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Àíîòàö³ÿ. Íàâåäåíî ê³ëüê³ñí³ îö³íêè øâèäêîñò³ çá³æíîñò³ ôóíêö³¿ ðîçïîä³ëó íàïðàöþâàííÿ
íà â³äìîâó âèñîêîíàä³éíî¿ ìàæîðèòàðíî¿ â³äíîâëþâàíî¿ ñèñòåìè N �1 ç N äî ïîêàçíèêîâî¿
çà ïðèïóùåííÿ, ùî ³íòåðâàëè ðîáî÷îãî ñòàíó óñ³õ àëüòåðíóâàëüíèõ ïðîöåñ³â ìàþòü ïîêàç-
íèêîâèé ðîçïîä³ë. Îö³íåíî ãàðàíòîâàíèé ÷àñ áåçâ³äìîâíî¿ ðîáîòè ö³º¿ ñèñòåìè.

Êëþ÷îâ³ ñëîâà: àëüòåðíóâàëüíèé ïðîöåñ â³äíîâëåííÿ, ìàæîðèòàðíà â³äíîâëþâàíà ñèñòå-
ìà, òåîðåìà Ðåíü¿, íàï³âìàðêîâñüêèé ïðîöåñ.

ÂÑÒÓÏ

Ìàæîðèòàðíà ñèñòåìà K ç N ñêëàäàºòüñÿ ç N åëåìåíò³â, ôóíêö³îíóâàííÿ
ÿêèõ îïèñóºòüñÿ íåçàëåæíèìè àëüòåðíóâàëüíèìè ïðîöåñàìè â³äíîâëåííÿ.
Ñèñòåìà º ñïðàâíîþ, ÿêùî ïðèíàéìí³ K ¿¿ åëåìåíò³â ó ðîáî÷îìó ñòàí³.

Ìàòåìàòè÷íå ñïîä³âàííÿ ÷àñó íàïðàöþâàííÿ íà â³äìîâó òàêî¿ ñèñòåìè
çà çàãàëüíèõ ïðèïóùåíü íàâåäåíî â [1]. Ó [2] âèçíà÷åíî ïîêàçíèêîâó àñèìïòî-
òèêó ôóíêö³¿ ðîçïîä³ëó ÷àñó áåçâ³äìîâíî¿ ðîáîòè ö³º¿ ñèñòåìè ó ðàç³ ïðÿìóâàííÿ
äî íóëÿ éìîâ³ðíîñò³ â³äìîâè íà ñê³í÷åííîìó ïðîì³æêó ÷àñó.

Ìåòîþ çàïðîïîíîâàíî¿ ðîáîòè º îòðèìàííÿ ê³ëüê³ñíèõ îö³íîê øâèäêîñò³
çá³æíîñò³ ö³º¿ àñèìïòîòèêè äëÿ ñèñòåìè N �1 ç N çà óìîâè ïîêàçíèêîâèõ ðîç-
ïîä³ë³â ³íòåðâàë³â ðîáî÷îãî ñòàíó óñ³õ àëüòåðíóâàëüíèõ ïðîöåñ³â. Âîíà ´ðóí-
òóºòüñÿ íà ðåçóëüòàòàõ [3], äå íàâåäåíî ð³âíîì³ðí³ îö³íêè â³äõèëåííÿ â³ä
ôóíêö³¿ ïîêàçíèêîâîãî ðîçïîä³ëó âèðàçó

� �L Kn n

n

� � �

�

�

� ( )1
0

.

Òóò L, K — çàäàí³ ôóíêö³¿ ðîçïîä³ëó íåâ³ä’ºìíèõ âèïàäêîâèõ âåëè÷èí,
� �( , )0 1 , � — çãîðòêà ôóíêö³é ðîçïîä³ëó, òîáòî

L K t L t x dK x

t

� � ��( ) ( ) ( )
0

.

Ðàí³øå òàêèì ìåòîäîì ó [4] áóëî îòðèìàíî îö³íêè ôóíêö³¿ ðîçïîä³ëó ÷àñó
áåçâ³äìîâíî¿ ðîáîòè ñèñòåìè ³ç çàõèñòîì ó âèïàäêó íàéïðîñò³øîãî ïîòîêó â³äíîâëåííÿ.

Ïîä³áí³ ð³âíîì³ðí³ îö³íêè áóëî îòðèìàíî â ðîáîòàõ Î. Ñîëîâéîâà òà Î. Ñà-
õîáîâà. Òåîðåìó Ðåíü¿ òà ¿¿ çàñòîñóâàííÿ äîñë³äæóâàâ Â. Êàëàøí³êîâ.

ÎÑÍÎÂÍ² ÏÎÇÍÀ×ÅÍÍß ÒÀ ÐÅÇÓËÜÒÀÒÈ

Êîæåí ç N íåçàëåæíî ïðàöþþ÷èõ åëåìåíò³â ñèñòåìè ìîæå áóòè â äâîõ ñòà-
íàõ: ðîáî÷îìó òà â³äíîâëåííÿ. Òðèâàë³ñòü ïåðåáóâàííÿ i-ãî åëåìåíòà â ðîáî-
÷îìó ñòàí³ ìàº ïîêàçíèêîâèé ðîçïîä³ë ç ïàðàìåòðîì u i Ni , 1 	 	 .
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Ó ïî÷àòêîâèé ìîìåíò ÷àñó ñèñòåìà ïåðåáóâàº â ñòàí³ S 0 (óñ³ åëåìåíòè ó ðî-
áî÷îìó ñòàí³). Ïîçíà÷èìî S i ñòàí ñèñòåìè, êîëè ò³ëüêè i-é ¿¿ åëåìåíò ó ñòàí³
â³äíîâëåííÿ, 1 	 	i N .

Íåõàé � — ìîìåíò ÷àñó, â ÿêèé âèõîäèòü ç ëàäó îäèí ³ç åëåìåíò³â ñèñòåìè,
ïîêè ³íøèé ùå ïåðåáóâàº â ñòàí³ â³äíîâëåííÿ. Òîä³ ñèñòåìà ïåðåõîäèòü ó ïîãëè-
íàëüíèé ñòàí â³äìîâè 
S .

Ïîçíà÷èìî � �0 ( ) ( )t P t� � ôóíêö³þ ðîçïîä³ëó ÷àñó áåçâ³äìîâíî¿ ðîáîòè
ñèñòåìè, à t� — ¿¿ êâàíòèëü ð³âíÿ �: � ��0 1( )t � � . Íàçâåìî t� ãàðàíòîâàíèì íà-
ïðàöþâàííÿì íà â³äìîâó ñèñòåìè ç íàä³éí³ñòþ �.
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ðîçïîä³ëó ÷àñó ïåðåáóâàííÿ i-ãî åëåìåíòà â ñòàí³ â³äíîâëåííÿ, 1 	 	i N ;
E t qtq ( ) exp ( )� � �1 , t � 0, — ôóíêö³ÿ ïîêàçíèêîâîãî ðîçïîä³ëó ç ïàðàìåòðîì q.

Ïîçíà÷èìî � i éìîâ³ðí³ñòü â³äìîâè ñèñòåìè âïðîäîâæ ïåð³îäó â³äíîâëåííÿ
i-ãî ¿¿ åëåìåíòà, òîáòî
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Óâåäåìî ùå äâà ïîçíà÷åííÿ äëÿ âñ³õ i â³ä 1 äî N :
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� — éìîâ³ðí³ñòü ïåðåõîäó ñèñòåìè ç³ ñòàíó S 0 ó ñòàí S i .

Éìîâ³ðí³ñòü ïåðåõîäó ç S 0 ó 
S áåç ïîâåðíåííÿ â S 0 ñòàíîâèòü � � ��
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� i i
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Óìîâíà ôóíêö³ÿ ðîçïîä³ëó òðèâàëîñò³ â³äíîâëåííÿ i-ãî åëåìåíòà çà óìîâè,
ùî æîäåí ³íøèé åëåìåíò çà öåé ÷àñ íå â³äìîâèòü (îòæå, ñèñòåìà íå ïåðåéäå
ç³ ñòàíó S i ó ñòàí 
S ), ìàº âèãëÿä
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¿¿ óìîâíå ìàòåìàòè÷íå ñïîä³âàííÿ
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Óìîâíà ôóíêö³ÿ ðîçïîä³ëó ÷àñó ïîâåðíåííÿ ñèñòåìè, ÿêà âèéøëà ç³ ñòàíó
S 0 , ó ñòàí S 0 çà óìîâè, ùî âîíà íå ïåðåéäå â 
S , ìàº âèãëÿä
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Òåîðåìà 1. Äëÿ ôóíêö³¿ ðîçïîä³ëó ÷àñó áåçâ³äìîâíî¿ ðîáîòè ñèñòåìè N �1
ç N âèêîíóþòüñÿ íåð³âíîñò³

� � 	 � � 	 2 1 2 10	� � � � 	 �( ) ( ) ( ) ( )t E tq .

Äîâåäåííÿ. Óìîâíà ôóíêö³ÿ ðîçïîä³ëó òðèâàëîñò³ ïåðåáóâàííÿ ñèñòåìè
ó ñòàí³ S i çà óìîâè ïåðåõîäó ó ñòàí 
S , à íå â S 0 , ìàº âèãëÿä
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(çì³íåíî ïîðÿäîê ³íòåãðóâàííÿ òà ïðî³íòåãðîâàíî ÷àñòèíàìè).
Óìîâíà ôóíêö³ÿ ðîçïîä³ëó ÷àñó áåçâ³äìîâíî¿ ðîáîòè ñèñòåìè çà óìîâè, ùî

âîíà, âèéøîâøè ³ç S 0 , òóäè íå ïîâåðòàòèìåòüñÿ, ìàº âèãëÿä
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Ïåðåéòè ³ç S 0 ó 
S ìîæíà áåç ïîâåðíåííÿ ³ ç ïîâåðíåííÿì ó ñòàí S 0 . Òîìó
çà ôîðìóëîþ ïîâíî¿ éìîâ³ðíîñò³ ìàºìî

� � � �0 01�  � �L K( ) . (1)

Ïîçíà÷èìî � � �( ) ( ) .t Kn n

i

N

� � � �
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� 1 1

1

Äëÿ ö³º¿ ôóíêö³¿ çã³äíî ç [3, Theorem 2]

âèêîíóþòüñÿ ð³âíîì³ðí³ îö³íêè

| ( ) ( )|�
	�

�
t E tq� 	

�

2

1
. (2)
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Ç (1) áà÷èìî, ùî �0 ( )t ïîäàºòüñÿ ÷åðåç �( )t ó âèãëÿä³:

� � � �0 1( ) ( ( ) ( ))t L t� �  � . (3)

Ç (2), (3) îòðèìóºìî âåðõíþ îö³íêó �0 ( )t :

� � � � � � 	0 1 1 1 2( ) ( ) ( ) ( ) ( ) ( )t t E tq	  � 	 �   . (4)

Çã³äíî ç [4, ëåìà 3.2] äëÿ áóäü-ÿêî¿ ôóíêö³¿ ðîçïîä³ëó L t( ) âèêîíóºòüñÿ
íåð³âí³ñòü

E L t E t q L x dxq q

t

� � � ��( ) ( ) ( ( ))1
0

.

Òîä³, âðàõóâàâøè î÷åâèäíó íåð³âí³ñòü 2 1	 � , ç (2), (3) îòðèìàºìî
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ùî é ïîòð³áíî áóëî äîâåñòè.
Íàñë³äîê 1. Ãàðàíòîâàíå ³ç íàä³éí³ñòþ � íàïðàöþâàííÿ íà â³äìîâó
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Äîâåäåííÿ. Ç íåð³âíîñò³ (4) îòðèìóºìî

P t t E tq( ) ( ) ( ) ( ) ( )� � � � 	� � � � � � � 1 1 1 1 20 . (7)

Ïðèð³âíÿºìî ïðàâó ÷àñòèíó íåð³âíîñò³ (7) äî � òà çíàéäåìî t :
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Íàñë³äîê 1 äîâåäåíî.
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Îá÷èñëèìî t� çà ð³çíèõ çíà÷åíü b òà ïîð³âíÿºìî éîãî ç ñåðåäí³ì çíà÷åííÿì.
Ðåçóëüòàòè îá÷èñëåíü íàâåäåíî â òàáë. 1.

Â îñòàííüîìó ðÿäêó òàáë. 1 âèäíî, ÿê íèæíÿ îö³íêà t� ç íàñë³äêó 1 àñèìïî-
òè÷íî íàáëèæàºòüñÿ äî êâàíòèëÿ ð³âíÿ � ïîêàçíèêîâîãî ðîçïîä³ëó, ùî ³ ñòâåð-
äæóºòüñÿ â çàóâàæåíí³ 2.

ÂÈÑÍÎÂÊÈ

Ó ñòàòò³ îòðèìàíî ê³ëüê³ñí³ îö³íêè øâèäêîñò³ çá³æíîñò³ ïîêàçíèêîâî¿ àñèì-
ïòîòèêè ôóíêö³¿ ðîçïîä³ëó ÷àñó áåçâ³äìîâíî¿ ðîáîòè ñèñòåìè N �1 ç N

çà óìîâè ïîêàçíèêîâèõ ðîçïîä³ë³â ³íòåðâàë³â ðîáî÷îãî ñòàíó óñ³õ àëüòåðíó-
âàëüíèõ ïðîöåñ³â. Òàêîæ íàâåäåíî àñèìïòîòè÷íî òî÷íó äëÿ âèñîêîíàä³éíèõ
ñèñòåì íèæíþ îö³íêó ãàðàíòîâàíîãî íàïðàöþâàííÿ íà â³äìîâó.
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O.O Kushnir, V.P. Kushnir

ESTIMATION OF THE TIME-TO0FAILURE DISTRIBUTION FUNCTION IN A HIGHLY RELI-
ABLE N � 1-OUT-OF-N : G REPAIRABLE SYSTEM IN THE CASE OF EXPONENTIAL DISTRI-
BUTIONS OF WORKING PERIODS OF ALL ALTERNATING RENEWAL PROCESSES

Abstract. Some quantitative bounds on a convergence rate of the time-to-failure distribution
function to an exponential distribution function in a highly reliable N �1-out-of-N : G
repairable system are obtained in the case of exponential working periods of alternating
renewal processes. The confident time to failure of this system is also bounded.

Keywords: alternating renewal process, N �1-out-of-N : G repairable system, Renyi’s theorem,
semi-Markov process.
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