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Àíîòàö³ÿ. Ðîçãëÿíóòî çàäà÷ó ç ãîëîâíèìè òà ïðèðîäíèìè óìîâàìè íà ìåæ³ â³äð³çêà. Çà-
ïðîïîíîâàíî íîâèé ìåòîä ïîáóäîâè òî÷íîãî äèñêðåòíîãî àíàëîãà ö³º¿ çàäà÷³. Ìåòîä ïîëÿ-
ãàº â ïðîºêòóâàíí³ äèôåðåíö³àëüíîãî ð³âíÿííÿ íà ëîêàëüí³ ñïëàéíè, óòâîðåí³ ôóíäàìåí-
òàëüíîþ ñèñòåìîþ ðîçâ’ÿçê³â çàäà÷ Êîø³ äëÿ îäíîð³äíîãî ð³âíÿííÿ âèõ³äíî¿ çàäà÷³. Îäåð-
æàíî ñèñòåìó ë³í³éíèõ àëãåáðà¿÷íèõ ð³âíÿíü ç 5-ä³àãîíàëüíîþ ìàòðèöåþ ñòîñîâíî òî÷íèõ
çíà÷åíü ðîçâ’ÿçêó âèõ³äíî¿ çàäà÷³ â òî÷êàõ ð³âíîì³ðíî¿ ñ³òêè. Äëÿ ðåàë³çàö³¿ òî÷íîãî àíà-
ëîãà çàïðîïîíîâàíî âèêîðèñòàòè ñõåìè âèñîêîãî ïîðÿäêó òî÷íîñò³, ÿê³ óòâîðåí³ ç ÷àñòèí-
íèõ ñóì ðÿä³â ç ïàðíèìè ñòåïåíÿìè êðîêó ñ³òêè äëÿ ðîçâ’ÿçê³â çàäà÷ Êîø³.

Êëþ÷îâ³ ñëîâà: êðàéîâà çàäà÷à, çâè÷àéíå äèôåðåíö³àëüíå ð³âíÿííÿ 4-ãî ïîðÿäêó, çàäà÷à
Êîø³, âèçíà÷íèê Âðîíñüêîãî, ëîêàëüíèé ñïëàéí, ñóïåðïîçèö³ÿ ðîçâ’ÿçê³â, òî÷íèé äèñêðåò-
íèé àíàëîã, ñèñòåìà ë³í³éíèõ àëãåáðà¿÷íèõ ð³âíÿíü, 5-ä³àãîíàëüíà ìàòðèöÿ.

ÂÑÒÓÏ

Òî÷í³ ñ³òêîâ³ àíàëîãè êðàéîâî¿ çàäà÷³ äëÿ çàãàëüíîãî ð³âíÿííÿ ç ãîëîâíèìè

óìîâàìè íà ìåæ³ â³äð³çêà ïîáóäîâàíî ç âèêîðèñòàííÿì ôóíêö³¿ Ãð³íà â [1, 2].

Òî÷íà ñõåìà äëÿ îêðåìîãî ð³âíÿííÿ áåç óðàõóâàííÿ êðàéîâèõ óìîâ îäåðæàíà

ïðîºêòóâàííÿì íà ñïëàéí â [3].

Ó ö³é ðîáîò³ äëÿ çàãàëüíîãî ð³âíÿííÿ ç ãîëîâíèìè òà ïðèðîäíèìè êðàéîâèìè

óìîâàìè ïðîºêòóâàííÿì íà ëîêàëüí³ ñïëàéíè ïîáóäîâàíî ñèñòåìó ë³í³éíèõ àëãåá-

ðà¿÷íèõ ð³âíÿíü (ÑËÀÐ) ñòîñîâíî òî÷íèõ çíà÷åíü ðîçâ’ÿçêó âèõ³äíî¿ çàäà÷³ â òî÷-

êàõ ð³âíîì³ðíî¿ ñ³òêè. Ñïëàéíè óòâîðåí³ ç ë³í³éíî íåçàëåæíèõ ðîçâ’ÿçê³â çàäà÷

Êîø³ äëÿ îäíîð³äíîãî ð³âíÿííÿ âèõ³äíî¿ çàäà÷³. Êîåô³ö³ºíòè á³ëÿ òî÷íèõ çíà÷åíü

ðîçâ’ÿçêó ðîçãëÿíóòî¿ çàäà÷³ òàê³ ñàì³, ÿê â [1, 2], àëå îäåðæàí³ ç óìîâ íåïåðåðâ-

íîñò³ ñïëàéí³â òà ¿õí³õ ïîõ³äíèõ äî 2-ãî ïîðÿäêó âêëþ÷íî òà ðîçðèâíîñò³ ïîõ³äíèõ

3-ãî ïîðÿäêó â öåíòðàëüíèõ òî÷êàõ ñïëàéí³â. Ó ö³é ðîáîò³ ñ³òêîâ³ ð³âíÿííÿ ïîäàíî

ó âèãëÿä³, çðó÷íîìó äëÿ ïðàêòè÷íî¿ ðåàë³çàö³¿, îñê³ëüêè âèçíà÷íèêè Âðîíñüêîãî

ðîçâ’ÿçê³â çàäà÷ Êîø³ âèçíà÷àþòüñÿ ëèøå ÷åðåç êîåô³ö³ºíòè ñïëàéí³â.

Ðîçãëÿíåìî òàêó çàäà÷ó:

LU pU qU rU f x x l� �� �� � � � � � � �( ) ( ) ( ), 0 ,

U A� 0 , � �U B0 , x � 0, (1)

pU Al�� � , ( )pU Bl�� � � , x l� ,

äå

0 00
2� � 	p p x C l( ) ( ; )( ) , 0 01� 	q x C l( ) ( ; )( ) ,

0 0� 	r x C l( ) ( ; ), f x L l( ) ( ; )	 2 0 .

Ãëàäê³ñòü ðîçâ’ÿçêó çàäà÷³ (1) äîñë³äæåíî â [4]. Íà â³äð³çêó [ ; ]0 l óâåäåìî

ð³âíîì³ðíó ñ³òêó âóçë³â

x ih i N h
l

N
i � � �, , , , ,0 1 � .
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ÒÎ×Í² Ë²Â² ÊÐÀÉÎÂ² ÓÌÎÂÈ

Äëÿ îäåðæàííÿ òî÷íîãî ñ³òêîâîãî àíàëîãà ë³âî¿ êðàéîâî¿ óìîâè ó âóçë³ x h1 �
âèêîðèñòàºìî ñïëàéí

~

~ ( )
~

( ), ,
~ ( )

~
( ),S

a u x b u x x h

c u x d u x h x1

1 1 1 2

1 3 1 4

0

�

� � �

� � � 2

2 31 4

h

d u x h x h

,
~

( ), .� �




�
�



�

Òóò u jj , , , ,�1 2 3 4, — ðîçâ’ÿçêè îäíîð³äíîãî ð³âíÿííÿ Lu j � 0 ç ïî÷àòêîâèìè

óìîâàìè

u u pu pu

u u pu pu
1 1 1 1

2 2 2 2

0 1

0 1

� � � �� � �� � �
� � � �� � �� �

, ( )

, , ( ) �
�
�
�

�
0

0äëÿ x , (2)

u u pu pu3 3 3 30 1� � � �� � �� � � �, ( ) äëÿ x h� 2 ,

u u pu pu4 4 4 40 1� � � �� � �� � � �, ( ) äëÿ x h� 3 .

Îñê³ëüêè âðîíñüê³àí �1 ñèñòåìè u j º ñòàëîþ âåëè÷èíîþ, òî çíàéäåìî éîãî

â òî÷ö³ x � 0:

�1

3 4

3 4

3 4

3 3

3

0 0

0 0

0 1

1 0

�
� �
�� ��
�� � �� �

�

u u

u u

pu pu

pu pu

u

( ) ( )

�
�

u

u u
3

4 4
. (3)

Ïîêàæåìî, ùî �1 0� . Ïðèïóñòèìî ñóïðîòèâíå. Òîä³ ³ñíóþòü ÷èñëà

� � � �1 2 1
2

2
2 0, , � � ,

äëÿ ÿêèõ ó òî÷ö³ x � 0 âèêîíóþòüñÿ ñï³ââ³äíîøåííÿ

� �1 2 0 3 4u u jj j� � � �, , .

Â³äïîâ³äíî äî óìîâ ó òî÷êàõ x h� 2 ³ x h� 3 îäåðæóºìî âëàñí³ ôóíêö³¿

u jj , ,� 3 4, ç íóëüîâèì âëàñíèì çíà÷åííÿì. Îäíàê óñ³ âëàñí³ çíà÷åííÿ âèïëè-

âàþòü ³ç ôîðìóëè

� � �� � � � �� [ ( ) ( ) ] , ,p u q u ru dx jj

h

j j
2

0

3
2 2 3 4, (4)

³ íå ìîæóòü áóòè íóëüîâèìè âíàñë³äîê óìîâ ùîäî p q r, , â (1). Îòæå, âñÿ

ñèñòåìà u jj , , , ,�1 2 3 4, ë³í³éíî íåçàëåæíà.

Çàçíà÷èìî, ùî ñòîñîâíî íåçàëåæíîñò³ ñèñòåì òóò ³ äàë³ íåìàº îáìåæåíü

íà êðîê ñ³òêè, àëå öå ïîìèëêîâî ïðèïóñêàëîñÿ â ðîáîò³ [1].

Êîåô³ö³ºíòè ~ ,
~

, ~ ,
~

a b c d1 1 1 1 âèçíà÷àþòüñÿ ç òàêèõ óìîâ ãëàäêî¿ íåïåðåðâíîñò³
~
S1 â òî÷ö x h� ç³ ñòðèáêîì ïîõ³äíèõ 3-ãî ïîðÿäêó:

~ ~ ~ ~
a u b u c u d u1 1 1 2 1 3 1 4� � � ,

~ ~ ~ ~
a u b u c u d u1 1 1 2 1 3 1 4� � � � � � � ,

~ ~ ~ ~
a u b u c u d u1 1 1 2 1 3 1 4�� � �� � �� � �� ,

~ ( )
~

( ) ~ ( )
~

( )a pu b pu c pu d pu1 1 1 2 1 3 1 4 1�� � � �� � � �� � � �� � � . (5)

Çà äîïîìîãîþ ³íòåãðóâàííÿ ÷àñòèíàìè äîâîäÿòüñÿ òàê³ çâ’ÿçêè ì³æ u j :

u u h3 10 2( ) ( )� , u u h4 10 3( ) ( )� ,

� � �u u h3 20 2( ) ( ), � � �u u h4 20 3( ) ( ), (6)

u h u h4 32 3( ) ( )� � .
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Òîìó âðîíñüê³àí çàïèøåìî ó âèãëÿä³

�1
1 1

2 2

2 3

2 3
�

u h u h

u h u h

( ) ( )

( ) ( )
.

Óâåäåìî ïîçíà÷åííÿ

� � � � �� � � � � � � �u u u u u h3 4 3 4 40 0 0 0 2( ), ( ), ( ), ( ), ( ). (7)

Âèïèøåìî ðîçâ’ÿçîê ñèñòåìè (5):

a

u u u

u u u

u u u

1

3 2 4

3 2 4

3 2 4

� � � �

�� �� ��

, b

u u u

u u u

u u u

1

1 3 4

1 3 4

1 3 4

� � � �

�� �� ��

,

c

u u u

u u u

u u u

1

1 2 4

1 2 4

1 2 4

� � � �

�� �� ��

, d

u u u

u u u

u u u

1

2 1 3

2 1 3

2 1 3

� � � �

�� �� ��

.

Òóò a a1 1 1� � ~ , b b1 1 1� �
~

, c c1 1 1� � ~ , d d1 1 1� �
~

.

Ðîçêðèâàþ÷è âèçíà÷íèêè çà ïåðøèì ðÿäêîì òà ³íòåãðóþ÷è ÷àñòèíàìè, îò-

ðèìàºìî

a u u u b u u u1 3 2 4 1 3 3 1� � � � � �� � � � � �, ,

c u u d u u1 1 2 1 2 1� � � � �� � � �, , (8)

u u h jj j� �( ), , , ,1 2 3 4.

Íàâåäåìî �1 ÷åðåç êîåô³ö³ºíòè S S1 1 1� �
~

. Ïî-ïåðøå, ìàºìî

( ) ( ) ( ) ( ) ( )pS dx pS h pS d a

h

�� �� � �� � � �� � � � �� 1

0

3

1 1 1 13 0 .

Ïî-äðóãå, áåðó÷è äî óâàãè (2) òà ñòðèáîê ïîõ³äíèõ ó òî÷ö³ x h� , îäåðæóºìî

( ) [( ) ( ) ( ) ( )]pS dx a pu h pu

h

�� �� � �� � � �� � �� 1

0

3

1 1 1 0

� �� � � �� � � �� � � ��b pu h pu c pu h pu1 2 2 1 30 2[( ) ( ) ( ) ( )] [( ) ( ) ( 3 � �) ( )]h

� �� � � �� � � � � �d pu h pu h a c d1 4 4 1 1 1 13[( ) ( ) ( ) ( )] � .

Îòæå, �1 1� c .

Óíàñë³äîê ïðîºêòóâàííÿ äèôåðåíö³àëüíîãî ð³âíÿííÿ íà ñïëàéí S1 ìàºìî

òî÷íèé ñ³òêîâèé àíàëîã ë³âî¿ êðàéîâî¿ óìîâè:

a U b U c U h d U h U h S x f x dx1 1 1 1 1 1

0

0 0 2 3( ) ( ) ( ) ( ) ( ) ( ) ( )� � � � � ��
3h

� . (9)

Îñê³ëüêè �1 1� c , òî ð³âí³ñòü (9) ñòàº ïðîñò³øîþ äëÿ ïðàêòè÷íîãî çàñòîñóâàí-

íÿ, í³æ ó ðîáîò³ [2]:

c U h d U h c U h S x f x dx a A b B

h

1 1 1 1

0

3

1 0 1 02 3( ) ( ) ( ) ( ) ( )� � � � �� . (10)

Êîåô³ö³ºíòè (8) òàê³ ñàì³, ÿê â [3], äå âîíè âèçíà÷àþòüñÿ ³íøèì ñïîñîáîì.

Ð³âíÿííÿ (9) óçãîäæåíî ç ïðèíöèïîì ñóïåðïîçèö³¿ ðîçâ’ÿçê³â. Ë³âà ÷àñòèíà (9)

º ë³í³éíîþ êîìá³íàö³ºþ ñ³òêîâèõ çíà÷åíü òî÷íîãî ðîçâ’ÿçêó îäíîð³äíîãî ð³âíÿí-

íÿ LU � 0 ç íåîäíîð³äíèìè óìîâàìè, à ïðàâà ÷àñòèíà äàº ðîçâ’ÿçîê íå-
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îäíîð³äíîãî ð³âíÿííÿ ç íóëüîâèìè êðàéîâèìè óìîâàìè. Òîìó êîå-

ô³ö³ºíòè (8) îòðèìàºìî ³íøèì ñïîñîáîì. Ðîçâ’ÿçàííÿ îäíîð³äíîãî ð³âíÿííÿ

íà â³äð³çêó [ ; ]0 3h ïîäàìî ó âèãëÿä³

U x T u xj j

j

( ) ( )�
�
�

1

4

. (11)

Áåðó÷è äî óâàãè (3), (6), (7), äëÿ âèçíà÷åííÿ T j ä³ñòàíåìî ÑËÀÐ

T T T T

T T T T

T

1 2 3 4 1

1 2 3 4 2

1

0 0

0 0

� � � � � � � �
� � � � � � � �
�

� �

� �

�

�
�

,

,

� � � � � � �
� � � � � � � �




�
�



� T T T

T T T T
2 3 4 3

1 2 3 4 4

0

0

� �

� � �

�
�

,

,

(12)

äå � � � �1 2 3 40 0 2 3� � � � �U U U h U h( ), ( ), ( ), ( ). Âèçíà÷íèê ñèñòåìè âíàñ-

ëiäîê çâ’ÿçê³â (6) ñòàíîâèòü �
1
2 . Ðîçâ’ÿçîê ñèñòåìè (12):

� �1 3 1 2 1 4 2 1T T� � � ��	 � 	 �	 � 	, ,

� � � � � � � �1 1 3 4 2 1 2 3 4 1T T� � � � � �� � � � � �, . (13)

Ï³äñòàâëÿþ÷è (13) â (11) äëÿ x h� , ìàºìî ð³âíÿííÿ

�1 1 1 1 10 0 2 3U h a U b U c U h d U h( ) ( ) ( ) ( ) ( )� � � � �

ç òàêèìè ñàìèìè êîåô³ö³ºíòàìè, ÿê ó ôîðìóëàõ (8).

ÒÎ×Í² ÓÌÎÂÈ ÂÑÅÐÅÄÈÍ² Â²ÄÐ²ÇÊÀ

Äëÿ îòðèìàííÿ òî÷íîãî ñ³òêîâîãî àíàëîãà äèôåðåíö³àëüíîãî ð³âíÿííÿ ó âóçëàõ

x i Ni , , ,� �2 2� , âèêîðèñòàºìî, òàê ñàìî, ÿê â îêðåìîìó âèïàäêó [3], ñïëàéí

~

~ ( ), ,

~ ( )
~

( ),
S

a v x x x x

a v x b v x x
i

i
i

i i

i
i

i
i

i
�

� �

�

� �

�

1 2 1

1 2 1 � �

� � � �

�

x x

c v x d v x x x x

d v x x

i

i
i

i
i

i i

i
i

i

,

~ ( )
~

( ), ,
~

( ),

3 4 1

4 1 � �




�

�
�




�
�

�x xi 2 .

(14)

×åðåç íàÿâí³ñòü áàãàòüîõ ð³çíèõ ³íäåêñ³â íàäàë³ ³íäåêñ i â ñèñòåì³ v j íå ïè-

øåìî. Òóò v j — öå ðîçâ’ÿçîê îäíîð³äíîãî ð³âíÿííÿ Lv j � 0 ç ïî÷àòêîâèìè

óìîâàìè

v v v pv1 1 1 10 1� � � �� � �� � �, ( ) äëÿ x xi� �2 ,

v v v pv2 2 2 20 1� � � �� � �� � �, ( ) äëÿ x xi� �1 ,

v v v pv3 3 3 30 1� � � �� � �� � � �, ( ) äëÿ x xi� �1 ,

v v v pv4 4 4 40 1� � � �� � �� � � �, ( ) äëÿ x xi� � 2 .

Ñèñòåìà v j ë³í³éíî íåçàëåæíà. Äîâåäåííÿ, ÿê ³ ó âèïàäêó u j , âèïëèâàº â³ä

ñóïðîòèâíîãî. Ïðèïóñòèâøè, ùî âèçíà÷íèê Âðîíñüêîãî � i ñèñòåìè v j , íàïðèê-

ëàä, ó òî÷ö³ xi äîð³âíþº íóëþ, îäåðæèìî ë³í³éíó çàëåæí³ñòü ðÿäê³â àáî

ñòîâïö³â. Òîä³ v j áóäóòü âëàñíèìè ôóíêö³ÿìè ç íóëüîâèì âëàñíèì çíà÷åííÿì,

à öå ñóïåðå÷èòü ñï³ââ³äíîøåííþ (4) äëÿ v j . Òàê ñàìî, ÿê ³ â [1], êîåô³ö³ºíòè

ñïëàéíó (14) âèçíà÷àþòüñÿ ç óìîâ (5) äëÿ
~
S i â òî÷ö³ xi .

Óíàñë³äîê ïðîºêòóâàííÿ äèôåðåíö³àëüíîãî ð³âíÿííÿ íà ñïëàéí (14) â [3]

íàâåäåíî òî÷íèé ñ³òêîâèé àíàëîã

a U x b U x c U x d U x U xi i i i i i i i i i( ) ( ) ( ) ( ) ( )� � � �� � � � �2 1 1 2 � S x f x dxi

x

x

i

i

( ) ( )

�

�

�
2

2

. (15)



Òóò a ai i i� � ~ , b bi i i� �
~

, c ci i i� � ~ , d di i i� �
~

, S Si i i� �
~

, � i — âèçíà÷íèê

Âðîíñüêîãî äëÿ v j . Îñê³ëüêè ë³âà ÷àñòèíà (15) º ë³í³éíîþ êîìá³íàö³ºþ ñ³òêî-

âèõ çíà÷åíü òî÷íîãî ðîçâ’ÿçàííÿ îäíîð³äíîãî ð³âíÿííÿ LU � 0 ç íåîäíîð³äíè-

ìè êðàéîâèìè óìîâàìè íà ìåæ³, òî êîåô³ö³ºíòè ñïëàéíó îäåðæèìî ³íøèì

ñïîñîáîì. Ðîçâ’ÿçàííÿ îäíîð³äíîãî ð³âíÿííÿ çîáðàæóºòüñÿ ó âèãëÿä³

U x T v xj j

j

( ) ( )�
�
�

1

4

, x x xi i	 � �[ ; ]2 2 . (16)

Óâåäåìî ïîçíà÷åííÿ:

� � � �� � � �� � � �v x v x v x v xi i i i2 2 3 2 4 2 3 1( ), ( ), ( ), ( ),

� 
� �� �v x v xi i4 2 4 1( ), ( ), (17)

� � � �1 2 2 1 3 1 4 2� � � �� � � �U x U x U x U xi i i i( ), ( ), ( ), ( ).

Çàñòîñîâóþ÷è ³íòåãðóâàííÿ ÷àñòèíàìè, â [3] îäåðæàíî òàê³ çâ’ÿçêè ì³æ v j :

v x v x v x v x v x v xi i i i i2 2 1 1 3 2 1 1 4 2 1( ) ( ), ( ) ( ), ( ) (� � � � �� � � � i� 2 ),

v x v x v x v x v x v xi i i i i3 1 2 1 4 1 2 2 4 1 3( ) ( ), ( ) ( ), ( ) (� � � � �� � � � i� 2 ). (18)

Íåâ³äîì³ T j çíàéäåìî ç³ ÑËÀÐ

U x T v x x i i i ik j j k

j

k( ) ( ), , , ,� � � � � �
�
�

1

4

2 1 1 2. (19)

Áåðó÷è äî óâàãè (14), (17), ³ (18), ïåðåòâîðèìî ñèñòåìó (19) äî âèãëÿäó

T T T T

T T T T

T

1 2 3 4 1

1 2 3 4 2

1

0

0

� � � � � � � �
� � � � � � � � �

�

� � �

� � �

�
�

,

,

� � 


� � 


� � � � � � �
� � � � � � � �




�
�



� T T T

T T T T
2 3 4 3

1 2 3 4 4

0

0

�
�

,

.

(20)

Ðîçâ’ÿçàííÿ ñèñòåìè (20):

� � �i iT T1 2 4 3 2 3 4 1� � � � � �
 	 � 	 � 	 � �	 
	, ,

� �i iT T3 2 4 1 4 1 2 3� � � � � �� 	 � 	 � 	 � 	 � 	 � 	, . (21)

Ï³ñëÿ ï³äñòàíîâêè â (16) äëÿ x xi� îòðèìàºìî

� i i i i i i i i i iU x a U x b U x c U x d U x( ) ( ) ( ) ( ) ( )� � � �� � � �2 1 1 2 ,

äå

a v v v b v v vi i� � � � � �� 
 � 
 � �4 2 3 1 3 4, ,

c v v v d v v vi i� � � � � �� � � � � �2 1 4 1 3 2, , (22)

v v xj j i� ( ).

Êîåô³ö³ºíòè (22) òàê³ ñàì³, ÿê ó [1, 2], äå âîíè çíàéäåí³ ³íøèì ñïîñîáîì.

Îäíàê äëÿ ïðàêòè÷íîãî çàñòîñóâàííÿ ïîäàìî ïðîñò³øèé òî÷íèé àíàëîã.

Äëÿ öüîãî âèðàçèìî � i ÷åðåç êîåô³ö³ºíòè ñïëàéíó S i . Ïî-ïåðøå,

( ) ( )' ( ) ( ) ( )pS dx pS x pS xi

x

i i i i

i

xi

�� �� � �� � �� �

�

�

� � �

2

2

2 2 � � �d ai i .

Ïî-äðóãå, âèêîðèñòîâóþ÷è óìîâè Êîø³ äëÿ v j òà ñòðèáîê ïîõ³äíèõ ó òî÷ö³ xi ,

ìàºìî

ISSN 1019-5262. Ê³áåðíåòèêà òà ñèñòåìíèé àíàë³ç, 2024, òîì 60, ¹ 2 143



( ) [( ) ( ) ( ) (pS dx a pv x pv xi

x

x

i i i

i

i

�� �� � �� � � �� �

�

�

� �

2

2

1 1 2 )] [( ) ( ) ( ) ( )]� �� � � �� � ��b pv x pv xi i i2 2 1

� �� � � �� � � �� �� �c pv x pv x d pv xi i i i i[( ) ( ) ( ) ( )] [( ) ( )3 1 3 4 2 � �� � �( ) ( )]pv xi4

� � � � � �a b c di i i i i� .

Òîä³ � i i ib c� � . Îòæå, òî÷íèé ñ³òêîâèé àíàëîã äèôåðåíö³àëüíîãî ð³âíÿííÿ â

êîæí³é òî÷ö³ x i Ni , , ,� �2 2� , ìàº âèãëÿä

a U x b U x c U x d U x b c U xi i i i i i i i i i( ) ( ) ( ) ( ) ( ) (� � � �� � � � �2 1 1 2 i ) �

�

�

�

� S x f x dxi

x

x

i

i

( ) ( )

2

2

. (23)

ÒÎ×Í² ÏÐÀÂ² ÊÐÀÉÎÂ² ÓÌÎÂÈ

Äëÿ îäåðæàííÿ òî÷íîãî ñ³òêîâîãî àíàëîãà ïðàâî¿ ïðèðîäíî¿ êðàéîâî¿ óìîâè

âèêîðèñòàºìî ñïëàéí

~
( )

~ ( ), ,
~ ( )

~
( ),S x

a w x l h x l h

c w x b w x l hN

N

N N�

� � � �

� �
1

1 2

3 2

2 � � �

� � � �




�
�



�

x l h

c w x d w x l h x lN N

,
~ ( )

~
( ), .3 4

(24)

Òóò w j — ðîçâ’ÿçêè îäíîð³äíîãî ð³âíÿííÿ Lw j � 0 ç ïî÷àòêîâèìè óìîâàìè

w w pw pw1 1 1 10 1� � � � � �� � �, ( ) äëÿ x l h� � 3 ,

w w pw pw2 2 2 20 1� � � �� � �� � �, ( ) äëÿ x l h� � 2 ,

w w pw pw

w w pw pw
3 3 3 3

4 4 4 4

0 1 0

1

� � � � �� � �� � �
� � � �� � �� �

, , ( )

, ( ) �
�
�
�0

äëÿ x l� . (25)

Âèçíà÷íèê Âðîíñüêîãî � N ñèñòåìè w jj , , , ,�1 2 3 4, â òî÷ö³ x l� ìàº âèãëÿä:

� N
pw pw

pw pw
�

�� ��
�� � �� �

�1 2

1 2

0
( ) ( )

.

Äîâåäåííÿ, ÿê ³ âèùå, â³ä ñóïðîòèâíîãî. Îòæå, ñèñòåìà w j ë³í³éíî íåçàëåæíà.

Ïðîºêòóâàííÿì äèôåðåíö³àëüíîãî ð³âíÿííÿ íà ñïëàéí (24) îòðèìóºìî òî÷-

íå ñ³òêîâå ð³âíÿííÿ

a U l h b U l h c pU l d pU l U l hN N N N N( ) ( ) ( ) ( ) ( ) (� � � � �� � �� � � �3 2 � ) �

�

�
� S x f x dxN

l h

l

( ) ( )

3

. (26)

Òóò a aN N N� � ~ , b bN N N� �
~

, c cN N N� � ~ , d dN N N� �
~

, S SN N N� �
~

.

Êîåô³ö³ºíòè â (24) âèçíà÷àþòüñÿ ç óìîâ (5) äëÿ
~
S N â òî÷ö³ x l h� � .

ßê ³ âèùå, ë³âà ÷àñòèíà (26) º ë³í³éíîþ êîìá³íàö³ºþ ñ³òêîâèõ çíà÷åíü òî÷íîãî

ðîçâ’ÿçêó îäíîð³äíîãî ð³âíÿííÿ LU � 0 ç íåîäíîð³äíèìè êðàéîâèìè óìîâàìè.

Òîìó, íå ðîçâ’ÿçóþ÷è ÑËÀÐ, çíàéäåìî êîåô³ö³ºíòè â (24) ³íàêøå. Ðîçâ’ÿçîê îä-

íîð³äíîãî ð³âíÿííÿ íà â³äð³çêó [ ; ]l h l� 3 ïîäàìî ó âèãëÿä³

U x T w xj j

j

( ) ( )�
�
�

1

4

. (27)
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Íåâ³äîì³ T j çíàéäåìî ç òàêî¿ ñèñòåìè:

T w l h U l hj j

j

( ) ( )� � �
�
� 3 3

1

4

,

T w l h U l hj j

j

( ) ( )� � �
�
� 2 2

1

4

,

T pw l pU lj j

j

�� � ��
�
� ( ) ( )

1

4

,

T pw l pU lj j

j

( ) ( ) ( ) ( )�� � � �� �
�
�

1

4

. (28)

Óâåäåìî ïîçíà÷åííÿ:

� � �� � � � � �w l h w l h w l h2 3 43 3 3( ), ( ), ( ) ,

� �� � � �w l h v l h3 42 2( ), ( ), (29)

� � � �1 2 3 43 2� � � � � �� � �� �U l h U l h pU l pU l( ), ( ), ( ), ( ) ( ).

²íòåãðóþ÷è ÷àñòèíàìè, ä³ñòàºìî òàê³ çâ’ÿçêè ì³æ w j :

w l h w l h w l h pw l2 1 3 13 2 3( ) ( ), ( ) ( )� � � � � � �� ,

w l h pw l w l h pw l v l h p4 1 3 2 43 2 2( ) ( ) ( ), ( ) ( ), ( ) (� � �� � � � �� � � �� �w l2 ) ( ). (30)

Âèêîðèñòîâóþ÷è (25), (29) ³ (30), çàïèøåìî ñèñòåìó ³íàêøå:

T T T T

T T T T

T

1 2 3 4 1

1 2 3 4 2

1

0

0

� � � � � � � �
� � � � � � � �
�

� � �

� � �

�

�
�

,

,

� � � � � � �
� � � � � � � �




�
�



� T T T

T T T T
2 3 4 3

1 2 3 4 4

0 0

0 0

�

� �

�
�

,

.

(31)

Ðîçâ’ÿçàííÿ ñèñòåìè (31) ïîäàìî ó âèãëÿä³

� � � � � �N NT T1 3 4 2 4 3� � � �� � � �, ,

� � � � � � � �N NT T3 1 2 4 4 2 1 3� � � � � �� � � � � �, . (32)

Ï³äñòàâëÿþ÷è (32) ó (27) äëÿ x l h� � , îäåðæèìî

� N N N N NU l h a U l h b U l h c pU l d pU l( ) ( ) ( ) ( ) ( ) (� � � � � � �� � �� �3 2 ),
äå

a w w b w w c w w wN N N� � � � � � �� � � � � � �3 4 4 3 1 2 4, , ,

d w w w w w l hN N j j� � � � � � �� � � �� ��2 1 3 , , ( )� .

Â³äì³òèìî, ùî âèçíà÷íèê ñèñòåìè (31) º êâàäðàòîì âèçíà÷íèêà Âðîíñüêîãî
äëÿ w j , îñê³ëüêè ñïðàâäæóþòüñÿ çâ’ÿçêè (30).

Äëÿ ïðàêòè÷íîãî çàñòîñóâàííÿ ïîäàìî � N , âèêîðèñòîâóþ÷è êîåô³ö³ºíòè
ñïëàéíó (24). ßê ³ âèùå, ñïî÷àòêó ìàºìî

( ) ( ) ( ) ( ) ( )pS dx pS l pS l h aN

l h

l

N N N�� �� � �� � � �� � � � �

�
�
3

3 .

Äàë³, áåðó÷è äî óâàãè (25) òà ñòðèáîê ( ) ( )pS l hN�� � � , îòðèìóºìî

( ) [( ) ( ) ( ) ( )]pS dx a pw l h pw l hN

l h

l

N�� �� � �� � � � �� � �

�
�
3

1 1 3 �

� �� � � � �� � � � �� � �b pw l h pw l h c pw lN N[( ) ( ) ( ) ( )] [( ) ( )2 2 32

� �� � � � �� � � �� � � �( ) ( )] [( ) ( ) ( ) ( )]pw l h d pw l pw l hN3 4 4 � � �a bN N N� .
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Îòæå, � N Nb� . Òîìó òî÷íèì ñ³òêîâèì àíàëîãîì ïðàâî¿ êðàéîâî¿ óìîâè

º ð³âíÿííÿ

a U l h b U l h b U l hN N N( ) ( ) ( )� � � � � �3 2

� � �

�
� S x f x dx c A d BN

l h

l

N l N l( ) ( )

3

. (33)

Ó ïðàêòè÷í³é ðåàë³çàö³¿ òî÷íî¿ ñõåìè äëÿ îá÷èñëåííÿ ðîçâ’ÿçê³â çàäà÷ Êîø³,
ÿê³ íàëåæàòü äî êîåô³ö³ºíò³â ñïëàéíó, çàïðîïîíîâàíî, òàê ñàìî, ÿê ó [1, 5–7], âè-
êîðèñòîâóâàòè ðÿäè çà ïàðíèìè ñòåïåíÿìè êðîêó ñ³òêè. Íàïðèêëàä, ÷àñòèííà
ñóìà ç òðüîõ äîäàíê³â çàáåçïå÷óº 6-é ïîðÿäîê òî÷íîñò³, ÿêùî äëÿ ïåðøîãî, äðó-
ãîãî ³ òðåòüîãî äîäàíê³â çàñòîñîâóâàòè êâàäðàòóðí³ ôîðìóëè â³äïîâ³äíî 6-ãî,
4-ãî ³ 2-ãî ïîðÿäê³â òî÷íîñò³.

Äëÿ îá÷èñëåíü âàðòî âèêîðèñòîâóâàòè ð³âíÿííÿ (10), (23) ³ (33), ÿê³ º ïðî-
ñò³øèìè, í³æ â [2], îñê³ëüêè âèçíà÷íèê Âðîíñüêîãî â êîæíîìó ñ³òêîâîìó
ð³âíÿíí³ âèçíà÷àºòüñÿ ëèøå ÷åðåç êîåô³ö³ºíòè â³äïîâ³äíîãî ñïëàéíó.

Ïîáóäîâà òî÷íîãî àíàëîãà áåç îñîáëèâèõ òðóäíîù³â ïåðåíîñèòüñÿ
íà äîâ³ëüíó íåð³âíîì³ðíó ñ³òêó ó âèïàäêó ð³çíîìàí³òíèõ êðàéîâèõ óìîâ.

ÂÈÑÍÎÂÊÈ

Çàïðîïîíîâàíèé â ö³é ñòàòò³ ìåòîä ìîæíà âèêîðèñòîâóâàòè äëÿ îäåðæàííÿ òî÷íèõ
äèñêðåòíèõ àíàëîã³â êðàéîâèõ çàäà÷ äëÿ çâè÷àéíèõ äèôåðåíö³àëüíèõ ð³âíÿíü
ð³çíîãî ïîðÿäêó. Äëÿ öüîãî ôîðìóþòüñÿ ñïëàéíè ç ÷èñëà íåçàëåæíèõ ðîçâ’ÿçê³â
çàäà÷ Êîø³, ùî â³äïîâ³äàþòü ïîðÿäêó ð³âíÿííÿ. Îáìåæåííÿìè íå º ð³âíîì³ðí³ñòü
ñ³òêè, òèï êðàéîâèõ óìîâ àáî ãëàäê³ñòü êîåô³ö³ºíò³â âèõ³äíî¿ çàäà÷³.
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V. Prikazchikov
THE EQUIVALENCE OF THE FUNDAMENTAL SPLINE AND GREEN’S FUNCTION
IN THE CONSTRUCTION OF THE EXACT FINITE-DIMENSIONAL ANALOGUE
OF THE BOUNDARY-VALUE PROBLEM FOR AN ORDINARY DIFFERENTIAL EQUATION
OF THE 4TH ORDER

Abstact. The author considers a problem with the main and natural boundary conditions on an
interval. A new method for constructing an exact discrete analog of the problem is proposed.
The method deals with the projection of the differential equation on local splines, formed by
the fundamental system of solutions of the Cauchy problems for the homogeneous equation.
A system of linear algebraic equations with a 5-diagonal matrix is obtained for the values of
the exact solutions of the original problem at the points of a uniform grid. To implement an
exact analog, we recommend using high-order accuracy schemes which are formed by partial
sums of series in even powers of the grid step for solving the Cauchy problems.

Keywords: boundary-value problem, ordinary differential equation of the 4th order, Cauchy
problem, Wronskian, local spline, superposition of solutions, exact discrete analog, system of
linear algebraic equations, 5-diagonal matrix.
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