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ANALYZING NATURAL-LANGUAGE KNOWLEDGE

IN UNCERTAINTY ON THE BASIS OF DESCRIPTION LOGICS

Abstract. The article overviews the means for describing and formally analyzing natural-
language text knowledge under uncertainty. We consider a family of classic attribute languages
and logics based on them, their properties, problems, and solution tools. We also give an
overview of propositional n-valued logics and fuzzy logics, their syntax, and semantics. Based
on the considered logical constructions, we propose syntax and set-theoretic interpretation of
n-valued description logic ALCQn that provides means for describing concept intersection,
union, complement, value restrictions, and qualitative and quantitative constraints. We consider
the means for solving key problems of reasoning over such logics: executability, augmentation,
equivalence, and disjunctivity. As an algorithm for calculating executability degree, we
consider an extension of the tableau algorithm often used for first-order logic with solving
simple numerical constraints. We prove that the algorithm is terminal, complete, and non-
contradictory. We also provide several applications for the provided formal representation in
natural language processing, including extending results of machine learning models,
combining knowledge from multiple sources, and formally describing uncertain facts.

Keywords: knowledge bases, description logics, fuzzy logics, n-valued logics, natural language
processing, knowledge extraction.

1. OVERVIEW OF DESCRIPTION LOGICS

1.1. Knowledge representation. Before proceeding to the description of the

knowledge representation system, let us indicate some works related to the subject

of this article. Note that there is a large number of works where logic is applied to

the analysis of knowledge obtained from natural language texts. Thus, paper [1]

presents the application of classical logics, and paper [2] presents fuzzy logics

applications. Papers [3] and [4] use the methods of machine learning and computer

linguistics. Unfortunately, the authors do not know of works in which multi-valued

logics are applied to the analysis of knowledge obtained from natural language

texts, and therefore the authors do not claim the primacy of such an application.

We introduce some key basics of the theory of knowledge bases and description

logics that will be used below in this article, which is continued [5]. Concepts are

a tool for recording knowledge about the subject area to which they apply. This

knowledge is divided into general knowledge of concepts and their interconnections

and knowledge of individual objects, their properties, belonging to concepts, and

relations with other objects. According to this division, knowledge written using the

language of description logic is divided into a set of terminal axioms named TBox

and a set of facts about individuals named ABox.

Let CN A A An� { }1 2, , ,� and RN R Rm� { }1, ,� — finite non-empty sets of

atomic concepts (concept names) and atomic roles (role names), respectively. Then the

syntax of AL-language (attribute language) can be defined in the following way [6].

Definition 1. A set of concepts of an attribute language AL is defined by

induction:

— symbols � (top, universal concept) and � (bottom, empty concept) are

concepts;
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— each concept name A CNi � is a concept;

— if A is a concept, then �A (complement of A) is a concept;

— if C and D are concepts, then C D� (intersection of concepts) is a concept;

— if C is a concept and R is an atomic role, then �R � (limited existence

quantifier) and �R C. (value limitation) are concepts;

— no other expressions are concepts.

Definition 2. A terminological axiom is an expression C D� (inclusion of

a concept C into a concept D) or C D� (equivalence of concepts C and D), where C

and D are arbitrary concepts. Terminology (TBox) is an arbitrary finite set of

terminological axioms.

Let IN a ak� { }1, ,� be a finite non-empty set of atomic individuals (individual

names). Then we can also define knowledge about certain individuals and their

relationships with facts of two types:

— a C: states that individual a belongs to the concept C ;

— aRb states that individuals a and b are related with a role R .

Definition 3. Assertion box (ABox) is an arbitrary finite set of facts.

Semantics of AL-based logic (or simply AL-logic) can be defined with set theory

interpretation as follows [7].

Definition 4. Interpretation is a pair I I� ( , )	 that consists of a non-empty set 	

named domain and interpretation function I that maps:

— to each atomic concept A CN� an arbitrary subset AI
� 	;

— to each atomic role R RN� an arbitrary subset R I
� 	 	
 .

Interpretation function is being spread on the whole set of AL-based logic

concepts unambiguously:

�
I � 	 ;

� ��I ;

( ) \� �A AI I	 ;

( )C D C DI I I
� � � ;

( . ) | :� � � � �R a b aR bI I
� { }	 	 ;

( . ) | :� � � � � � �R C a b aR b b CI I I{ }	 	 .

In more powerful description logic types, terminology may also include axioms

over roles that are defined respectively.

Definition 5. An axiom C D C D� ( )� is true in interpretation I if C DI I
�

( )C DI I� . In this case I is called a model of this axiom and write I C D� � .

An interpretation I is called a model of terminology T I T( )� if it is a model for all

axioms of the corresponding TBox. An interpretation I is called a model of assertion

box A I A( )� if for each fact a C: and aRb expressions a AI I� and a R bI I I are true

respectively.

TBox (ABox) is called compatible or executable if it has a non-empty model.

The concept C is satisfiable with respect to terminology T if there is a model I of

terminology T such that C I 
� .

The terminology gives the opportunity to record general knowledge of concepts

and roles. But it often insinuates the need to record knowledge about specific

individuals: what class the individual belongs to, what relationships (roles) they relate

to each other.

Below we will return to the concept of executability of terminology and concept

and provide the tableau algorithm for this problem [8].
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AL-logic described above can be extended by adding new concept constructors

to its syntax definition.

ALCQ-logic can be built on AL-logic with addition of rules as follows:

— if C and D are concepts, then C D� (union of concepts) is a concept;

— if C is a concept, then �R C. (full existence quantifier) is a concept;

— if R is an atomic role and n is a natural number then � nR (quantitate

restriction) is a concept;

— if C is a concept, then�C (complement of an arbitrary concept) is a concept;

— if C is a concept, R is an atomic role and n is a natural number then � nR C.

(qualitative restriction) is a concept.

Semantics of these kinds of concepts and roles are the following:

( )C D C DI I I
� � � ;

( ) \� �C CI I	 ;

( . ) | ( )� � � � � �R C a b aR b b CI I I{ }	 ;

( ) | | | |� � � �nR a b aR b nI I{ { } }	 ;

( . ) | | | |� � � � � �nR C e d eR d d C nI I I{ { } }	 .

Naturally, we can define the following notions:

� � � � �nR C n R C. ( ( ( ) . )1 ;

� � � �nR C nR C nR C. ( . ) ( . )� ;

� � � � �nr C nR C nR C. ( . ) ( . )� ;

� � � � �nR C nR C nR C. ( . ) ( . )� .

Also, we can define � � �R C R C. ( . )1 and � ��nR nR .�.

1.2. Key knowledge inference problems. Usage of knowledge bases is tightly

connected with checking if its structure satisfies some specific conditions and

properties. For example, it is useful to have an efficient way to check if the newly

added concept has some meaning within existing knowledge, is equivalent to some

already existing concept or is disjunct with it.

Let us define some key problems that are related to inference from knowledge

systems:

— executability of a concept: concept C is executable in a terminology T if there

exists model I of terminology T such that C I is not empty;

— absorption of a concept: concept C is absorbed by concept D in a terminology

T C DI( )� if for each model I of terminology T C DI I
� ;

— equivalency of concepts: concepts C and D are equivalent in a terminology

T C DT( )� if for each model I of terminology T C DI I� ;

— disjunctivity (mutual exclusion) of concepts: concepts C and D are

disjunctive in a terminology T if for each model I of terminology T C DI I
� �� .

Problems of absorption, equivalency and disjunctivity can be reduced to the

problem of concept executability. With that said, we will mainly consider the latter

problem within this article, without limiting the generality of considered approaches.

Various kinds of description logics provide methods for solving the executability

problem by applying so-called tableau algorithm. Tableau algorithm for ALCQ-logic

with examples and proof is considered in [6] and [7].

2. PROPOSITIONAL n-VALUED LOGIC

Syntax and semantics of n-valued propositional logic Ln differs from classic

propositional logic in the amount of different logical values, that any expression can
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hold. So, Ln instead of two logical values 0 (false) and 1 (true) for L2 utilizes n

values of kind i n/ ( )�1 , where i n� �{ }0 1 2 1, , , ,� . Interpretation of values 0 and 1

remains as false and true respectively, but new possible values describe the degree

of truth between 0 and 1 [9, 10].

For the sake of conciseness, let us define LVn to be the set of possible logical

values for an n-valued logic:

LV
i

n
i nn �

�
� �

�
�
�

�
�
�1

0 1 2 1{ }, , , ,� .

Instead of the single way of interpretation for L2-logic simple operations,

Ln -logic in general case may have various kinds depending on semantics of basic

logical operations. Let us consider general rules of constructing such logics and

several examples of Ln -logics as well.

Let h A( ) be the logical value of expression A. Then:

h A h A( ) ( )� � �1 ;

h A B t h A h B( ) ( ( ), ( ))� � .

Here t is usually called a t-norm and satisfies the following properties:

t x y t y x( , ) ( , )� ;

t x t y z t t x y z( , ( , )) ( ( , ), ))� ;

x u y t x y t u� � � � �� �( , ) ( , );

t x x( , )1 � .

Most Ln -logics use min–max algebra to form a t-norm function. For example,

Kleene, Priest and Lukasiewicz logics use the following interpretation of conjunction:

h A B h A h B( ) min ( ( ), ( ))� � .

Disjunction can be defined by applying the De Morgan’s law as follows:

h A B h A B h A h B h A h B( ) ( ( )) min ( ( ), ( )) max ( ( ), (� � � � �� � � � �1 1 )) .

Implication in Kleene and Priest logics is defined similarly to the classic

propositional logic:

h A B h A B h A h B( ) ( ) max ( ( ), ( ))� � � � � �1 .

However, Lukasiewicz logic [10] treats this operation a bit differently:

h A B h A h B( ) min ( , ( ) ( ))� � � �1 1 .

3. DESCRIPTION OF n-GRADED SETS

Note, that n-graded and fuzzy logics usually are being used in a strong connection

with somewhat related concept, namely n-graded and fuzzy set.

Definition 6. n-graded set is a pair A U A A� ( , )� , where U A is a set and

�A A nU LV: � is a membership function.

Like n-valued logics, n-graded sets have middle states between true and false —

here it relates to the item being the element of the set. When �A x( ) �1 element x is

fully included into the set A, when �A x( ) � 0 it is not included, and in other cases it

is partially included into the set A.

n-graded sets, like their classic equivalents, are empowered with a wide range of

operations over them. Let us consider membership functions for the basic ones:

— complement: � �� � �A Ax x( ) ( )1 ;

— intersection: � � �A B A Bx t x x� ( ) ( ( ), ( ))� ;

— union: � � �A B A Bx s x x� ( ) ( ( ), ( ))� .

Above t is t-norm as defined in the previous section. Function s is called

t-conorm and is defined in the following way: s x y t x y( , ) ( , )� � � �1 1 1 .
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Usually, t x y x y s x y x y( , ) min ( , ), ( , ) max ( , )� � .

Definition 7. Two n-graded sets are disjoint iff A B� �� . Here, n-graded set A

is included in an n-graded set B A B� iff � � �x U U x xA B A B� : ( ) ( )� � .

Value � � �A B x U U A B
A B

x x� � � �
� �

( ( ) ( )) is called a degree of inclusion of an

n-graded set A in n-graded set B.

4. DESCRIPTION OF n-VALUED ALCQ-LOGIC

We will consider a combination of two types of logics that were presented above:

ALCQ-logic and n-valued Lukasiewicz logic — to construct an apparatus for

reasoning about knowledge in uncertainty. Let us refer to this as to ALCQn -logic.

Let the set of concepts and roles be defined as for the classic ALCQ-logic

considered above.

Below we will continue referring to h A( ) as to the logical value of expression A

in the sense of n-valued Lukasiewicz logic. It is worth mentioning, that in terms of

ALCQ-logic we have 4 types of logical expression: concept inclusion ( )C D� ,

concept equivalence ( )C D� , belonging of the individual to the concept ( : )a C , and

relation between two individuals within a role ( )aRb .

Definition 8. Terminology (TBox) of an n-valued knowledge base is a function ht ,

that maps each terminological axiom to its logical value.

Example 1. Let CN animal cat dog mouse cute� { }, , , , , RN eat� { }.

We can define the following terminology in ALCQ3-logic:

TBox h cat animal dog animal mouse animt� � {( , ), ( , ), (� � �1 1 al

cat cute mouse cute

dog eat ca

, ),

( , / ), ( , / ),

( .

1

2 3 1 3� �

�� t cute dog eat cat cute� � �, / ), ( . , / )}.1 3 2 3��

This terminology holds the information about several types of animals: dogs,

cats, and mice, and their likeability. By the above-mentioned knowledge, cats are

rather cute, mice are not so cute, and likeability of dogs depends on whether they eat

cats or not: if yes, then they are not so cute, otherwise they are rather cute. In the

n-valued description logic an interpretation of a concept is different from the classic

one. Instead of classic set, it is interpreted as an n-graded set.

Definition 9. Interpretation is a pair I I� ( , )	 that consists of a non-empty set 	

named domain and interpretation function I that maps:

— to each atomic concept A CN� an arbitrary n-graded set with membership

function h A L
A
I

n: � ;

— to each atomic role R RN� an arbitrary n-graded set of pairs with

membership function h A A L
R
I

n: 
 � .

In simple words:

— in ALCQn for each concept we provide a measure of each domain item

belonging to the set of items of that kind; for each role we provide a measure of each

pair of domain items to relate within that role.

Given that, we can provide the following interpretation for the ALCQn concept

operations:

h a aI
I� �

( ) ( )� �� 1;

h a aI
I� �

� �( ) ( )� 0 ;

h a a h a
C

I
C C

I
I� �

� � �( ) ( ) ( )� 1 ;
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h a a h a h a
C D
I

C D C
I

D
I

I I
�

( ) ( ) min ( ( ), ( ))� ��
�

;

h a a h a h a
C D
I

C D C
I

D
I

I I( )
( ) ( ) max ( ( ), ( ))

�
� ��

�
;

h a a h a b h
R C

I
R C b R

I
C
I

I� � �� � � �
. ( . )

( ) ( ) min ( , min ( ( , ) (� 1 1	 b)) ;

h a a h b aR b b CR C
I

R C
I I

bI� � �� � � � � �. ( . )
( ) ( ) ( ( )) max (min (� 	 h a b h bR

I
C
I( , ), ( )) ;

h a a
nR C

I
nR C b b i nI

n� � � �� � �
�. ( . ) , ,( ) ( ) max min� 1

1 1 1{ }� �	 �1 ( ( , ), ( ))h a b h b
R
I

i C
I

i ;

h a h a
nR C

I
n R C

I
b b in� � � � � �� �

. ( ( ) . ) , ,( ) ( ) max min
1 11{ }� �	 n R

I
i C

I
ih a b h b( ( , ), ( )) .

Definition 10. An axiom C D C D� ( )� has logical value � in interpretation I if

� � � � �
C D C D D CI I I I I I

� � �
� �(min ( , ) ) . In this case I is called a model of this

axiom and write I C D� � . An interpretation I is called a model of terminology

T I T( )� if it is a model for all axioms of the corresponding TBox. An interpretation

I is called a model of assertion box A I A( )� if for each factual expression a C: and

aRb h a C h aF C
I( : ) ( )� , and h aRb h a bF R

I( ) ( , )� .

5. REASONING OVER ALCQn-LOGIC

We considered above the key reasoning problems for classic ALCQ-logic

terminologies, namely executability, absorption, equivalency and disjunctivity.

Their definition remains the same except for classic set is being replaced by

n-graded set. However, sometimes problems that are aimed at acquiring the degree of

the corresponding properties are more informative:

— degree of executability: h C h Ce ( ) ( )� � �1 � ;

— degree of absorption: h C D h C Dabs ( , ) ( )� � ;

— degree of equivalency: h C D h C Dequiv ( , ) ( )� � ;

— degree of disjunctivity: h C D h C Ddisj ( , ) ( )� �� � ;

Theorem 1. The following statements are true:

h C h Ce abs( ) ( , )� � �1 ;

h C D h C D h D Cequiv abs abs( , ) min ( ( , ), ( , ))� ;

h C D h C Ddisj abs( , ) ( , )� �� ;

h C D h C Dabs exec( , ) ( )� � �1 � ;

h C D h C D h D Cequiv exec exec( , ) max ( ( ), ( ))� � � �1 � � ;

h C D h C Ddisj exec( , ) ( )� �1 � ;

C D h C DT abs� � �( , ) 1;

C D h C DT equiv� � �( , ) 1;

C-executable � �h Cexec ( ) 1;

C D, -disjunctive � �h C Ddisj ( , ) 1.

Proof is an obvious conclusion of set theory properties and definitions given above.

Theorem 1 shows that all the main problems of reasoning over terminology can

be reduced to the problem of evaluating the executability degree. Below we will

concentrate on the means of solving this problem.

We will refer below to �-executability as to the case when h Ce ( ) � �.

5.1. Tableau algorithm. Let us consider ALCQn -based knowledge base consisting

of terminology T and facts A. This produces a set of constraints of the following form:

S x C x C A xRy xRy A� � � � �{ } { }: | ( : , ) | ( , )� � � �� �

� �{ }�� � �� � �C D C D T� �| ( , )

� { }� � � � �( ( ) ( ) ) | ( , )� � � � �C D D C C D T� � .
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Let us formulate an algorithm to solve such a set of constraints. Based on the

above-described semantics of the ALCQn description logic formulas, we can provide

a set of rules that constructs derived constraints and simplifies the overall structure of

defined knowledge.

These rules have the similar nature as the rules of derivation for the classic first

order logic, so this algorithm is often being referred to as a tableau algorithm.

These rules transform the initial set of constraints S to a system of independent

irreducible constraint sets { }S i .

Constraint set S i contains a contradiction if and only if it contains:

— two constraints of the following kind: x C x C u: , :� �� , where � � u ;

— two constraints of the following kind: xRy xRy u� ��, , where � � u ;

— constraint x : � � � , where � � 0 ;

— constraint x : � � � , where �� 1.

Rules of tableau algorithm for ALCQn can be defined as follows:

�
� �

� �
�:

:

:

x C

x C

�

�1
, �

� �

� �
�:

:

:

x C

x C

�

�1
,

�
�

�
�

� �
:

:

: , :

x C D

x C x D

�

� �
, �

�
�

�

� �
:

:

: | :

x C D

x C x D

�

� �
,

�
�

�
�

� �
:

:

: | :

x C D

x C x D

�

� �
, �

�
�

�

� �
:

:

: | :

x C D

x C x D

�

� �
,

�
� � � � �

� � � � � �
�:

: . , ,

: . , , :

x R C xRy u u

x R C xRy u y C u

� �

� �

1

1
, �

� �

� � � �
�:

: .

: ,

x R C

y C u xRy u

�

�1
,

�
� �

� � 

�n

x nR C

xRy y C y yi i i j

:
: .

, : ,

�

� �
,

�
� � 
 � � �

�n
x nR C y y IN y y A xRy u un i j i i i

:
: . , , , , , , min� �{ }1 � �

x nR C xRy u y Ci i i: . , , :� � � �� �
,

�
� �

� � � �
�n

x nR C

x n R C
:

: .

: ( ) .

�

�1 1
, �

� �

� � � �
�n

x nR C

x n R C
:

: .

: ( ) .

�

�1 1
,

T
y IN E

x E
�
� �

�
:

,

:

�� �

�
.

We should note that all rules but �� and � �n remove the constraint that match

the premise from the constraint set. Also, none of the rules are applied twice to the

same set of constraints considered as a premise.

Here and below, we will refer to a set of constraints that has a solution as

executable. We will also refer to a set of constraints, for which none rules are

applicable, as final.

As for the classic ALCQ-logic, T�-rule in combination with � �n -rule may

produce infinite cycles of producing individuals of the same types. To resolve that we

need to improve an idea of blocking between individuals for using in ALCQn -logic.

For classic logic, the child individual was considered blocked if a set of concepts that

he belongs to is a subset of the corresponding set for the parent at a certain point of

time in the processing of the algorithm.

Definition 11. Individual x is blocking the individual y iff x or its child has

produced y in result of � �n -rule and � � � � � � �x y C x C S y C u S, , ( : : )�

� � � � � �( : : )x C u S y C S� , where u � � . We will show later that this condition

applied to the tableau algorithm described above makes it finite.

38 ISSN 1019-5262. Ê³áåðíåòèêà òà ñèñòåìíèé àíàë³ç, 2024, òîì 60, ¹ 1



Let us consider an example of solving the constraint set with the help of this

algorithm.

Example 2. Let us consider the following terminology over ALCQ3-logic:

TBox { }� � � �h cat eat mouse cat eat catt ( . , / ), ( . )� �2 3 1� .

We can construct the following set of constraints from this terminology:

S cat eat mouse cat eat cat� � � � � � �{ }� �� � � �1 2 3 1 1. / , ( . ) .

Let us check whether our current terminology allows an individual to be both cat

and mouse simultaneously. For this, let us add new condition to the constraint set:

� � �S S x cat mouse� { }: � � .

Let us construct a derivation tree following the rules of the tableau algorithm:

1. ( ) :� �S x cat mouse� � .

2. ( ) : . /T x cat eat mouse� � � �� 1 2 3 .

3. ( ) : ( . )T x cat eat cat� � � �� 1 1.

4. ( , ) : , :� � � �1 x cat x mouse� � .

5. ( , ) : : .� � �� 3 1 0x cat x eat cat� .

6. ( , ) |� � 5 1 2S S ,

S x cat eat mouse x cat x mouse x cat1 1 2 3� � � � � �{ : . / , : , : , :� � � � 0},

S1 has solution iff � � 0 , which means that the initial fact is impossible in this

branch,

S x cat eat mouse x cat x mouse x ea2 1 2 3 1� � � � � �{ : . / , : , : , :� � � t cat. � 0}.

7. ( ) : .S x eat cat2 1 0� � .

8. ( , ) |� � 2 21 22S S ,

S x cat x cat x mouse x eat cat21 2 3 1 0� � � � � � �{ }: / , : , : , : .� � .

9. ( ) : /S x cat21 2 3� � .

10. ( , ) : /� �� 9 1 3x cat .

No rules can be applied anymore. S 21 has solution iff � � 1 3/ ,

S x eat mouse x cat x mouse x eat c22 1 2 3 1� � � � � �{ : . / , : , : , : .� � at � 0}.

8'. ( ) : . /S x eat mouse21 1 2 3� � .

9'. ( , ) / , : /� � ��n x y y mouse9 2 3 2 3eat .

10'. ( ) : . /T y cat eat mouse� � � �� 1 2 3 .

11. ( ) : ( . )T y cat eat cat� � � �� 1 1.

12. ( , , ) :� ��n y cat7 10 0 .

13. ( , ) : : .� � �� 12 1 0y cat x eat cat� (is absorbed by 13).

14. ( , ) |� � 11 221 222S S ,

S x y y mouse x cat x mouse221 2 3 2 3� � � � �{ eat / , : / , : , : ,� �

x eat cat y cat y cat: . , : / , : }.� � � � �1 0 2 3 0

15. ( ) : /S y cat221 2 3� � .

16. ( , ) : /� �� 16 1 3y cat .

S 221 has solution for any � , which means that the initial fact is possible with any

degree and we can stop the process of the algorithm.

As a result of the algorithm, we also got the set of constraints under which the

initial premise is possible:

S x y y mouse x mouse x eat cat y� � � � � �{ eat 2 3 2 3 1 0/ , : / , : , : . ,� : cat � 0}.
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In human language this means that our selected individual cat x be cat and mouse

if it eats something likely to be a mouse but not a cat and eats no cats. So, for more

derivation power we need to explicitly mention in the terminology that no individuals

can be cat and mouse at the same time by adding an axiom ( , )cat mouse� � � 1 .

Lemma 1. There does not exist an infinite sequence S S0 1, ,� in which each next set

of constraints S i�1 is derived from S i by some rule of the above-mentioned algorithm.

Proof. Let us consider a tree with sets of constraints as leaves, S 0 as a root and

with edges defining that one set was derived from another by rules of an algorithm.

Then the power of each vertice is limited by � �n -rule.

All rules but �� and � � remove the constraint that match the premise from the

constraint set. Both these rules can be applied no more than twice on the individuals

that are ancestors of the same individual before it reaches blocked state that will

prevent it to get new such concept constraints. Thus, the length of each sequence in

such tree from the root to the leave will be limited. �

Lemma 2. The following statements are true.

Let �S be derived from S by applying one of the rules

� � � � � � �� � � � � � � � � �, , , , , , , , ,� � n n n T .

Then S is executable with regards to T iff �S is also executable with regards to T .

Let �S , S'' be derived from S by applying one of the rules ��, � �. Then S is

executable with regards to T iff either �S or S'' is also executable with respect to T .

Let { }S i be derived from S by applying � �n -rule. Then S is executable with

regards to T iff either of S i is also executable with regards to T .

Proof. Let us consider each individual rule.

— Let �S be derived from S by applying��-rule. If S is executable, then exists its

model I . By the premise of the rule: h xC
I

� �( ) �. Thus, h x h x
C
I I

C
I( ) ( )� � � �1 1 �.

Thus, I is a model of �S . The opposite is obvious.

— Let �S be derived from S by applying ��-rule. If S is executable, then exists

its model I . By the premise of the rule: h xC
I

� �( ) �. Thus, h x h x
C
I I

C
I( ) ( )� � �1

� �1 � . Thus, I is a model of �S . The opposite is obvious.

— Let �S be derived from S by applying � �-rule. If S is executable, then exists

its model I . By the premise of the rule: h xC D
I

� ( ) � � . By interpretation,

h x h x h xC D
I

C
I

D
I

� ( ) min ( ( ), ( ))� . Thus, h x
C
I I( ) � � and h x

D
I I( ) � �. Thus I is

a model of �S . The opposite is obvious.

— Let �S , S'' be derived from S by applying � �-rule. If S is executable, then

exists its model I . By the premise of the rule: h xC D
I

� ( ) � �. By interpretation,

h x h x h xC D
I

C
I

D
I

� ( ) min ( ( ), ( ))� . Thus, h x
C
I I( ) � � or h x

D
I I( ) � �. Thus I is

a model of �S or S'' respectively. The opposite is obvious.

— Let �S , S'' be derived from S by applying � �-rule. If S is executable, then

exists its model I . By the premise of the rule: h xC D
I

� ( ) � �. By interpretation,

h x h x h xC D
I

C
I

D
I

� ( ) max ( ( ), ( ))� . Thus, h x
C
I I( ) � � or h x

D
I I( ) � �. Thus, I is

a model of �S or S'' respectively. The opposite is obvious.

— Let �S be derived from S by applying � �-rule. If S is executable, then exists

its model I . By the premise of the rule: h xC D
I

� ( ) � �. By interpretation,

h x h x h xC D
I

C
I

D
I

� ( ) max ( ( ), ( ))� . Thus, h x
C
I I( ) � � and h x

D
I I( ) � �. Thus, I is

a model of �S . The opposite is obvious.
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— Let �S be derived from S by applying ��-rule. If S is executable, then exists

its model I . By the premise of the rule: h x
R C

I I
�

�
.

( ) � and h x y u
R
I I I( , ) � . By

interpretation, h x h x y h yR C
I

y R
I I I

C
I I

I� �
� � �. ( ) min ( , min ( , ) ( )1 1

	
. Thus,

min ( , ) ( ) ( , ) ( )
y R

I I I
C
I I

R
I I I

C
I I

I h x y h y h x y h y
�
� � � � � �

	
1 1� � �,

h y h x y u
C
I I

R
I I I( ) ( , )� � � � � �� �1 1.

Thus, I is a model of �S . The opposite is obvious because the rule does not

remove any constraints.

— Let �S be derived from S by applying ��-rule. If S is executable, then exists

its model I . By the premise of the rule: h x
R C

I I
�

�
.

( ) �. By interpretation,

h x h x y h yR C
I

y R
I I I

C
I I

I� �
� � �. ( ) min ( , min ( , ) ( ))1 1

	
. Thus, exists yI such that

1� � �h x y h y
R
I I I

C
I I( , ) ( ) �. Let h y u

C
I I( ) � . Then h x y u

R
I I I( , ) � � �1 �. Thus, I

is a model of �S . The opposite is obvious.

— Let �S be derived from S by applying � �n -rule. If S is executable, then exists its

model I . By the premise of the rule: h x
nR C

I I
�

�
.

( ) �. By interpretation, h xnR C
I

� �. ( )

� � �max min ( ( , ), ( ))
, ,{ }y y i n R

I I
i
I

C
I

i
I

I
n
I h x y h y

1
1� �	

. Thus, exists { }y yI
n
I

1
, ,� � 	

such that: min ( ( , ), ( ))1� � �i n R
I I

i
I

C
I

i
Ih x y h y �. This means that h x y

R
I I

i
I( , ) � � and

h y
C
I

i
I( ) � �. Thus, I is a model of �S . The opposite is obvious.

— Let S i be derived from S by applying � �n -rule. If S is executable, then exists

its model I . By the premise of the rule: h x xR y u u
nR C

I I
i i i i�

� � �
.

( ) , , min� � . By

interpretation, h x h x y hnR C
I

y y i n R
I I

i
I

CI
n
I� � ��. , ,

( ) max min ( ( , ),
{ }1

1� �	
I

i
Iy( )). Thus,

for each { }y yI
n
I

1
, ,� � 	 min ( ( , ), ( ))1� � �i n R

I I
i
I

C
I

i
Ih x y h y �. As xR y ui i� � � ,

then min ( ( ))1� � �i n C
I

i
Ih y � . This means that exists i such that h y

C
I

i
I( ) � � and I is

a model of corresponding S i . The opposite is obvious because the rule does not
remove any constraints.

— Let �S be derived from S by applying � �n -rule. If S is executable, then exists

its model I . By the premise of the rule: h x
nR C

I I
�

�
.

( ) �. Thus, h x
nR C

I I
�

�
.

( )

� � � �
� �

1 1
1

h x
n R C

I I
( ) .

( ) �. Thus, I is a model of �S . The opposite is obvious.

— Let �S be derived from S by applying � �n -rule. If S is executable, then exists

its model I . By the premise of the rule: h x
nR C

I I
�

�
.

( ) �. Thus, h x
nR C

I I
�

�
.

( )

� � � �
� �

1 1
1

h x
n R C

I I
( ) .

( ) �. Thus, I is a model of �S . The opposite is obvious.

— Let �S be derived from S by applying T�-rule. If S is executable, then exists its

model I . By the premise of the rule: h x
E
I I( ) � �. Thus, I is a model of �S . The opposite

is obvious because the rule does not remove any constraints. �

Lemma 3. Non-contradictory final set of constraints is executable.

Proof. Let S be final non-contradictory set of constraints derived from S 0 . Let

h x C( : ) and h xRy( ) be the minimum degree of x C: and xRy, respectively, that

complies with all constraints of S . Let I be as follows:
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	I x x� { : — active},

h x
h x C x active

h z C z blocks x z activC
I I( )

( : ), ,

( : ),
�

��

� ��

{

e,

�
�
�

h x y

h xR y x y active

h zR y z blocks x z y
R
I I I( , )

( ), , ,

( ), ,
�

��

� ��

� ��

active

h xRw w blocks y w x active

h zRw z blocks

,

( ), , ,

( ), x w blocks y z w active� � ��

�

�

�
�

�

�
� , .

T-rule cannot be applied, so h x
E
I I( ) � � or exists active z that blocks x . In the

second case h z
E
I I( ) � � and by construction h x h z

E
I I

E
I I( ) ( )� � � . I is a model of T .

Let xRy S� �� . Then by construction h x y
R
I I I( , ) � � . We need to prove that

� � � � � �x x C S h xI I
C
I I	 : : ( )� � by induction of construction of C . As S is

final, it can only consist of the following constraints:

x A: � � � ; xRy � � � ; x nR C: .� � � ; x R C: .� � � ; � � E � � .

All other constraints in other case can be reduced by applying corresponding

rules of the algorithm.

Base of induction is obvious from construction of I .

Induction step:

— Let x R C S: .� � �� . As far as ��-rule is inapplicable:

� � � � � � �y xRy u S u( )1 �

� � � � � � � � � � �( : ))xRy u S u y C u S1 1� � .

Let x be active. Let us take yI I�	 such that h x y
R
I I I( , ) � �1 � .

Let y also be active. By construction, h xR y( ) � �1 � . Thus, there exists u� �1 �

such that xR y u S� � . Thus, y C u S: � � � �� 1 and h y u
C
I I( ) � � �� 1 .

If h x y
R
I I I( , ) � �1 � then1� � � � � � �h x y h y h x y u

R
I I I

C
I I

R
I I I( , ) ( ) ( , ) � �.

If h x y
R
I I I( , ) � �1 � then 1� � � � �h x y h y h y

R
I I I

C
I I

C
I I( , ) ( ) ( )� �.

Thus,

h x h x y h y nR C
I

y R
I I I

C
I I

I� �
� � � �. ( ) min ( , min ( , ) ( ))1 1

	
.

Let y be blocked by active w. By construction, h xR w( ) � �1 � . Thus, there exists

u� �1 � such that xR w u S� � . Thus, w C u S: � � � �� 1 and h y h w
C
I I

C
I I( ) ( )� �

� � �� u 1. And the rest of proof is by analogy.

Let x be blocked by active z. Let us take yI I�	 such that h x y
R
I I I( , ) � �1 � .

Let y be active. By construction, h zR y( ) � �1 � . Thus, there exists u� �1 � such
that zR y u S� � . By definition of blocking x R C z R C: . : .� � � � �� � . Thus,

y C u S: � � � �� 1 and h y h w u
C
I I

C
I I( ) ( )� � � �� 1. And the rest of proof is by

analogy.

Let y be blocked by active w. By construction, h zRw( ) � �1 � . Thus, there exists
u� �1 � such that zRw u S� � . By definition of blocking x R C: .� � ��

� � �z R C: . � . Thus, w C u S: � � � �� 1 and h y h w u
C
I I

C
I I( ) ( )� � � �� 1. And

the rest of proof is by analogy.

Let x nR C S: .� � �� .
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Let exist n such y h yi
I

C
I

i
I: ( ) � � such that h x y

R
I I

i
I( , ) � � .

Let x yi, be active. By construction, h xR yi( ) � � and h y Ci( : ) � � , which means

that either premise of � �n -rule is true or S has contradiction. Contradiction.

Let x be blocked by active z and yi be active. By construction, h zR yi( ) � � and

h y Ci( : ) � � . By definition of blocking x nR C z nR C: . : .� � � � �� � . This means

that either premise of � �n -rule is true or S has contradiction. Contradiction.

Let x be blocked by active z and yi be blocked by active wi . By construction,

h zRwi( ) � � and h w Ci( : ) � � . By definition of blocking x nR C: .� � ��

� � �z nR C: . � . This means that either premise of � �n -rule is true or S has

contradiction. Contradiction.

This means that either h y
C
I

i
I( ) � � or h x y

R
I I

i
I( , ) � � for each such yi

I . Hense,

h x h x y hR C
I

y y i n R
I I

i
I

C
I

I
n
I� � � ��. , ,

( ) max min ( ( , ),
{ }1

1� 	
( )yi

I � � . �

Theorem 2. Tableau algorithm solves the �-executability problem for ALCQn .

Proof. From lemma 1 we can conclude that search tree has no infinite sequences

and because degree of its branching is limited the search tree is finite. Thus, for any

input data tableau-algorithm returns an answer in a finite time.

If S 0 is executable, then by lemma 2 at least one of final S is executable. By

design of algorithm response in this case will be 1 (“yes”).

Let the response of the algorithm be 1 (“yes”). Then among its final sets of

constraints exists S such that it is non-contradictive and final. By lemma 3 S is

executable. Then by lemma 2 S 0 is executable. �

6. NATURAL LANGUAGE PROCESSING APPLICATIONS

There are multiple approaches to the natural language knowledge analysis, that

include usage of machine learning approaches, hand-written rules, or both. We

will concentrate on the possible applications of the above-described formal system

in the general process of knowledge extraction utilizing machine learning models

or other probabilistic techniques.

We will consider the application of the n-valued and fuzzy description logics in

cases of extending results of machine learning models, combining results from

multiple sources, and formally describing uncertain facts.

6.1. Knowledge extraction in natural language processing. The task of

Relation Extraction is to identify the relations between two entities in a sentence

(often referred to as subject and object). Successful solution of this problem serves as

a basis for many problems of natural language texts processing: questions answering,

population of knowledge bases with natural language knowledge, etc. An example of

the results of solving this problem is given in Fig. 1.

Due to the complexity of forming metrics to compare the results of relationship

detection in the general case, the problem of detecting canonical relationships (mostly

referred in the literature as a relation extraction) with the metric F1 is singled out, and

the rest is related to the problem of open information extraction — constructing large

knowledge bases based on information from the natural language texts.

At the time of writing, this problem does not have clearly defined and generally

accepted standards of outcome, i.e., what relationships should be obtained and how

they should be designed. In view of this, there is also no standard for evaluating

models and bodies of acceptable size for quality training of ML-models, as is the case

for many of the tasks described above in the field of natural language text processing.
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Open Information Extraction (OpenIE) is a problem for extraction of knowledge,

represented by the natural language text, in the form of verbal phrases and their

arguments. In contrast to Relation Extraction, OpenIE considers n-ary relations and

some machine learning models also consider temporal and other features of the

knowledge items.

In general, the proposed models for solving these problems are divided into two

subtypes:

— machine learning systems (e.g., Neural Open Information Extraction and

OpenIE-5.0);

— rule-based systems (e.g., Graphene).

6.2. Knowledge extraction result extension. Knowledge extraction systems that

are based on machine learning approaches mostly produce as the result deterministic

knowledge. This is dictated by their usage in several natural language processing

tasks and their aiming at limited capacity of the evaluation metrics, that are based on

the deterministic information.

By nature of neural networks, they still often operate with vague results within

the system: machine learning model produces several potential results with

confidence scores for each of them, or even is aimed at building the mapping of each

result candidate to its confidence score. These preliminary results are then converted

to deterministic ones by simple picking of the most confident option, thresholding or

by applying more complex selection algorithms.

Being based on the corpus the model was trained and evaluated on makes the model

highly dependent on the knowledge and techniques used in corpus and is quite biased

towards it. This causes machine learning based system to give a higher score for the

incorrect options and results not only in placing the incorrect information into result,

but also ignoring the potential possibility of less confident results to be the correct ones.

For example, machine learning based system for Open Information Extraction

OpenIE4 is known to often provide non-accurate confidence scores, especially for the

sentences with pronouns, which is caused by drawbacks of initial corpus it was trained

on. Thus, current state-of-the-art model SpanBERT uses all OpenIE4 extractions for its

model training with an adapted loss function to gain better recall for such cases [11, 12].

Based on the above-described problems, more vague and versatile result of the

machine learning model processing before applying determination algorithms can be

used to apply further analysis of the result, its validity and compliance with some

well-known knowledge items, already constructed knowledge etc. Analysis of such

constructed knowledge can be performed utilizing the above-described mechanisms

of n-ary and fuzzy description logics that provide an ability to check constructed

terminology and facts for executability, i.e., validity, non-contradiction, and

compliance with other knowledge.

Example 3. Let us consider the following natural language sentence:

A cafeteria is located on the sixth floor, a chapel on the 14th floor,
and a study hall on the 15th floor.

Let the result of an OpenIE processing of the mentioned sentence provide the

following n-ary relations: (a study hall; located; on the sixth floor), (a study hall;

located; on the 14th floor), (a study hall; located; on the 15th floor)

44 ISSN 1019-5262. Ê³áåðíåòèêà òà ñèñòåìíèé àíàë³ç, 2024, òîì 60, ¹ 1

Entity Relation Entity

I was visiting Cen

subject object �

tral Park
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We can conclude that the system parsed the grammatical relations within a sentence

incorrectly, which produced the incorrect knowledge pieces to be produced. We can

convert this to the ALCQ-logic as follows:

IN a b c d� { }, , , ,

CN Study Hall th Floor th Floor th Floor hall f� {( , , , , ,6 14 15 loor)},

RN locate� { } ,

TBox Study Hall hall thFloor floor thFloor� {( ), ( ), (� �6 14 �

� �floor thFloor floor), ( )15 },

Abox a b a c a d a StudyHall� {( , , , : ,locate locate locate

b thFloor c thFloor d thFloor: , : , : )6 14 15 }.

Let us populate the terminology with a well-known fact, that we could have

derived from some aside knowledge source, that there is exactly one floor some hall

can be located on:

TBox TBox hall locate floor� � ! �{ }� 1 . .

Assuming b c, , and d are pairwise different individuals, the tableau-algorithm for

ALCQ will result in such ABox to be non-executable. However, this does not mean

that the initial sentence contains a contradiction.

Let us consider the result that model provided before its determinization:

(a study hall; located; on the sixth floor; score � 0.51), (a study hall; located;

on the 14th floor; score � 0.6), (a study hall; located; on the 15th floor; score � 0.8),

(a chapel; located; on the 14th floor; score � 0.36), (a cafeteria; located; on the 14th

floor; score � 0.34), (a cafeteria; located; on the sixth floor; score � 0.2).

We can convert this to the ALCQ" -logic as follows:

IN a b c d e f� { }, , , , , ,

CN StudyHall chapel cafeteria thFloor� { , , , ,6 14 15thFloor thFloor hall floor, , , },

RN locate� { },

TBox StudyHall hall chapel hall cafeteria ha� {( ), ( ), (� � � ll),

( ), ( ), (6 14 15thFloor floor thFloor floor thFloor floo� � � r),

( . , )hall locate floor� �1 � }.

We can write slightly modified set of constraints as follows:

S a b a c a d� � � �{( ), ( ), ( ),locate locate locate� � �1 2 3

( ), ( ), ( ),e c f b f clocate locate locate� � �� � �4 5 6

( : ), ( : ), ( : ),a StudyHall b thFloor c thFloor� � �1 6 1 14 1

( : ), ( : ), ( : )d thFloor e chapel f cafeteria15 1 1 1� � � }.

If we run the tableau-algorithm over such constraint set, we get such constraints

over used degree variables:

(( ) ( ) ( )) ( )� � � � � � � �1 2 2 3 1 2 5 60 0 0 0 0 0 0 0� � � � � � � � � � � � � � � .

Aiming at getting the largest overall confidence holding these constraints, we can

maximize the following expression:

0 51 0 6 0 8 0 36 0 31 0 21 2 3 4 5 6. . . . . .� � � � � �� � � � � ,

� � � � � �1 2 3 4 5 60 0 1 1 1 0� � � � � �, , , , , .
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This allows us to exclude facts a blocate , a clocate , f clocate from

consideration and resolve the contradiction they produce.

7. COMBINING KNOWLEDGE FROM VARIOUS SOURCES

The same approach can be used for combining knowledge acquired from various

knowledge extraction algorithms or systems. Let ( , )T Ai i be classic deterministic

knowledge bases. Then, they can be combined into an ALCQn -based knowledge

base ( , )T A as follows:
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If the knowledge bases ( , )T Ai i do not contain a contradiction, but ( , )T A does, we

can eliminate it by solving an optimization problem defined in the previous section.

This technique provides an ability to combine ready knowledge bases. However,

rule-based knowledge extraction systems can also get a significant gain from this approach.

Many rule-based tools utilize the output of several natural language processing

tasks, including verbal event extraction, role labeling, boxing, modality detection,

tense representation, named entities detection, dependency parsing, coreference

resolution and machine translation. However, all these problems, often being solved

by the means of machine learning, have their own issues, weak sides, and errors. This

makes such a pipeline to combine all the errors from all its components and limits

overall abilities. Such systems can get a significant gain from getting several models

solving each task to come into play.

Instead of building several isolated knowledge extraction systems that are hard to

operate with, we can construct vague preliminary structures that can be further used

to extract the knowledge.

7.1. Operating with vague concepts. In contrast to the above-considered

applications of vague description logics, there are also more direct use cases. There are

various kinds of natural language expressions that have no certain meaning and are fuzzy.

Example 4. Let us consider the following text fragment:

“Paul is a young boy from Australia. He smokes and wears expensive dress.”

Concepts “young” and “expensive” are uncertain and cannot be defined by

a specific range of years that Paul might have lived for or a specific price for that

dress. However, we can make some partial conclusions from Paul being an individual

of that concept. For example, if person is young, then probably he or she is not likely

to be 18:

( , / )young person years� �18 1 3� .

Also, in Australia it is prohibited to smoke when you are not an adult. So, if we

will consider a law-oriented knowledge base, then we can write

( . , )person smoke years� �� �
� 18 1 .

This allows us to say that with degree of 1 3/ there is a contradiction, or a lawless

action described in the fragment.
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Ñ.Ë. Êðèâèé, Ã.². Ãîãåð÷àê
ÀÍÀË²Ç ÏÐÈÐÎÄÍÎÌÎÂÍÈÕ ÇÍÀÍÜ Â ÓÌÎÂÀÕ ÍÅÂÈÇÍÀ×ÅÍÎÑÒ² ÍÀ ÎÑÍÎÂ²

ÄÅÑÊÐÈÏÒÈÂÍÈÕ ËÎÃ²Ê

Àíîòàö³ÿ. Ïðåäñòàâëåíî îãëÿä çàñîá³â îïèñó òà ôîðìàëüíîãî àíàë³çó çíàíü, äîáóòèõ ç
ïðèðîäíîìîâíîãî òåêñòó ç ìîæëèâèìè íåâèçíà÷åíîñòÿìè. Ðîçãëÿíóòî ñ³ì’þ êëàñè÷íèõ àò-
ðèáóòèâíèõ ìîâ ³ ëîã³ê, ÿê³ íà íèõ ´ðóíòóþòüñÿ, âëàñòèâîñò³ öèõ ëîã³ê, ïðîáëåìè ³ ñïî-
ñîáè ¿õíüîãî ðîçâ’ÿçàííÿ. Ïðåäñòàâëåíî îãëÿä ïðîïîçèö³éíèõ n-çíà÷íèõ ëîã³ê ³ íå÷³òêèõ ëîã³ê,
¿õíüîãî ñèíòàêñèñó ³ ñåìàíòèêè. Íà îñíîâ³ ðîçãëÿíóòèõ êîíñòðóêö³é öèõ ëîã³ê çàïðîïîíîâàíî
ñèíòàêñèñ ³ òåîðåòèêîìíîæèííó ³íòåðïðåòàö³þ äåñêðèïòèâíî¿ n-çíà÷íî¿ ëîã³êè ALCQn , ÿêà
îïèñóº âëàñòèâîñò³ êîíöåïò³â çà äîïîìîãîþ îïåðàö³é ïåðåòèíó, îá’ºäíàííÿ, äîïîâíåííÿ òà îá-
ìåæåíèõ êâàíòîð³â. Ðîçãëÿíóòî çàñîáè ðîçâ’ÿçàííÿ êëþ÷îâèõ ïðîáëåì äëÿ òàêèõ ëîã³ê: âè-
êîí�íí³ñòü, ðîçøèðåííÿ, åêâ³âàëåíòí³ñòü òà äèç’þíêòèâí³ñòü. ßê àëãîðèòì äëÿ îá÷èñëåííÿ ñòó-
ïåíÿ âèêîíóâàíîñò³ çàïðîïîíîâàíî çàñòîñóâàòè ðîçøèðåíèé àëãîðèòì ñåìàíòè÷íîãî òàáëî,
ÿêèé âèêîðèñòîâóþòü ó ëîã³ö³ ïðåäèêàò³â ïåðøîãî ïîðÿäêó äëÿ ðîçâ’ÿçàííÿ ïðîñòèõ ÷èñëîâèõ
îáìåæåíü. Äîâåäåíî, ùî ïðîïîíîâàíèé àëãîðèòì º òåðì³íàëüíèì, ïîâíèì ³ íåñóïåðå÷íèì. Íà-
âåäåíî ïðèêëàäè çàñòîñóâàííÿ äëÿ ôîðìàëüíîãî ïðåäñòàâëåííÿ é îáðîáëåííÿ ïðèðîäíîìîâíîãî
òåêñòó, ÿê³ ì³ñòÿòü äåÿê³ ðåçóëüòàòè ìîäåëåé ìàøèííîãî íàâ÷àííÿ, êîìá³íóâàííÿ çíàíü ç áà-
ãàòüîõ äæåðåë ³ ôîðìàëüíèé îïèñ ñóìí³âíèõ ôàêò³â.

Êëþ÷îâ³ ñëîâà: áàçà çíàíü, äåñêðèïòèâí³ ëîã³êè, íå÷³òê³ ëîã³êè, n-çíà÷í³ ëîã³êè, îáðîá-
ëåííÿ ïðèðîäíîìîâíèõ òåêñò³â, äîáóâàííÿ çíàíü.
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