8) äëÿ çíàõîäæåííÿ

íåâ³äîìèõ ôóíêö³é u t t n Nn ( ) ( , )� 
0 òàêó ïîñë³äîâí³ñòü çàäà÷ Êîø³:

� � � � � 
u t D u t C u t u h n Nn
CF

t n n n n n( ) ( ) ( ) , ( ) ( )� 
�
�

� 0 0 . (12)

Çàñòîñîâóþ÷è äî (12) ïåðåòâîðåííÿ Ëàïëàñà çà çì³ííîþ t, îäåðæóºìî

ñï³ââ³äíîøåííÿ

u s h
s

s C s C
n n

n n

( )
( )

( ) [ ( )]
�

� � �

� � � � � �
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� � �

( )n N
 , (13)

äå u sn ( ) — îáðàç ïåðåòâîðåííÿ Ëàïëàñà ôóíêö³¿ u tn ( ), s — ïàðàìåòð öüîãî

ïåðåòâîðåííÿ.

Äàë³ ïåðåéäåìî â ñï³ââ³äíîøåííÿõ (13) äî îðèã³íàë³â ïåðåòâîðåííÿ Ëàïëàñà

³ îòðèìàºìî äëÿ ðîçâ’ÿçê³â çàäà÷ (12) òàê³ âèðàçè:
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), (14)
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 , (15)

s
C

n
n n( , ) [ ( )]

( )
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2 1
�

� � � � �

�

� � 
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� � �
,

� n n nC C n N� � � � � � 
[ ( )] ( ) ( )� � 
 � � 
 �� � �1 4 12 . (16)

Îòæå, ñï³ââ³äíîøåííÿ (9), (14)–(16) âèçíà÷àþòü ôîðìàëüíèé ðîçâ’ÿçîê ïî-

ñòàâëåíî¿ çàäà÷³. Ìîæíà ïîêàçàòè, ùî çà äåÿêèõ äîäàòêîâèõ óìîâ öåé ðîçâ’ÿçîê

º ðåãóëÿðíèì. Äëÿ öüîãî ïðèïóñòèìî, ùî âèçíà÷åíà çã³äíî (11) ôóíêö³ÿ h x( ) çà-

äîâîëüíÿº òàê³ óìîâè: h x C( ) [ , ]
 2 0 1 , h h h( ) ( ) ( )0 1 1 0� � � � . Òîä³ ç óðàõóâàííÿì

â³äîìî¿ íåð³âíîñò³ [21]
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Â³äïîâ³äíà îö³íêà äëÿ âëàñíèõ ôóíêö³é 	n x( ), ÿê â³äîìî [24–28], ìàº âèãëÿä

| ( )|
| |

( , , )	



n
n

x
M

x
M x n N� � � 
1

1 0 0 . (18)

Ç óðàõóâàííÿì îö³íîê (17), (18) òà ñï³ââ³äíîøåíü (14)–(16) îäåðæóºìî äëÿ

÷ëåí³â ðÿäó (9) îö³íêó

| ( ) ( )|
| |

( , , , )u t x
M

x
M t x n Nn n

n

	



� � � � 
2

3 2 0 0 0 . (19)

Îñê³ëüêè âëàñí³ çíà÷åííÿ 
 n çàäà÷³ (10) äëÿ Im ( )
 n � 0 ìàþòü òàê³ âëàñòè-

âîñò³ [26–28]:

� | | | |
 
k k� �1 äëÿ k � 1,

� äëÿ äîñòàòíüî âåëèêèõ n ³ arg ( )

��

n �
2

ìàºìî | |e nt
 � 1, | | ~
 �
n O( )n

( )1 2� �� ,

ç óðàõóâàííÿì (19) îäåðæóºìî, ùî ìàæîðóâàëüíèì äëÿ ðÿäó (9) º çá³æíèé

óçàãàëüíåíèé ãàðìîí³÷íèé ðÿä

1
1 2

3
1 nn

�
�

�

�

� � �( ).

Îòæå, íà îñíîâ³ ìàæîðàíòíî¿ îçíàêè Âåéºðøòðàñà ðÿä (9) º ð³âíîì³ðíî

çá³æíèì íà ìíîæèí³ 	T T T: [ , ] [ , ] ( )� 
 �0 1 0 0 ³ ÿâëÿº ñîáîþ íåïåðåðâíó

ôóíêö³þ íà ö³é ìíîæèí³ p x t C T( , ) ( )
 	 . Àíàëîã³÷íî äîâîäèòüñÿ, ùî äëÿ t � 0

ðÿä (9), (14)–(16) ÿâëÿº ñîáîþ ôóíêö³þ, äèôåðåíö³éîâíó ïî÷ëåííî îäèí ðàç

çà çì³ííîþ t ³ äâà ðàçè çà çì³ííîþ x .

ÄÅßÊ² ÎÁÅÐÍÅÍ² ÊÐÀÉÎÂ² ÇÀÄÀ×² ÄËß ÍÅÊËÀÑÈ×ÍÎ¯ ÌÎÄÅË² ÊÎÍÑÎË²ÄÀÖ²¯

Îáåðíåíó êðàéîâó çàäà÷ó êîíñîë³äàö³¿ äëÿ ôóíêö³¿ äæåðåëà, ùî çàëåæèòü

ëèøå â³ä ãåîìåòðè÷íî¿ çì³ííî¿ x, ñôîðìóëþºìî ÿê çàäà÷ó çíàõîäæåííÿ â îá-

ëàñò³ Q T: ( , ) ( , )� 
0 1 0 ïàðè ôóíêö³é { ( , ), ( )}p x t f x (òàêèõ, ùî p x t C Q( , ) ( )
 ,

f x C( ) [ , ])
 0 1 íà îñíîâ³ ðîçâ’ÿçàííÿ êðàéîâî¿ çàäà÷³:

�

�
� � � � � � �

p

t
D p x t C D p x t f x

CF
t x� � ��
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�
�( , ) ( , ) ( ) ( , ( )0 1 1 2 , (20)

p t p t t T( , ) , ( , ) ( )0 0 1 0 0� � � � , (21)

p x p x T g x x( , ) , ( , ) ( ) ( [ , ])0 0 0 1� � 
 , (22)

äå g x( ) — â³äîìà ôóíêö³ÿ äîäàòêîâî¿ (ê³íöåâî¿) óìîâè (çíà÷åííÿ òèñêó

â òî÷ö³ x â ê³íöåâèé ìîìåíò ÷àñó t T T� �( ))0 .

Ðîçâ’ÿçîê çàäà÷³ (20)–(22) çíàõîäèìî ó âèãëÿä³

p x t u t xn n

n

( , ) ( )�
�

�
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1

, (23)

f x f xn n

n

( ) ( )�
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, (24)

äå 	 
�
� �

�
n nx x E x( ) ( ),� �1 — âëàñí³ ôóíêö³¿ çàäà÷³ (10).

Ïîçíà÷àþ÷è gn êîåô³ö³ºíòè ðîçâèíåííÿ ôóíêö³¿ g x( ) â ðÿä çà âëàñíèìè

ôóíêö³ÿìè çàäà÷³ (10), òîáòî g x g xn n

n

( ) ( )�
�
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� 	
1

, ìàºìî ç äðóãî¿ óìîâè ç (22)
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ñï³ââ³äíîøåííÿ

u T g n Nn n( ) ( )� 
 , (25)

äå g g x z xn n L
� ( ( ), ( ))

( , )2 0 1
. Òîä³ ç óðàõóâàííÿì (23), (24) íà îñíîâ³ (20), (21) òà

ïåðøî¿ óìîâè ç (22) îäåðæóºìî ïîñë³äîâí³ñòü çàäà÷ Êîø³ ó âèãëÿä³
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� 0 0 . (26)

Çàñòîñîâóþ÷è äî (26) ³íòåãðàëüíå ïåðåòâîðåííÿ Ëàïëàñà çà çì³ííîþ t, îäåð-

æóºìî
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äå u sn ( ) — îáðàç ïåðåòâîðåííÿ Ëàïëàñà ôóíêö³¿ u tn ( ), s — ïàðàìåòð ïåðåòâî-

ðåííÿ, çíà÷åííÿ s s n Nn n
( ) ( ), ( )1 2 
 âèçíà÷àþòüñÿ çã³äíî ç (16).

Ïåðåõîäÿ÷è â ñï³ââ³äíîøåííÿõ (27) äî îðèã³íàë³â ïåðåòâîðåííÿ Ëàïëàñà,

îäåðæóºìî ðîçâ’ÿçêè çàäà÷ (26) ó âèãëÿä³
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äå ââåäåíî ïîçíà÷åííÿ
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Âðàõîâóþ÷è ñï³ââ³äíîøåííÿ (28), íà îñíîâ³ (25) îäåðæóºìî
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Îòæå, ôîðìàëüíèé ðîçâ’ÿçîê ïîñòàâëåíî¿ çàäà÷³ âèçíà÷àºòüñÿ ñï³ââ³äíîøåííÿ-

ìè (23), (28), (29) òà (24), (30). Ïîêàæåìî, ùî çà ïåâíèõ óìîâ îäåðæàíèé

ðîçâ’ÿçîê îáåðíåíî¿ çàäà÷³ º êëàñè÷íèì, à çíàéäåíà ôóíêö³ÿ äæåðåëà f x( ) —

íåïåðåðâíà.

Íåõàé ôóíêö³ÿ g x( ) çàäîâîëüíÿº óìîâè g x C( ) [ , ]
 2 0 1 , ( ) ( )g g0 1 0� � ,

� �g ( )1 0. Òîä³, ÿê çàçíà÷åíî âèùå, ìàº ì³ñöå íåð³âí³ñòü

| |
| |

( , )g
C

C n Nn

n

� � 

�

�1

2 1
0



. (31)

Âðàõîâóþ÷è îö³íêó âëàñíèõ ôóíêö³é 	n x( ) âèãëÿäó (18), à òàêîæ îö³íêó (31),

íà îñíîâ³ ñï³ââ³äíîøåíü (30), (29), (16) îäåðæóºìî íåð³âí³ñòü
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Ç óðàõóâàííÿì çàçíà÷åíèõ âèùå âëàñòèâîñòåé âëàñíèõ çíà÷åíü 
 n çàäà÷³ (10)

îäåðæóºìî íà îñíîâ³ (32), ùî ìàæîðóâàëüíèì äëÿ ðÿäó (24) º çá³æíèé óçà-

ãàëüíåíèé ãàðìîí³÷íèé ðÿä

1
1 2

2
1 nn
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Îòæå, íà îñíîâ³ ìàæîðàíòíî¿ îçíàêè Âåéºðøòðàñà ðÿä (24) º ð³âíîì³ðíî

çá³æíèì íà â³äð³çêó [ , ]0 1 ³ éîãî ñóìà º íåïåðåðâíîþ ôóíêö³ºþ íà öüîìó â³äð³çêó:

f x C( ) [ , ]
 0 1 . Çàçíà÷èìî, ùî ð³âíîì³ðíà çá³æí³ñòü ðÿäó (23) â îáëàñò³ Q º

íàñë³äêîì òîãî, ùî ìàæîðóâàëüíèì äëÿ íüîãî ðÿäîì º óçàãàëüíåíèé ãàð-

ìîí³÷íèé ðÿä, âèçíà÷åíèé âèùå ó ïðÿì³é çàäà÷³. Òîä³ p x t C Q( , ) ( ).


Äàë³ ðîçãëÿíåìî îáåðíåíó çàäà÷ó ùîäî çíàõîäæåííÿ ôóíêö³¿ ³íòåíñèâ-

íîñò³ äæåðåëà (çàëåæíî¿ â³ä ÷àñîâî¿ çì³ííî¿ t) ó ðàç³ çàäàííÿ äîäàòêîâî¿

³íòåãðàëüíî¿ óìîâè. Çíàéäåìî â îáëàñò³ Q T: ( , ) ( , )� 
0 1 0 ïàðó ôóíêö³é

{ ( , ), ( )}p x t a t (òàêèõ, ùî p x t C Q( , ) ( )
 , a t C T( ) [ , ]
 0 , íà îñíîâ³ ðîçâ’ÿçêó êðà-

éîâî¿ çàäà÷³
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CF
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� � � � � �� , (35)

äå h x f x t E t( ), ( , ), ( ) — çàäàí³ ôóíêö³¿ (äðóãà óìîâà ç (35) — ³íòåãðàëüíà óìî-

âà ïåðåâèçíà÷åííÿ).

Çíàõîäÿ÷è ðîçâ’ÿçîê ðîçãëÿäóâàíî¿ çàäà÷³ ó âèãëÿä³ (23), ç óðàõóâàííÿì

(33), (34) òà ïåðøî¿ óìîâè ç (35) îäåðæóºìî ïîñë³äîâí³ñòü çàäà÷ Êîø³ ó âèãëÿä³
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Àíàëîã³÷íî âèêëàäåíîìó âèùå, çàñòîñîâóþ÷è äî çàäà÷³ (36) ìåòîä ³íòåã-

ðàëüíîãî ïåðåòâîðåííÿ Ëàïëàñà çà ÷àñîì, çíàõîäèìî ¿¿ ðîçâ’ÿçîê ó âèãëÿä³

u t h R t a f G t d n Nn n n n n

t

( ) ( ) ( ) ( ) ( ) ( )� � � 
� � � � �

0

, (37)

äå

R t g e g e g gn n
s t

n
s t

n
n

n
n

n n( ) , ,( ) ( ) ( )
( )

(
( ) ( )

� � �1 2 1
1

2
1 2 �

�

)
( )

( ) ( ),� � �
�

�
�n

n
n n ns s

2
1 2 ,

G t r e r e r rn n
s t

n
s t

n
n

n
n

n n( ) , ,( ) ( ) ( )
( )

(
( ) ( )

� � �1 2 1
1

2
1 2 �

�

)
( )

( )� 

�

�
n

n

n N
2

. (38)

Îòæå, ç óðàõóâàííÿì ñï³ââ³äíîøåíü (37) äëÿ ôóíêö³¿ òèñêó p x t( , ) îäåðæóºìî

p x t h R t a f G t dn n n n
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�
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�
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���
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01

n x( ) (39)

(òóò R t G tn n( ), ( ) âèçíà÷àþòüñÿ ñï³ââ³äíîøåííÿìè (38), a t( ) — ôóíêö³ÿ, ÿêà

ï³äëÿãàº âèçíà÷åííþ).

Âèêîíóþ÷è ³íòåãðóâàííÿ ð³âíÿííÿ (33) íà ïðîì³æêó 0 1� �x , ç óðàõóâàí-

íÿì äðóãî¿ óìîâè ç (35) ìàºìî
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. (40)

Äàë³ íà îñíîâ³ ñï³ââ³äíîøåííÿ (39) çíàõîäèìî
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äå E� ( )� — îäíîïàðàìåòðè÷íà ôóíêö³ÿ Ì³òòàã-Ëåôôëåðà [21]. Ï³äñòàâëÿþ÷è

(41) â ñï³ââ³äíîøåííÿ (40), îäåðæóºìî ð³âíÿííÿ

a t f x t dx E t D E t J t K
CF

t( ) ( , ) ( ) ( ) ( )�
�

�

�
�

�

�

�
�

� � � ��

�

0

1
1

� �
� ( , ) ( )t a d� � �

0

1

�
�

�

�
�

�

�

�
�
, (42)

äå

J t C h R t En n n

n

( ) ( )( ( ) )� �
�

�

�� � 
 1

1

,

K t C f G t En n

n

n( , ) ( ) ( )( ( ) )� � � 
� �� � �
�

�

�
1

1 .

Çàïèøåìî (42) â îïåðàòîðíîìó âèãëÿä³

a t F a t( ) [ ( )]� ,

äå F — ïðàâà ÷àñòèíà ð³âíîñò³ (42). Äîäàòêîâî ïðèïóñòèìî âèêîíàííÿ òàêèõ

óìîâ:
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( )� �1 ð³âíÿííÿ (42) ìàº ºäèíèé ðîçâ’ÿçîê a t C T( ) [ , ]
 0 íà

îñíîâ³ òåîðåìè Áàíàõà ïðî íåðóõîìó òî÷êó. Äàë³ ìîæíà ïîêàçàòè, ùî ðîçâ’ÿ-

çîê p x t( , ), âèçíà÷åíèé çã³äíî ³ç ñï³ââ³äíîøåííÿì (39), º ðåãóëÿðíèì ðîçâ’ÿç-

êîì. Äîâåäåìî, çîêðåìà, ùî p x t( , ) ÿâëÿº ñîáîþ íåïåðåðâíó íà ìíîæèí³ Q

ôóíêö³þ. Ä³éñíî, âðàõîâóþ÷è â³äïîâ³äí³ îö³íêè äëÿ h x f t a tn n n n, ( ), ( ), ( )	 ,

à òàêîæ ñï³ââ³äíîøåííÿ (38), ÿêå âèçíà÷àº ôóíêö³¿ G t n Nn ( ) ( )
 , îäåðæóºìî

íà îñíîâ³ (39) îö³íêó
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.

Ç óðàõóâàííÿì òîãî, ùî | | ~ ( )
 �
n nO ( )1 2� �� , ìàºìî, ùî ðÿä ó ïðàâ³é ÷àñ-

òèí³ îñòàííüî¿ íåð³âíîñò³ º ð³âíîì³ðíî çá³æíèì çà îçíàêîþ Âåéºðøòðàñà. Òàêèì

÷èíîì, p x t C Q( , ) ( ).


Îñòàòî÷íî çàçíà÷èìî, ùî ç âèêîðèñòàííÿì ìåòîäèêè ðîá³ò [26–28] ëåãêî

âñòàíîâèòè ºäèí³ñòü ðîçâ’ÿçêó p x t( , ).

ÂÈÑÍÎÂÊÈ

Ó ðîáîò³ îäåðæàíî çàìêíåí³ ðîçâ’ÿçêè äåÿêèõ îäíîâèì³ðíèõ êðàéîâèõ çàäà÷

äðîáîâî-äèôåðåíö³éíî¿ ô³ëüòðàö³éíî-êîíñîë³äàö³éíî¿ äèíàì³êè ãåîïîðèñòèõ

ñåðåäîâèù ñòîñîâíî íåêëàñè÷íî¿ ìàòåìàòè÷íî¿ êîíñîë³äàö³éíî¿ ìîäåë³ ç óðà-

õóâàííÿì ÿâèù ïîâçó÷îñò³ ñêåëåòà òà ïðîñòîðîâî¿ íåëîêàëüíîñò³ ïðîöåñó.

Ïîñòàíîâêè â³äïîâ³äíèõ êðàéîâèõ çàäà÷ âèêîíàíî â ìåæàõ ìàòåìàòè÷íî¿ ìî-
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äåë³, ùî ì³ñòèòü ïîõ³äíó Êàïóòî–Ôàáð³ö³î çà ÷àñîâîþ çì³ííîþ òà

Ð³ìàíà–Ë³óâ³ëëÿ çà ãåîìåòðè÷íîþ çì³ííîþ. Ðàçîì ç ïðÿìîþ çàäà÷åþ êîí-

ñîë³äàö³¿ ãåîìàñèâó ñê³í÷åííî¿ ïîòóæíîñò³ ðîçãëÿíóòî òàêîæ îáåðíåí³ êðàéîâ³

çàäà÷³ ùîäî âèçíà÷åííÿ íåâ³äîìèõ ôóíêö³é äæåðåëà, ÿê³ çàëåæàòü ëèøå â³ä

ãåîìåòðè÷íî¿ àáî ÷àñîâî¿ çì³ííî¿. Íàâåäåíî óìîâè ³ñíóâàííÿ ðåãóëÿðíèõ

ðîçâ’ÿçê³â ðîçãëÿíóòèõ çàäà÷.
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V.M. Bulavatsky
BOUNDARY-VALUE PROBLEMS OF FRACTIONAL-DIFFERENTIAL CONSOLIDATION
DYNAMICS FOR THE MODEL WITH THE CAPUTO–FABRIZIO DERIVATIVE

Abstract. Closed-form solutions to some boundary-value problems of fractional-differential
filtration-consolidation dynamics with respect to the non-classical mathematical model taking
into account the space-time nonlocality of the process are obtained. This mathematical model
is formulated using the Caputo–Fabrizio derivative for the time variable and the
Riemann-Liouville derivative for the geometric variable. Along with the direct consolidation
problem for an array of finite thickness, the inverse boundary-value problems are considered to
determine the unknown source functions that only depend on the geometric or time variable.
Conditions for the existence of regular solutions to the considered problems are given.

Keywords: mathematical modeling, fractional-differential dynamics of consolidation processes,
geoporous media, non-classical models, Caputo–Fabrizio and Riemann–Liouville derivatives,
boundary-value problems, closed-form solutions, direct and inverse problems
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