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Àíîòàö³ÿ. Ðîçãëÿíóòî çàäà÷ó îá÷èñëåííÿ ³íòåãðàë³â â³ä øâèäêîîñöèëþâàëüíèõ ôóíêö³é
ç äåÿêèõ êëàñ³â äèôåðåíö³éîâíèõ ôóíêö³é, çîêðåìà, ó âèïàäêó ³íòåðïîëÿö³éíîãî êëàñó
ôóíêö³é, êîëè ³íôîðìàö³éíèé îïåðàòîð çàäàíèé ô³êñîâàíîþ òàáëèöåþ ñâî¿õ çíà÷åíü. Ïî-
áóäîâàíî îïòèìàëüíó çà òî÷í³ñòþ òà îïòèìàëüíó çà ïîðÿäêîì òî÷íîñò³ êâàäðàòóðí³ ôîð-
ìóëè îá÷èñëåííÿ ³íòåãðàë³â â³ä øâèäêîîñöèëþâàëüíèõ ôóíêö³é. Îòðèìàíî îïòèìàëüí³
îö³íêè ïîõèáêè ìåòîäó.

Êëþ÷îâ³ ñëîâà: ³íòåãðàëè â³ä øâèäêîîñöèëþâàëüíèõ ôóíêö³é, ³íòåðïîëÿö³éí³ êëàñè
ôóíêö³é, îïòèìàëüí³ çà òî÷í³ñòþ êâàäðàòóðí³ ôîðìóëè, ìåòîä ãðàíè÷íèõ ôóíêö³é, îö³íêà
çíèçó ïîõèáêè ÷èñåëüíîãî ³íòåãðóâàííÿ.

Ó áàãàòüîõ íàïðÿìàõ ïðèêëàäíî¿ òà îá÷èñëþâàëüíî¿ ìàòåìàòèêè, çîêðåìà, ï³ä

÷àñ ìîäåëþâàííÿ àâòîìàòèçîâàíèõ ñèñòåì êåðóâàííÿ, îáðîáëåííÿ ñèãíàë³â òà

ðîçï³çíàâàííÿ çîáðàæåíü, à òàêîæ ñòàòèñòè÷íîãî îáðîáëåííÿ åêñïåðèìåíòàëü-

íèõ äàíèõ [1–3] ÷àñòî äîâîäèòüñÿ ðîçâ’ÿçóâàòè çàäà÷ó îá÷èñëåííÿ ³íòåãðàë³â

òèïó

I f x e dxi x

a

b

1 ( ) ( )� �� �
� ,

I f x x dx

a

b

2 ( ) ( )sin� �� � ,

I f x x dx

a

b

3 ( ) ( )cos� �� � , (1)

äå a ³ b — ñê³í÷åíí³ ä³éñí³ ÷èñëà; � — äîâ³ëüíå ä³éñíå ÷èñëî,

| | ( )� �� �2 b a ; ³íôîðìàö³ÿ ïðî çíà÷åííÿ f x( ) çàäàºòüñÿ íå á³ëüøå í³æ ó N

âóçëîâèõ òî÷êàõ { }xi
N
0

1� ç [ , ]a b .

Ó á³ëüøîñò³ âèïàäê³â òàê³ ïåðåòâîðåííÿ íå ìîæíà îá÷èñëèòè àíàë³òè÷íî ³

ïîòð³áíî âäàâàòèñÿ äî ÷èñåëüíèõ ìåòîä³â, ÿê³ áàçóþòüñÿ íà çàì³í³ ï³ä³íòåãðàëü-

íî¿ ôóíêö³¿ íà âñüîìó â³äð³çêó [ , ]a b àáî éîãî ÷àñòèíàõ àëãåáðà¿÷íèì ìíîãî÷ëå-

íîì íåâèñîêîãî ñòåïåíÿ. Çà âåëèêèõ çíà÷åíü | |� íåäîö³ëüíî íàáëèæàòè ìíî-

ãî÷ëåíîì âñþ ï³ä³íòåãðàëüíó ôóíêö³þ, îñê³ëüêè öå ïîòðåáóº âåëèêî¿ ê³ëüêîñò³

âóçë³â ³ óñêëàäíþº îòðèìàííÿ ÷èñåëüíî¿ ñò³éêîñò³ ðîçðàõóíêó [4]. Ó öüîìó âè-

ïàäêó äîö³ëüíî çàñòîñîâóâàòè ìåòîäè òèïó Ôàéëîíà [5–7], êîëè ôóíêö³¿ e i x� � ,

sin �x , cos �x ðîçãëÿäàþòüñÿ ÿê âàãîâ³, à íàáëèæàºòüñÿ ëèøå ôóíêö³ÿ f x( ). Ïðè

öüîìó âèêîðèñòîâóºòüñÿ äåÿêà ÿê³ñíà ³ ê³ëüê³ñíà àïð³îðíà ³íôîðìàö³ÿ ïðî

ôóíêö³þ f x( ), ÿêà äàº çìîãó âèîêðåìèòè äîñòàòíüî âóçüêèé êëàñ ôóíêö³é F ,

ÿêîìó âîíà íàëåæèòü. Íàïðèêëàä, ìîæíà ïåðåäáà÷èòè, ùî âîíà ìàº ïîõ³äí³ äî

ïåâíîãî ïîðÿäêó, ÿê³ çàäîâîëüíÿþòü äåÿê³ óìîâè. Êð³ì òîãî, êîëè ðîçâ’ÿçóºòüñÿ

êîíêðåòíà çàäà÷à, çíà÷åííÿ ôóíêö³¿ ó âóçëàõ ô³êñîâàíî¿ ñ³òêè { }xi
N
0

1� º ô³êñîâà-

íèìè ³ âèêîðèñòàííÿ öèõ äàíèõ ó êîæíîìó êîíêðåòíîìó âèïàäêó äàº çìîãó çâó-
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çèòè âêàçàíèé êëàñ ôóíêö³é F íà êëàñ FN , ÿêèé âèçíà÷àºòüñÿ íàëåæí³ñòþ êëàñó

F òà 2N ô³êñîâàíèìè çíà÷åííÿìè ³íôîðìàö³éíîãî îïåðàòîðà { }xi
N
0

1� ³

{ }f i
N
0

1� .

ÏÎÑÒÀÍÎÂÊÀ ÇÀÄÀ×² ÎÏÒÈÌ²ÇÀÖ²¯ ÎÁ×ÈÑËÅÍÜ

Íåõàé LN — ìíîæèíà âñ³õ êâàäðàòóðíèõ ôîðìóë l fN ( ), ùî âèêîðèñòîâóþòü

³íôîðìàö³þ ïðî çíà÷åííÿ ôóíêö³¿ f x( ) íå á³ëüøå í³æ ó N òî÷êàõ. Ïîçíà÷èìî

R R f lN� ( , , )� ðåçóëüòàò íàáëèæåíîãî îá÷èñëåííÿ I ( )� çà äîïîìîãîþ êâàä-

ðàòóðíî¿ ôîðìóëè l fN ( ). Óâåäåìî òàê³ õàðàêòåðèñòèêè:

V f l I RN( , , ) ( ( ), )� � �� ,

V F l V f lN
f F

N( , , ) sup ( , , )� ��
�

,

V V F V F lN
l L

N
N N

� �
�

( , ) inf ( , , )� � , (2)

äå � �( ( ), )I R — ïîõèáêà ÷èñåëüíîãî ³íòåãðóâàííÿ, � � �( ( ), ) | ( ) |I R I R� � .

Êâàäðàòóðíó ôîðìóëó l fN
* ( ), íà ÿê³é äîñÿãàºòüñÿ VN , íàçâåìî îïòèìàëü-

íîþ çà òî÷í³ñòþ. ßêùî äëÿ êâàäðàòóðíî¿ ôîðìóëè lN âèêîíóºòüñÿ

V F l VN N( , , )� �� � , òî lN íàçâåìî îïòèìàëüíîþ ç òî÷í³ñòþ äî � . ßêùî

� � o VN[ ] àáî � �O VN[ ] , òî lN íàçâåìî â³äïîâ³äíî àñèìïòîòè÷íî îïòèìàëüíîþ

àáî îïòèìàëüíîþ çà ïîðÿäêîì òî÷íîñò³.

ßêùî { }xi
N
0

1� ³ { } { ( )}f f xi
N

i
N

0
1

0
1� �� ô³êñîâàí³, çàì³ñòü â³äïîâ³äíîãî êëà-

ñó F ðîçãëÿäàºìî ³íòåðïîëÿö³éíèé êëàñ FN .

Ó öüîìó âèïàäêó ââåäåìî çà àíàëîã³ºþ ç (2) òàê³ õàðàêòåðèñòèêè:

� � �( , ,{ } , ) ( , ),f l f I RN i
N
0

1� �

� � � �( , ,{ } , ) sup ( , ,{ } , )F l f f l fN N i
N

f F
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0
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0
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�� ,

� � � � �� �� �( ,{ } , ) inf ( , ,{ } , )F f F l fN i
N

L
N N i

N

N
0

1
0

1 , (3)

³ àíàëîã³÷íî âèçíà÷èìî îïòèìàëüí³ çà òî÷í³ñòþ, àñèìïòîòè÷íî îïòèìàëüí³ òà

îïòèìàëüí³ çà ïîðÿäêîì òî÷íîñò³ êâàäðàòóðí³ ôîðìóëè íà êëàñ³ FN .

Ïîáóäîâà îïòèìàëüíèõ çà òî÷í³ñòþ òà áëèçüêèõ äî íèõ êâàäðàòóðíèõ ôîð-

ìóë îá÷èñëåííÿ ³íòåãðàë³â (1) äëÿ äåÿêèõ êëàñ³â ôóíêö³é F òà FN ï³ä³íòåãðàëü-

íèõ ôóíêö³é äîñë³äæóºòüñÿ, çîêðåìà, ó [8, 9].

Ðîçãëÿíåìî òàê³ êëàñè ôóíêö³é:

• Wr L, , r 	1, — êëàñ ôóíêö³é, ùî ìàþòü ( )r �1 íåïåðåðâíó ïîõ³äíó, ïðè÷îìó

| ( ) ( ) | | |( ) ( )f x f x L x xr r� �
 � 

 � 
 � 

1 1 , 
 

 �x x a b, [ , ],

äå L — çàäàíå ä³éñíå ÷èñëî;

• W N L3, , — êëàñ ôóíêö³é, ùî íàëåæàòü W L3, , ³ âõ³äíà ³íôîðìàö³ÿ ïðî f x( )

çàäàíà ô³êñîâàíèìè çíà÷åííÿìè ôóíêö³¿ òà ¿¿ ïåðøî¿ ³ äðóãî¿ ïîõ³äíèõ ó âóçëàõ

ô³êñîâàíî¿ ñ³òêè { }xi
N
0

1� .
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Ðîçãëÿíåìî êëàñè Wr L, , r 	1. Ó [9] äîâåäåíî òåîðåìó ïðî îö³íêó çíèçó ïîõèá-

êè ÷èñåëüíîãî ³íòåãðóâàííÿ ³íòåãðàë³â (1) íà öèõ êëàñàõ, íàâåäåìî ¿¿ áåç äî-

âåäåííÿ.

Òåîðåìà 1. Íåõàé f x Wr L( ) ,� , [ , ] [ , ]a b � 0 1 . Äëÿ ïîõèáêè îá÷èñëåííÿ ³íòåã-

ðàë³â (1) ñïðàâåäëèâà òàêà îö³íêà çíèçó:

V W

C
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1
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äå C C r
LB r r

r

L B r r

r

r

1 2 1

11 1
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2 1 1

4
� �
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�

�

( ) min
( , )

!
,

( ) ( , )�

82 1r r�

�

�

�
�

�

�

�
�!
, B r r( , )� �1 1 —

³íòåãðàë Åéëåðà ïåðøîãî ðîäó, B r r
r

r rr
( , )

!

( / ) ( )!!
� � �

� ��
1 1

2 1 2 2 11
.

Çàóâàæåííÿ 1. Îö³íêà (4) çàïèñàíà ó âèãëÿä³, äå âðàõîâàíî, ùî ê³ëü-

ê³ñòü åëåìåíòàðíèõ â³äð³çê³â, íà ÿê³ ðîçä³ëåíî â³äð³çîê ³íòåãðóâàííÿ, äîð³â-

íþº íå N [9], à N �1.

Íåõàé f x W L( ) ,� 3 . Ðîçãëÿíåìî êâàäðàòóðíó ôîðìóëó îá÷èñëåííÿ ³íòåãðàëà

I 2 ( )�

R S x xdx

x

x

i

N

i

i

1 5 3

0

2 1

( ) ( ) ,,� ��
�

��
�

�
sin (5)

äå S x5 3, ( ) — ëîêàëüíèé ñïëàéí ï’ÿòîãî ñòóïåíÿ äåôåêòà 3 [10], ÿêèé ³íòåðïî-

ëþº ï³ä³íòåãðàëüíó ôóíêö³þ òà ¿¿ ïåðøó ³ äðóãó ïîõ³äí³ ó âóçëàõ ñ³òêè

{ }xi
N
0

1� : S x fi i5 3, ( ) � , 
 � 
S x fi i5 3, ( ) , 

 � 

S x fi i5 3, ( ) , i N� �0 1, .

Íà â³äð³çêó [ , ]x xi i�1 ñïëàéí S x5 3, ( ) ìîæíà çàïèñàòè ó âèãëÿä³

S x t f t f h t f h t fi i i i i i5 3 1 2 1 3 4 1, ( ) ( ) ( ) ( ) ( )� � � 
 � 
 �� �� � � � h t fi i
2

5� ( ) 

�

� 

�h t fi i
2

6 1� ( ) , (6)

äå

�1
3 21 1 3 6( ) ( ) ( )t t t t� � � � , �2

3 210 15 6( ) ( )t t t t� � � , �3
31 1 3( ) ( ) ( )t t t t� � � ,

�4
3 1 4 3( ) ( ) ( )t t t t� � � � , �5

3 20 5 1( ) . ( )t t t� � , �6
3 20 5 1( ) . ( )t t t� � ,

h x xi i i� ��1 , t x x hi i� �( ) .

Áåç îáìåæåííÿ çàãàëüíîñò³ ïðèïóñòèìî, ùî { }xi
N

0

1� — ð³âíîì³ðíà ñ³òêà,

h hi � � ( ) ( )b a N� �1 . Ï³äñòàâèìî (6) ó (5). ²íòåãðóþ÷è ÷àñòèíàìè, îòðèìóºìî

I f x x dx R S x

a

b

x

x

i

N

i

i

( ) ( ) ( ) ( ),� � �� � �� ��
�

�

�
sin sin1 5 3

0

2 1

�xdx �

� � � 
 � 
 � 

 � 

h Af a Bf b hA f a hB f b h A f a h B f( ) ( ) ( ) ( ) ( )1 1
2

2
2

2 ( )b �
�


�

� � 

 � 

�

�

�

�

�

� �( )sin cosa f h f x h f xi i i

i

N

i

i

N

i1 1
2

1

2

1

1

2

� � 	 � �
�

,
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äå

A a a� �	 � 
 �2 1
1

2
cos sin , B b b� � �	 � 
 �2 1

1

2
cos sin , A a1 1

1

2
� � �	 �cos

� � �2sin a , B b b1 1 2
1

2
� � �	 � � �cos sin , A a a2 2 1

1

2
� �
 � � �cos sin ,

B b b2 2 1
1

2
� � �
 � � �cos sin , 
 � � � � �1

6 2120 12 1 6� � � � �� (( ) ( cos ) )sin ,

	 � � � � �1
6 248 15 8 7� � � � �� (( ) ( cos ))sin ,

� � � � � � �1
6 26 20 1 2 4� � � � � �� (( ) ( cos ) ( sin )),


 � � � � �2
6 3 23 20 120 3 2� � � � � � �� ( ( ) ( cos ))sin ,

	 � � � � � �2
6 5 260 12 360 1� � � � �� ( ( ) ( cos ))sin ,

� � � � � � � �2
6 2 2 212 24 15 1 168� � � � � � �� ( ( ) ( ) ( cos ) )sin , � �� h.

Òåîðåìà 2. Íåõàé f x W L( ) ,� 3 çàäàíà òàáëèöåþ çíà÷åíü { }f i
N
0

1� , { }
 �f i
N
0

1 ,

{ }

 �f i
N
0

1 ó âóçëàõ ð³âíîì³ðíî¿ ñ³òêè x i hi � � , h b a N� � �( ) ( )1 , i N� �0 1, . Òîä³

êâàäðàòóðíà ôîðìóëà R1 ( )� íàáëèæåíîãî îá÷èñëåííÿ I ( )� º îïòèìàëüíîþ

çà ïîðÿäêîì òî÷íîñò³ ó êëàñ³ W L3, äëÿ N � | |� , ³ ïðè öüîìó ìàº ì³ñöå îö³íêà

V W R

C b a L

N
N

C b a L

L( , )
( )

, | | ,

|

,3 1

2

3
1

2

3

3

1
1

2

1
�

� � �
�

� � �

�

�

�
�

�

�
�

| ( )
, | | ,

2 1N
N

�
�

�




�
�
�

�

�
�
�

äå C2
36 1849 10� � �. , C3 0 20833� . , �

� �

�
� �

�

�

1

2

2 2

4

sin sinb a

b a( )
.

Äîâåäåííÿ. Ó âèïàäêó, êîëè N � | |� , ìàºìî

V W R S x f x xdxL

a

b

( , , ) ( ( ) ( )), ,3 1 5 3� �� �� sin .

Çà íåð³âí³ñòþ Ãåëüäåðà îòðèìàºìî

V W R S x f x dx xdxL

a

b

a

b

( , , ) ( ( ) ( )),3 1 3
2 2� �� �� � sin .

Ñêîðèñòàâøèñü îö³íêàìè ïîõèáêè ³íòåðïîëÿö³¿ ôóíêö³¿ f x W L( ) ,� 3 ñïëàé-

íîì S x5 3, ( ) ³ç [10] ç óðàõóâàííÿì, ùî ê³ëüê³ñòü åëåìåíòàðíèõ â³äð³çê³â, íà ÿê³

ðîçä³ëåíî â³äð³çîê ³íòåãðóâàííÿ, ñòàíîâèòü N �1, à íå N , ìàòèìåìî

( ( ) ( )) | | ( ) ( ) | | |, , [ , ]S x f x dx S x f x C h

a

b

L a b5 3
2

5 3 2
3

2
� � � �� | ( ) | |


 ��f x

�
�

�

C b a L

N

2
3

31

( )

( )
,

äå C2
36 1849 10� � �. , à òàêîæ ìàòèìåìî
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sin 2 � �
�

� �xdx x dx b a xd

a

b

a

b

� �� � � � �
1

2
1 2

1

2

1

4
2 2( cos ) ( ) cos x

a

b

� �

� � �
�

�
( )

( )
b a

b a

b a

1 2 1

2

2 2

4

sin sin� �

�
,

V W R S x f x dx x dx
C b

L

a

b

a

b

( , , ) ( ( ) ( )), ,3 1 5 3
2 2 2� �

��
� � �� � sin


 �a L

N

3
1

2

31( )�
, (7)

äå �
� �

�
� �

�

�

1

2

2 2

4

sin sinb a

b a( )
.

Ó âèïàäêó, êîëè N � | |� , ìàºìî

( ( ) ( )) ( ( ) ( ))cos |, ,S x f x xdx S x f x x

a

b

a
b

5 3 5 3
1

� � � �� sin �
�

� �

� 
 � 
 � 

 � 


1 1

2 5 3 2 5 3
�

�
�

( ( ) ( ))cos | ( ( ) ( )), ,S x f x x S x f xa
b sin �x dx

a

b

� .

Âðàõîâóþ÷è óìîâè ³íòåðïîëÿö³¿, îòðèìóºìî

V W R S x f x xdx SL

a

b

( , , ) ( ( ) ( ))
| |

(, , ,3 1 5 3 2 5 3
1

� �
�

� � � 

� sin ( ) ( ))x f x xdx

a

b

� 

� sin � .

Ðîçì³ðêîâóþ÷è, àíàëîã³÷íî äî ïîïåðåäíüîãî âèïàäêó, ³ âèêîðèñòîâóþ÷è

îö³íêè ïîõèáêè ³íòåðïîëÿö³¿ äðóãî¿ ïîõ³äíî¿ ôóíêö³¿ 

f x( ) äëÿ êëàñó ôóíêö³é

W L3, ³ç [10], ìàºìî

( ( ) ( )) | | ( ) ( ) | |, , [ ,

 � 

 � 

 � 

� S x f x dx S x f x

a

b

L a5 3
2

5 3 2 b] �

� 


 �
�

�
�C h f x

C b a L

N
3

3

1
| | ( ) | |

( )
,

äå C3 0 20833� . , à òàêîæ ìàºìî

V W R S x f x dx x dx
C

L

a

b

a

b

( , , ) ( ( ) ( )), ,3 1 5 3
2 2� �� 

 � 

 �� � sin 3

1
1

2

2 1

� � 
 �

�

b a L

N| | ( )�
.

Ç ïîð³âíÿííÿ îö³íêè çíèçó (4) äëÿ r � 3 òà îö³íêè çâåðõó (7) âèïëèâàº, ùî

êâàäðàòóðíà ôîðìóëà R1 º îïòèìàëüíîþ çà ïîðÿäêîì òî÷íîñò³ äëÿ îá÷èñëåííÿ

³íòåãðàëà I 2 ( )� äëÿ ôóíêö³é ç êëàñó W L3, äëÿ N � | |� .

Òåîðåìó äîâåäåíî.

Çàóâàæåííÿ 2. Òâåðäæåííÿ, àíàëîã³÷í³ äî òåîðåìè 2, ìîæíà äîâåñòè äëÿ

³íòåãðàëà I 3 ( )� , îòæå, ³ äëÿ I1 ( )� .
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ÏÎÁÓÄÎÂÀ ÎÏÒÈÌÀËÜÍÎ¯ ÇÀ ÒÎ×Í²ÑÒÞ ÊÂÀÄÐÀÒÓÐÍÎ¯ ÔÎÐÌÓËÈ
ÎÁ×ÈÑËÅÍÍß ÏÅÐÅÒÂÎÐÅÍÍß ÔÓÐ’ª ÇÀ ÌÅÒÎÄÎÌ ÃÐÀÍÈ×ÍÈÕ ÔÓÍÊÖ²É

Äëÿ ïîáóäîâè òà îá´ðóíòóâàííÿ îïòèìàëüíèõ çà òî÷í³ñòþ ³ áëèçüêèõ äî íèõ

êâàäðàòóðíèõ ôîðìóë îá÷èñëåííÿ ³íòåãðàë³â (1) ó êëàñàõ FN çàñòîñóºìî ìå-

òîä ãðàíè÷íèõ ôóíêö³é [9], ÿêèé ïîëÿãàº â íàñòóïíîìó.

Áóäóþòüñÿ âåðõíÿ (ìàæîðàíòà) ³ íèæíÿ (ì³íîðàíòà) ãðàíèö³ îáëàñò³ ìîæëè-

âèõ çíà÷åíü ³íòåãðàëà I ( )� íà ôóíêö³ÿõ êëàñó FN :

I I
f FN

�

�
�( ) ( )� �sup , I I

f FN

�

�
�( ) inf ( )� � ,

äå I � ( )� äîñÿãàþòüñÿ íà f x FN
� �( ) â³äïîâ³äíî ìàæîðàíò³ ³ ì³íîðàíò³ êëàñó

F FN � .

Îçíà÷åííÿ 1. Ôóíêö³ÿ f x� ( ) íàçèâàºòüñÿ ìàæîðàíòîþ (ì³íîðàíòîþ) êëàñó

ôóíêö³é FN , âèçíà÷åíèõ ó äåÿê³é îáëàñò³ D , ÿêùî f x f x f x f x� �� �( ) ( ) ( ( ) ( ))

äëÿ âñ³õ f FN� òà ÿêùî f x FN
� �( ) ( ( ) )f x FN

� � .

Òàêèì ÷èíîì, çàäà÷à çâîäèòüñÿ äî ïîáóäîâè ôóíêö³é f x FN
� �( ) , çíà÷åííÿ

ÿêèõ ó âóçëàõ { }xi
N
0

1� ìàþòü çá³ãàòèñÿ ç³ çíà÷åííÿìè f i , i N� �0 1, ( ( )f xi
� �

� �
�

f fi i ). Î÷åâèäíî, íàïðèêëàä, ùî I f x xdx I

a

b

2 2
� � �� ��( ) ( ) , ( )� �sin

� �
� f x xdx

a

b

( )sin . Ôóíêö³¿ f x� ( ) íåîáõ³äíî áóäóâàòè ç óðàõóâàííÿì ïîâåä³íêè

îñöèëþâàëüíèõ ôóíêö³é (sin ,cos )� �x x . Äàë³, çíàõîäÿòüñÿ ÷åáèøîâñüêèé öåíòð

I * ( )� ³ ÷åáèøîâñüêèé ðàä³óñ � � ( ) îáëàñò³ íåâèçíà÷åíîñò³ ðîçâ’ÿçêó çà-

äà÷³ (1) [9]:

I
I I* ( )

( ) ( )
�

� �
�

�� �

2
, � �

� �* ( )
( ) ( )

�
�� �I I

2
, (8)

ÿê³ ÿâëÿþòü ñîáîþ â³äïîâ³äíî îïòèìàëüíó çà òî÷í³ñòþ êâàäðàòóðíó ôîðìóëó

îá÷èñëåííÿ I ( )� ³ îïòèìàëüíó îö³íêó ïîõèáêè ÷èñåëüíîãî ³íòåãðóâàííÿ I ( )�
íà êëàñ³ ôóíêö³é FN .

Ðîçãëÿíåìî îá÷èñëåííÿ I f x xdx

a

b

2 ( ) ( )� �� � sin äëÿ ôóíêö³é f x W N L( ) , ,� 3 ,

êîëè ³íôîðìàö³éíèé îïåðàòîð (³.î.) !1 ( , )f x çàäàíèé òàáëèöåþ ô³êñîâàíèõ çíà-

÷åíü ôóíêö³¿, ¿¿ ïåðøî¿ òà äðóãî¿ ïîõ³äíèõ ó âóçëàõ ô³êñîâàíî¿ ñ³òêè, òîáòî

!1 0
1

0
1

0
1

0
1( , ) {{ } ,{ } ,{ } ,{ } }f x f f f xi

N
i

N
i

N
i

N� 
 

� � � � . Äëÿ ñïðîùåííÿ âèêëàäîê ïðè-

ïóñòèìî, ùî âèêîíóºòüñÿ íàâåäåíà äàë³ óìîâà.

Óìîâà 1. Âèçíà÷èìî öþ óìîâó ó òàêèé ñïîñ³á: [ | ]��� � �b a� �1 íóë³â

ôóíêö³¿ sin �x íà [ , ]a b âõîäÿòü ó ÷èñëî âóçë³â xi êâàäðàòóðíî¿ ôîðìóëè.

Î÷åâèäíî, ùî ìíîæèíà ôóíêö³é W N L3, , íà êîæíîìó åëåìåíòàðíîìó

â³äð³çêó [ , ]x xi i�1 îáìåæåíà ÷îòèðìà êðèâèìè:

f f x x
f

x x
L

x xi i i
i

i i� 
 � �




� � �( ) ( ) ( )
2 6

2 3 ,

f f x x
f

x x
L

x xi i i
i

i i� � � � �� 
 � �




� � �1 1 1 1
2

1
3

2 6
( ) ( ) ( ) ,
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ÿê³ ïîïàðíî ïåðåòèíàþòüñÿ ó òî÷êàõ x x x xi i i i� � � �1 , äå

x x xi � min ( , )1 2 , x x xi � max( , )1 2 , (9)

x
x x f

L

q q p q q p
i i i

1
1 1 1

2
1
3

1 1
2

1
3

2 2 2 4 27 2 4 2
�

�
�




� � � � � � � �� "

7

33 ,

x
x x f

L

q q p q q p
i i i

2
1 2 2

2
2
3

2 2
2

2
3

2 2 2 4 27 2 4 2
�

�
�




� � � � � � � �� "

7

33 , (10)

Òóò

q
f

L

f

L
h f fi i

i i i1 2

3

2 12
2

3

4
2, ( ( )� �



�

�
�

�

�
� �






� 

 ��

" "
" 
 � 
 � 
 ��f

L
h f f fi i i i i) ( ( ) )

3

2
21 " ,

p h
f

L L
h f fi

i
i i i1 2

2
2

3

4

3

2
, ( (� �



�

�
�

�

�
�

�

�

�
�

�

�

�
�
� 

� 

�

"
1 2) )� 
"f i , h x xi i i� ��1 ,

" f f fi i i� ��1 , " 
 � 
 � 
�f f fi i i1 , " 

� 

 � 

�f f fi i i1 , L — êîíñòàíòà Ë³ïøèöÿ.

Îêðåìî ðîçãëÿíåìî â³äð³çêè x x xi i�[ , ] òà x x xi i�[ , ].

Ó âèïàäêó, êîëè x x xi i�[ , ], ç óðàõóâàííÿì ïîâåä³íêè ôóíêö³¿ sin �x âåðõíÿ

³ íèæíÿ ãðàíèö³ îáëàñò³ íåâèçíà÷åíîñò³ çíà÷åíü f x W N L( ) , ,� 3 ìàþòü âèãëÿä

f x f f x x
f

x x
L

x xi i i i
i

i i
� � � 
 � �




� � �( ) ( ) ( ) ( ) (

2 6

2 3 sign sin �xi ). (11)

Ó âèïàäêó, êîëè x x xi i�[ , ], ôóíêö³¿ f x� ( ) òà f x� ( ) âèçíà÷àþòüñÿ òàê:

f x f f x x
f

x x
L

i
x x x

i i i
i

i
i i

�

�
� � 
 � �




�

�


�

�( ) min ( ) ( )
[ , ] 2 6

2 ( ) ( )x x xi i� 3sign sin � ;

f f x x
f

x x
L

x xi i i
i

i i� � �
�

� �� 
 � �




� � �1 1 1
1

1
2

1
3

2 6
( ) ( ) ( ) sign sin( )�xi

�
�
�

;

f x f f x x
f

x x
L

i
x x x

i i i
i

i
i i

�

�
� � 
 � �



�


�

� �( ) max ( ) ( )
[ , ] 2 6

2 ( ) ( )x x xi i� 3sign sin � ;

f f x x
f

x x
L

x xi i i
i

i i� � �
�

� �� 
 � �




� � �1 1 1
1

1
2

1
3

2 6
( ) ( ) ( ) sign sin( )�xi

�
�
�

.

Âðàõóâàâøè, ùî f x� ( ) òà f x� ( ) çàëåæàòü â³ä çíàêà "f i , çàïèøåìî ö³

ñï³ââ³äíîøåííÿ ó âèãëÿä³

f x
f

f f x x
f

x x
L

xi
i

i i i
i

i
� �

�
� 
 � �




� � �( )

( )
( ) ( ) (

1

2 2 6

2sign "
x xi i) ( )3 sign sin �

�

�
�

�

�
� �

�
�

� 
 � �


�

�
� �� � �

�
�

1

2 2
1 1 1

1
1

sign ( )
( ) ( )

"f
f f x x

f
x xi

i i i
i

i
2

�

� �
�

�
��

L
x x xi i

6
1

3( ) ( )sign sin � . (12)
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Ó âèïàäêó x x xi i� �[ , ]1 ìàºìî

f x f f x x
f

x xi i i i
i

i
�

� � �
�

�� � 
 � �




�( ) ( ) ( )1 1 1
1

1
2

2
�

�
L

x x xi i
6

1
3( ) ( )� � sign sin � . (13)

Âèêîðèñòîâóþ÷è ñï³ââ³äíîøåííÿ (11)–(13), à òàêîæ (7), (8), îòðèìóºìî

f xi
 ( ) ³ p xi

 ( ) äëÿ [ , ]x xi i�1 . Çîêðåìà, f xi
 ( ) ìàº âèãëÿä:

f x

f f x x
f

x x x x x

f f

i

i i i
i

i i i

i

 �

� 
 � �




� �

� 


( )

( ) ( ) , [ , ] ,
2

1

2

2

i i
i

i i

i i
i

x x
f

x x f

f x x
f

( ) ( )

( )

� �


#

$
% � � �

� 
 � �




�

� �
�

2

2
1

1 1
1

2 12
1

2

3

( )

(sin ) (( ) (

x x
L

f

x x x

i i

i i

�
&

'
( � �

� � �

� sign ( )

sign

"

� x x x x x

f f x x
f

x x

i i i

i i i
i

� �

� 
 � �




�

�

� � �
�

1
3

1 1 1
1

2

) ) , [ , ],

( ) ( i i ix x x� ��

�




�
�
�
�
��

�

�
�
�
�
�
�

1
2

1) , [ , ].

(14)

Ëåãêî ïåðåâ³ðèòè, ùî öÿ ôóíêö³ÿ áóäå íåïåðåðâíîþ íà [ , ]x xi i�1 ³

f x Wi N L
 �( ) , ,3 .

×åáèøîâñüêèé ðàä³óñ p xi
 ( ) äëÿ [ , ]x xi i�1 ìàº âèãëÿä:

p x

L
x x x x x x

Lh
x

i

i i i i

i

 �

� �

�

( )

( ) (sin ), [ , ] ,

[

6

12
3 3

3

2

sign �

( ) ( ) ] (sin )x x x x x x x xi i i i i i i� � � � � �

�

� � �1 1
2

1 sign

sign (

�

"f f
x f f x f x x

f

i i
i i i i i

i

)
( )

2

"
"

"




� 
 � 

� � 

 �

#

$
% �

� � 


� �
2

2
1 1

f x f x
f

x
f

x x x xi i i i
i

i
i

i i i� � 
 � �




�


 &

'
( �� �

�
�1 1

2 1
1

2

2 2
, [ , ] ,

( ) (sin ), [ , ].
L

x x x x x xi i i i
6

1
3

1� �

�




�
�
�
�
��

�

�
�
�

� �sign �
�
�
�

(15)

×åáèøîâñüêèé öåíòð ³ ÷åáèøîâñüêèé ðàä³óñ îáëàñò³ íåâèçíà÷åíîñò³ êëàñó

W N L3, , âèçíà÷àþòüñÿ òàê:

f x f x
i

N

i
 

�

�
 �( ) ( )�

0

1

, � � 

�

�
 �( ) ( )x x

i

N

i�
0

1

. (16)

Ñïðàâåäëèâà íàñòóïíà òåîðåìà.

Òåîðåìà 3. Íåõàé âèêîíóºòüñÿ óìîâà 1, f x W N L( ) , ,� 3 , ³íôîðìàö³ÿ ïðî

ôóíêö³þ çàäàíà çà äîïîìîãîþ ³.î !1 0
1( , ) {{ }f x f i

N� � , { }
 �f i
N
0

1 , { }

 �f i
N
0

1 ,

{ } }xi
N
0

1� . Îïòèìàëüíîþ çà òî÷í³ñòþ êâàäðàòóðíîþ ôîðìóëîþ îá÷èñëåííÿ

³íòåãðàëà I 2 ( )� íà êëàñ³ W N L3, , ó ñåíñ³ õàðàêòåðèñòèê (3) º êâàäðàòóðíà ôîð-

ìóëà

R f x xdx f x xdx

a

b

i

x

x

i

N

i

i

2

0

2 1

( ) ( ) ( )� � �� �  

�

�

� ��
�

sin sin , (17)
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äå f x ( ) âèçíà÷àºòüñÿ ñï³ââ³äíîøåííÿìè (14), (16), ïðè÷îìó

� �
�

�
( ,{ } , )

| |
, , ,W

L a
N L i

N
3 1 0

1

42
! � � �

sin

� � �
�

�

�
L

x x

i

N

i i i i
���

� � � �
4

0

2
3

1
3

16sign sin( )[( )cos (
, ," " � � �3

4
3

46" "
, , )cos
i i ix� �

� � � � �( )sin ( )sin ]
, ,

3 6 3 62
1
2 2

4
2� � � �" "

i i i ix x

� � 
 � 

�

�

��
1 1

2
2 2 2

3
0

2
2

1 1 2
��

�sign

i

N

i i i i if f f f( ) ( ( , ," " " " i i i i i
f f� 

 � 



#

$%
��" "

1
2

1 2
2

, ,
)

� 

 � � 
 � 
 � 

�" " " " "f x f f f fi i i i i i i i)cos ( ( , ,� �
1

2
2 2 22

3 1 4 3
2

1 4
2

, ,
)

i i i
f� 

 �� "

� 

 � 
 � 

 � 

 ��" " " "f x f f f xi i i i i i i i)cos ( )sin, ,� � �1 1 2

� 
 � 

 � 

 &

'
( ��� �

�

�
( )sin

| |
, ," " "f f f x

L b
i i i i i i3 1 4

42

sin
, (18)

äå xi , xi , x1, x2 âèçíà÷åí³ ó (9), (10),

"1,i i ix x� � , "2 1,i i ix x� �� ,

"3,i i ix x� � , "4 1,i i ix x� �� . (19)

Äîâåäåííÿ. Óâåäåìî ïîçíà÷åííÿ çã³äíî ç (19).

Íà ï³äñòàâ³ (8), (15), (19) ìàºìî

� � �( ,{ } , ) ( ) ( ( ) ( )), , ,W p f x f xN L i
N

a

b

3 1 0
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Òàêèì ÷èíîì, îòðèìàëè îö³íêó çíèçó (18). Äëÿ çàâåðøåííÿ äîâåäåííÿ íå-

îáõ³äíî îòðèìàòè â³äïîâ³äíó îö³íêó çâåðõó äëÿ êâàäðàòóðíî¿ ôîðìóëè (17) îá-

÷èñëåííÿ ³íòåãðàëà I 2 ( )� . Äëÿ öüîãî îá÷èñëèìî
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Òåîðåìó äîâåäåíî.

Çàóâàæåííÿ 3. Òâåðäæåííÿ, àíàëîã³÷í³ äî òåîðåìè 3, ìîæíà äîâåñòè äëÿ

³íòåãðàëà I 3 ( )� , îòæå, ³ äëÿ I1 ( )� .

Òàêèì ÷èíîì, ó ñòàòò³ ïîáóäîâàíî îïòèìàëüí³ çà òî÷í³ñòþ òà áëèçüê³ äî íèõ

(îïòèìàëüí³ çà ïîðÿäêîì òî÷íîñò³) êâàäðàòóðí³ ôîðìóëè îá÷èñëåííÿ ³íòåãðàë³â

â³ä øâèäêîîñöèëþâàëüíèõ ôóíêö³é âèãëÿäó (1) äëÿ êëàñ³â W L3, , W N L3, , ãëàäêèõ

ôóíêö³é òà îòðèìàíî îö³íêè ïîõèáêè öèõ êâàäðàòóðíèõ ôîðìóë.
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L.V. Luts
OPTIMAL CALCULATION OF INTEGRALS OF RAPIDLY OSCILLATING
FUNCTIONS FOR SOME CLASSES OF DIFFERENTIAL FUNCTIONS

Abstract. The author considers the problem of calculating integrals of rapidly oscillating
functions from some classes of differential functions, in particular, in the case of the
interpolation class of functions, where the information operator is specified by a fixed table of
its values. Quadrature formulas for calculating integrals of rapidly oscillating functions have
been constructed that are optimal in terms of accuracy and optimal in order of accuracy. The
optimal estimates for the error of the method are obtained.

Keywords: integrals of rapidly oscillating functions, interpolation classes of functions,
quadrature formulas optimal in terms of accuracy, method of boundary functions, lower
estimate of numerical integration error.
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