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Àíîòàö³ÿ. Ðîçãëÿíóòî òåîðåìó ïîð³âíÿííÿ äëÿ ðîçâ’ÿçê³â ñòîõàñòè÷íèõ äèôå-
ðåíö³àëüíî-ôóíêö³îíàëüíèõ ð³âíÿíü ï³ä ä³ºþ çîâí³øí³õ çáóðåíü òà ¿¿ çàñòîñóâàííÿ äëÿ îäí³º¿
çàäà÷³ ñòîõàñòè÷íîãî êåðóâàííÿ.

Êëþ÷îâ³ ñëîâà: òåîðåìà ïîð³âíÿííÿ, ñòîõàñòè÷íå êåðóâàííÿ, ñòîõàñòè÷í³ ôóíêö³îíàëüíî-
äèôåðåíö³àëüí³ ð³âíÿííÿ.

Ñòàòòþ ïðèñâÿ÷åíî ïàì’ÿò³
Ñâåðäàíà Ìèõàéëà Ëåîíîâè÷à

(18.01.1940–19.11.2023)

ÂÑÒÓÏ

Ó ìåæàõ òåîð³¿ ñòîõàñòè÷íîãî êåðóâàííÿ äîñë³äæóºòüñÿ óïðàâë³ííÿ â ñèñ-

òåìàõ ç âèïàäêîâèìè ïàðàìåòðàìè. Öÿ òåîð³ÿ ìàº øèðîêå çàñòîñóâàííÿ â áà-

ãàòüîõ ãàëóçÿõ, âêëþ÷àþ÷è ô³íàíñè, ³íæåíåð³þ, åêîíîì³êó òà ³í.

Ïî÷àòêè òåîð³¿ ñòîõàñòè÷íîãî êåðóâàííÿ ïîâ’ÿçàí³ ç ðîáîòàìè, â ÿêèõ âèâ÷àþòüñÿ
ðîçâ’ÿçêè ñòîõàñòè÷íèõ äèôåðåíö³àëüíèõ ð³âíÿíü, ùî îïèñóþòü åâîëþö³þ ñèñòåìè
â ÷àñ³ çà óìîâè âèïàäêîâèõ çáóðåíü ÷è âïëèâó âèïàäêîâèõ ôàêòîð³â. Ðîçâèòîê òåîð³¿
ñòîõàñòè÷íîãî êåðóâàííÿ â³äáóâàâñÿ âäîñêîíàëåííÿì ìåòîä³â ðîçâ’ÿçàííÿ
ñòîõàñòè÷íèõ äèôåðåíö³àëüíèõ ð³âíÿíü, ââåäåííÿì íîâèõ ï³äõîä³â äî àíàë³çó
âèïàäêîâèõ ïðîöåñ³â ³ çàñòîñóâàííÿì äî òàêèõ îáëàñòåé, ÿê ô³íàíñè, îïòèìàëüíå
êåðóâàííÿ ïîðòôåëÿìè, ðèçèê-ìåíåäæìåíò ³ áàãàòî ³íøèõ (äèâ. ïðàö³ [1–11]).

Ñó÷àñí³ äîñë³äæåííÿ â òåîð³¿ ñòîõàñòè÷íîãî êåðóâàííÿ ïðîäîâæóþòü
ðîçøèðþâàòè ¿¿ çàñòîñóâàííÿ â íîâ³ ãàëóç³, ðîçðîáëÿòè á³ëüø åôåêòèâí³ ìåòîäè
ðîçâ’ÿçàííÿ ñêëàäíèõ ïðîáëåì ³ ïîøèðþâàòè ¿¿ òåîðåòè÷íó áàçó.

Ó ö³é ñòàòò³ ðîçãëÿíóòî òåîðåìó ïîð³âíÿííÿ äëÿ ðîçâ’ÿçê³â ñòîõàñòè÷íèõ

äèôåðåíö³àëüíî-ôóíêö³îíàëüíèõ ð³âíÿíü (ÑÄÔÐ) ï³ä ä³ºþ çîâí³øí³õ çáóðåíü òà

¿¿ çàñòîñóâàííÿ äëÿ îäí³º¿ çàäà÷³ ñòîõàñòè÷íîãî êåðóâàííÿ, ùî º ðîçâèòêîì

ðåçóëüòàò³â, îòðèìàíèõ äëÿ îäíîâèì³ðíèõ ïðîöåñ³â ²òî ó ïðàöÿõ [3, 5–7] òà äëÿ

âèïàäêó íàÿâíîñò³ ïóàññîíîâèõ çáóðåíü ó ïðàöÿõ [12–15].

ÒÅÎÐÅÌÀ ÏÎÐ²ÂÍßÍÍß ÄËß ÐÎÇÂ’ßÇÊ²Â ÑÄÔÐ

Íåõàé ( , , )� F P — éìîâ³ðí³ñíèé ïðîñò³ð ç ïîòîêîì �-àëãåáð {F tt , � 0}, D —

ïðîñò³ð íåïåðåðâíèõ ñïðàâà ôóíêö³é, ùî ìàþòü ë³âîñòîðîíí³ ãðàíèö³ (ÍÏËÃ)

ç³ çíà÷åííÿìè ç R1 òà ç ð³âíîì³ðíîþ ìåòðèêîþ [1–3].

Òåîðåìà 1. Íåõàé çàäàí³:

1) ñòðîãî çðîñòàëüíà ôóíêö³ÿ {�( ),x x� �R } òàêà, ùî

� �( ) , ( )0 0 2

0

� � ��
�

	 x dx ;
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2) íåïåðåðâí³ ôóíêö³îíàëè b:R D R� 
 � 1 ; c:R D V R� 
 
 � 1 , V R� 1

òàê³, ùî äëÿ äîâ³ëüíèõ � �, �D

| ( , ) ( , ) | | ( , , ) ( , , ) | ( )b t b t c t u c t u du� � � �� � � 
	
V

� � � �(|| || ),� �t 0;

3) äâà íåïåðåðâíèõ ôóíêö³îíàëè ai :R D R� 
 � 1, i �1 2, , òàê³, ùî

a t a t t1 2 0( , ) ( , ), ,� � �
 � �D ;

4) { }x t x t t ii i( ) ( , ), , , ,� � � ��� �R � 1 2 — íåïåðåðâí³ çà t âèïàäêîâ³

ïðîöåñè, {Ft }-âèì³ðí³ çà � ;

5) ñòàíäàðòíèé â³íåð³â ïðîöåñ w t w t( ) ( , ): [ , )� � 
 �� 0 1� R òàêèé, ùî

w( ) ( )0 0� modP ;

6) { }~( , ) ( , ) ( ) , \ { }� �t A t A A t A� � � �� V R 0 — öåíòðîâàíà ïóàññîíîâà

ì³ðà, ïðè öüîìó {w t( )} ³ {~( , )� t A } íåçàëåæí³ îäèí â³ä îäíîãî;

7) {� � � �i it t t( ) ( , ), ,� � �R �} — âèì³ðí³ â³äíîñíî {F tt , � 0} âèïàäêîâ³

ïðîöåñè.

Íåõàé òàêîæ âèïàäêîâ³ ïðîöåñè ç ïï. 4–7 äàíî¿ òåîðåìè ç ³ìîâ³ðí³ñòþ 1

çàäîâîëüíÿþòü óìîâè:

x t x s ds b s x dw si i i

t t

i
s( ) ( ) ( ) ( , ) ( )� � � �	 	0

0 0

� c s x ds d

t

i
s( , , )~ ( , )

V
		

0

	 � 	 ,
(1)

x x1 2 0( ) ( ), ( , ]
 
 

 � �� , �1 1 1
0( ) ( , ),t a t x tt
 � ,

� 2 2 2
0( ) ( , ),t a t x tt
 � , (2)

äå { ( ), ( , ]}x x tt � � � ��
 
 0 .

Òîä³ ç ³ìîâ³ðí³ñòþ 1 âèêîíóºòüñÿ íåð³âí³ñòü

x t x t t1 2 0( ) ( )
 � � . (3)

ßêùî ñòâåðäæóºòüñÿ óìîâà ºäèíîñò³ ç ³ìîâ³ðí³ñòþ 1 ñèëüíèõ ðîçâ’ÿçê³â õî÷à

á äëÿ îäíîãî ç òàêèõ ÑÄÔÐ:

dx t a t x dt b t x dw t c t x dt di i
t t t( ) ( , ) ( , ) ( ) ( , , )~ ( ,� � � 	

V

	 � 	), ,i �1 2 , (4)

òîä³ (3) âèêîíóºòüñÿ é çà ñëàáê³øî¿ óìîâè:

a t a t t1 2 0( , ) ( , ), ,� � �
 � �D .

Äîâåäåííÿ. Ââàæàòèìåìî, ùî ai , i �1 2, , b ³ c îáìåæåí³ (ç óðàõóâàííÿì

ì³ðêóâàíü ëîêàë³çàö³¿ [3, 7, 13]).

Åòàï 1. Ïðèïóñòèìî, ùî äëÿ a t x1 ( , ) âèêîíóºòüñÿ óìîâà Ë³ïøèöÿ:

| ( , ) ( , )| || ||a t a t K1 1� � � �� 
 � � �� �, D . (5)

Âèáåðåìî ïîñë³äîâí³ñòü {� n t t n( ), , , , ...� ��R 1 2 } íåïåðåðâíèõ ôóíêö³é òàêèõ,

ùî ¿õí³ íîñ³¿ ì³ñòÿòüñÿ íà ³íòåðâàëàõ

( , ),a a a an n n� � � � �1 11 0� ,

0
2

1
2 1


 
 �
� �

	�
�

�n n

a

a

t
t

n
t dt

n

n

( )
( )

, ( ) .
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Íåõàé

�
�n

x

n

y
t

x

dy t dt x
( )

, ,

( ) , .
�




�

�

�
�

�
� 	 	

0 0

0

0 0

Äëÿ �n C� ( )R1 âèêîíóþòüñÿ ñï³ââ³äíîøåííÿ

�n x( ) � 0 äëÿ n 
 0 ,

lim ( )
n

n x x
��

��� äëÿ n��;

� � 
 � 
� � �n n nx x x( ) ( ), ( )0 1. (6)

Çàñòîñîâóþ÷è óçàãàëüíåíó ôîðìóëó ²òî [3], îäåðæèìî

�n i

i

x t x t I n( ( ) ( )) ( )1 2

1

5

� �
�
� ,

äå

I n x s x s b s x b s x dw sn

t
s s

1

0

1 2 1 2
( ) ( ( ) ( )){ ( , ) ( , )} ( )� � � �	 � ,

I n x s x s s s dsn

t

2

0

1 2 1 2( ) ( ( ) ( )){ ( ) ( )}� � � �	 � � � ,

I n x s x s b s x b s x dsn

t
s s

3

0

1 2 1 2
21

2
( ) ( ( ) ( )){ ( , ) ( , )}� � � �	 � ,

I n x s x s c s x c s x

t

n
s s

4

0

1 2 1 2
( ) [ ( ( ) ( ) ( , , ) ( , , ))� � � � �		

V

� 	 	

� �� � 	n x s x s ds d( ( ) ( ))]~ ( , )1 2 ,

I n x s x s c s x c s x

t

n
s s

5

0

1 2 1 2
( ) [ ( ( ) ( ) ( , , ) ( , , ))� � � � �		

V

� 	 	

� � � � � �� � 	n n
sx s x s x s x s c s x c s x( ( ) ( )) ( ( ) ( ))( ( , , ) ( ,1 2 1 2 1 2

s d ds, ))] ( )	 	� .

Âèêîðèñòîâóþ÷è âëàñòèâîñò³ ñòîõàñòè÷íèõ ³íòåãðàë³â [3], îòðèìàºìî

E I n E I n{ } { }1 40 0( ) , ( )� � ,

E I n E x s x s x s x s dsn

t

{ ( )} ( ( ) ( )) (| ( ) ( )| )3

0

1 2
2

1 2
1

2

 � � �	 � �

�
�
�

��

�
�
�

��




 � �
�
�
�

��

�
�
�

�
	

1

2
0

1 2
2

1 2E x s x s x s x s dsn

t

� �( ( ) ( )) (| ( ) ( )| )
�




 � �
�
�
�

�
	 �1

2

2

0

2
1 2

2
1 2E

n
x s x s x s x s ds

t

� �(| ( ) ( )| ) (| ( ) ( )| )
�

�
�
�

��



t

n
.
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Ç óðàõóâàííÿì óìîâ (1), (2), (5), (6) îòðèìàºìî

I n x s x s a s x a s x dsn

t
s s

2

0

1 2 1 1 2 2
( ) ( ( ) ( )){ ( , ) ( , )}
 � � � 
	 �


 � 
�	K x x dsx s x s

t
s s�

1 2

0
1 2( ) ( ) || || K x x dss

t
s( )

1
0

2	 � � .

Ç (6) âèïëèâàº, ùî

lim { ( )} lim [ ( ( ) ( ) ( , , )
n n

n
s

V

E I n E x s x s c s x
�� ��

� � � �5 1 2 1
� 			

�
�
�

�� 0

t

� � � � �
�� ��

c s x x s x s x ss

n
n

n
n( , , ))] lim ( ( ) ( )) lim ( (

2 1 2 1	 � � ) ( ))� 
x s2


 �
�
�
�

��
�

��		( ( , , ) ( , , )) ( ) lim (c s x c s x d ds cs s

n

t

1 2
0

	 	 	�
V

( , , ) ( , , ))s x c s xs s
1 2

	 	� 



 � � � �[ ( ( ) ( ))] ( )1 01 2� 	n x s x s d ds� .

Ç ãðàíè÷íî¿ ð³âíîñò³

lim
( ( ) ( ))

( ) ( )n

n x t x t

x t x t��

�

�
�

� 1 2

1 2

1

âèïëèâàº íåð³âí³ñòü

E x t x t K E x s x s ds

t

{( ( ) ( )) } {( ( ) ( )) }1 2

0

1 2� 
 �� �	 .

Çâ³äñè îäåðæèìî, ùî E x t x t{( ( ) ( )) }1 2 0� �� � �t 0 , òîáòî P x t x t{( ( ) ( )) }1 2 1
 ��

� �t 0 .

Âíàñë³äîê âèêîíàííÿ óìîâ òåîðåì ïðî ³ñíóâàííÿ òà ºäèíîñò³ ðîçâ’ÿçêó

ç [3, 7, 13] îòðèìóºìî ÍÏËÃ òðàºêòîð³¿ é ä³éäåìî âèñíîâêó, ùî (3) âèêîíóºòüñÿ.

Çàóâàæèìî, ùî ó âèïàäêó âèêîíàííÿ óìîâè Ë³ïøèöÿ (5) äëÿ a t2 ( , )� ³

ç àíàëîã³÷íîãî ì³ðêóâàííÿ ùîäî åòàïó 1 ìîæíà îäåðæàòè (3).

Åòàï 2. Ó çàãàëüíîìó âèïàäêó âèáèðàºìî a t( , )� ó òàêèé ñïîñ³á, ùîá

a t a t a t t1 2 0( , ) ( , ) ( , ), ,� � � �� � � �D ,

³ äëÿ a t( , )� âèêîíóâàëàñÿ óìîâà (3).

Íåõàé {x t( )} — ºäèíèé ðîçâ’ÿçîê ÑÄÔÐ:

dx t a t x dt b t x dw t c t x dt dt t t( ) ( , ) ( , ) ( ) ( , , )~ ( , ),� � � 	
V

	 � 	 t � 0 ,

ç ïî÷àòêîâèìè óìîâàìè

x( ) ( ),
 � 
 
� � �� 
2 0 .

Òîä³ çà ðåçóëüòàòàìè åòàïó 1 ìàºìî x t x t( ) ( )
 2 ³ x t x t1 ( ) ( )
 äëÿ t � 0 ìàéæå

íàïåâíî. Îòæå, (3) âèêîíóºòüñÿ.
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Åòàï 3. Íåõàé ³ñíóº ºäèíèé ç òî÷í³ñòþ äî ñòîõàñòè÷íî¿ åêâ³âàëåíòíîñò³

ðîçâ’ÿçîê {x t( )} ð³âíÿííÿ (4) çà óìîâè, ùî i �1:

dx t a t x dt b t x dw t c t x dt dt t t( ) ( , ) ( , ) ( ) ( , , )~ ( , )� � � 	1

V

	 � 	 , (7)

x( ) ( ),
 � 
 
� � �� 
1 0 .

Äëÿ �� 0 ìàòèìåìî x t( ) ( )� � — äâà ðîçâ’ÿçêè ð³âíÿíü:

dx t a t x dt b t x dw t c t x dtt t t( ) ( ( , ) ) ( , ) ( ) ( , , )~ (� � � � 	1 � 	 �

V

, )d	 ,

x t t( ) ( ),
 �� � �� 
1 0 ,

äëÿ ÿêèõ ç åòàï³â 1, 2 âèïëèâàº, ùî

x t x t x t( ) ( )( ) ( ) ( )� �
 
� � � �t 0 .

ßêùî 0 2 1� �� � , òîä³

x t x t x t x t
( ) ( ) ( ) ( )

( ) ( ), ( ) ( )
� � � �
 
� � � �1 2 2 1 � �t 0 .

Îòæå, âíàñë³äîê íåïåðåðâíîñò³ a t1 ( , )� ³ ºäèíîñò³ ðîçâ’ÿçêó äëÿ (7) îòðèìàºìî

lim ( ) lim ( ) ( )( ) ( )

�

�

�

�

�

�

�

�� �
0 0

x t x t x t � �t 0 .

Âðàõîâóþ÷è íåð³âíîñò³ �1 1 1

 a t x t( , ) , a t x a t xt t

1 1 1 1
( , ) ( , )
 � � ³ çàñòîñîâóþ÷è

âèùå äîâåäåí³ ðåçóëüòàòè äëÿ x t2 ( ) ³ x t( ) ( )� � , çàïèøåìî

x t x t1 ( ) ( )( )
 � � � �t 0 .

Äëÿ �� �0 îäåðæèìî

x t x t1 ( ) ( )
 � �t 0 . (8)

Ç àíàëîã³÷íîãî ì³ðêóâàííÿ ó âèïàäêó � 2 2 2
( ) ( , )t a t x t� , a t x a t xt t

2 1( , ) ( , )� � �

ä³éäåìî íåð³âíîñò³ x t x t( ) ( ) ( )� 
�
2 ç ³ìîâ³ðí³ñòþ 1. Çà óìîâ �� �0 ìàºìî, ùî

x t x t( ) ( )
 2 � �t 0 . (9)

Ïîð³âíþþ÷è íåð³âíîñò³ (8) ³ (9), çàïèøåìî

x t x t x t1 2( ) ( ) ( )
 
 � �t 0 ,

ùî é çàâåðøóº äîâåäåííÿ òåîðåìè. �

Çàóâàæåííÿ 1. Òåîðåìà 1 ìàº ì³ñöå ³ äëÿ íåë³í³éíèõ ÑÄÔÐ âèãëÿäó

dx t x t a t x t dtj

j

r

j( , ) ( ) ( , ) ( , ( , ))� 
 � � 
 �� � � �
�
�

1

� � �
� �

�

�� � 
 � �j j j

j r

r

t b s x t dw t( , ) ( , ( , )) ( , )

1

2 1

(10)

� �	�
� �

�
� � 
 � 	 � 	 �j j j

j r

r

t c t x s dt d( , ) ( , ( , ), )~ ( , , )

V2 2

3 2
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çà óìîâè

� �x t t j r
t j t

( , ) ( ); ( , ) ( ), ,� � � � �
� �


 � � 
 � � 
 

0 0

1 3 2 , (11)

äå � �j
n nt T( , ):[ , ]0 
 � 
� R R – çîâí³øí³ ïîïàðíî íåçàëåæí³ ì³æ ñîáîþ òà

ç â³íåðîâèìè ïðîöåñàìè âèïàäêîâ³ ïðîöåñè; êîåô³ö³ºíòè a b cj j j, ,

çàäîâîëüíÿþòü óìîâè Ë³ïøèöÿ òà óìîâè òåîðåìè 1.

ÇÀÄÀ×À ²ÑÍÓÂÀÍÍß ÎÏÒÈÌÀËÜÍÎÃÎ ÊÅÐÓÂÀÍÍß
ÐÎÇÂ’ßÇÊ²Â ÑÄÔÐ ÑÅÐÅÄ ÄÎÏÓÑÒÈÌÈÕ ÊÅÐÓÂÀÍÜ

Ðîçãëÿíåìî çàäà÷ó ñòîõàñòè÷íî¿ îïòèì³çàö³¿, ÿêó ìîæíà ðîçâ’ÿçàòè çà

äîïîìîãîþ òåîðåìè 1. Öÿ îïòèì³çàö³éíà çàäà÷à º ïðèêëàäîì äîâåäåííÿ

³ñíóâàííÿ ñòîõàñòè÷íîãî êåðóâàííÿ äëÿ êëàñó ÑÄÔÐ ï³ä ä³ºþ çîâí³øí³õ

çáóðåíü òèïó âèïàäêîâèõ ïðîöåñ³â. Îòðèìàí³ ðåçóëüòàòè º ðîçâèòêîì

äîñë³äæåíü, ïðîâåäåíèõ ó ïðàöÿõ [7, 13, 15], íà âèïàäîê ä³¿ çîâí³øí³õ

çáóðåíü òèïó âèïàäêîâèõ ïðîöåñ³â.

Íåõàé k z( ) — íåñïàäíà íåâ³ä’ºìíà ôóíêö³ÿ, âèçíà÷åíà íà [ , )0 � .

Îçíà÷åííÿ 1. Ñèñòåìó âèïàäêîâèõ ïðîöåñ³â

{� � � � 	 �j l kt j r w t l r r t( , ), , , ( , ), , , ~ ( , , )� � � � �1 3 1 1 2 1 , (12)

k r r u t t� � � �2 2 3 2 0, , ( , ),� }

íàçâåìî äîïóñòèìîþ ñèñòåìîþ àáî äîïóñòèìèì êåðóâàííÿì, ÿêùî:

1) âîíà âèçíà÷åíà íà ïðîñòîð³ ( , , , , ( ), )� F F t Pt y{ }� 0 N Y , äå {F tt , � 0} –

ïîò³ê �-àëãåáð, N y ( )Y – �-àëãåáðà ìíîæèíè Y R� � � �{ }y y yr
r

1 2, � ;

2) � �j
n nt T( , ):[ , ]0 
 � 
� R R – ä³àãîíàëüí³ ìàòðèö³, âèì³ðí³ â³äíîñíî

ì³í³ìàëüíî¿ �-àëãåáðè Ft y N ( )Y , ïîïàðíî íåçàëåæí³ îäíà â³ä îäíî¿ òà â³ä

n-âèì³ðíèõ â³íåðîâèõ ïðîöåñ³â w tj ( , )� ³ öåíòðîâàíèõ ïóàññîíîâèõ ì³ð
~ ( , , )� 	 �j t , ïðè öüîìó � �j t( , ) ([ , ])� � �C ! ;

3) u t( ) — n-âèì³ðíèé Ft y N ( )Y âèïàäêîâèé ïðîöåñ òàêèé, ùî | ( , )|u t � 
 1

äëÿ âñ³õ t � 0 ç ³ìîâ³ðí³ñòþ 1 (ìàéæå ñêð³çü);

4) x t( , ) ([ , ])� � � �C ! çàäàíèé òà ô³êñîâàíèé âèïàäêîâèé ïðîöåñ

x t n( , ): [ , ]� � � 
 �! � R .

Äëÿ äîïóñòèìî¿ ñèñòåìè (12) òà ¿¿ êîåô³ö³ºíò³â âèêîíàíî óìîâè òåîðåìè 1

(òåîðåìè ïîð³âíÿííÿ). Ðèçèê x tu ( , )� äëÿ (12) âèçíà÷àºòüñÿ ð³âí³ñòþ

x t x s b s y x s dwu
j

j r

rt
u

j( , ) ( ) ( , ) ( , , ( ))� 
 � � 
� � �
� �

�

�	
1

2 1

0

( )s � (13)

� �
� �

�

�		 � � 
 � 	 � 	 �j

j r

rt
us c s x s ds d( , ) ( , ( , ), )~ ( , ,

2 2

3 2

0 V

) �	 u s ds

t

( )

0

çà ïî÷àòêîâèìè óìîâàìè

�x t xu

t

u( , ) ( )� �
�


 � 

0 0

,

�� � � �j t jt j r( , ) ( ), ,
�
� � �

0

0 1 3 2 . (14)

Äàë³ äëÿ ñêîðî÷åííÿ äîâåäåííÿ áóäåìî ââàæàòè, ùî � �j t( , ) � 0 , j r�1, ,

x x tt
u u� � � � �{ }( , ), [ , ],
 � 
 ! !0 0 .
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Ïîñòàíîâêà çàäà÷³ ì³í³ì³çàö³¿ ìàòåìàòè÷íîãî ñïîä³âàííÿ E k xt
u{ || ||} âèêî-

íóºòüñÿ çà âñ³ìà ìîæëèâèìè ñèñòåìàìè (12). Áóäåìî ðîçâ’ÿçóâàòè öþ çàäà÷ó

çã³äíî ç ìåòîäèêîþ, âèêëàäåíîþ â [7, 13].

Íåõàé U l( ) âèçíà÷åíî â òàêèé ñïîñ³á:

U l( ) �
�

�

�

�
�
�

��

l

l
l

l

n

| |
, \ { },

, .

R 0

0 0

Ðîçãëÿíåìî ÑÄÔÐ âèãëÿäó

dx t t b t x dw tj

j r

r

t j( , ) ( , ) ( , ) ( , )� � � �� �
� �

�

�
1

2 1

(15)

� �
� �

�

�	 � � 	 � 	 � �j

j r

r

tt c t x dt d U x t( , ) ( , , )~ ( , , ) ( ( , )

2 1

3 2

V

)dt

ç ïî÷àòêîâèìè óìîâàìè

�x t
t

( , ) ( ), [ , ),� � � � �
�


 � � 
 

0

0 0! ! ; (16)

� �x t x t jt j t j( , ) , ( , ) , ,� � � ��
� �


 � � � �



0
0

0
1 2 . (17)

Â³äîìî [7, 13], ùî ðîçâ’ÿçîê (15)–(17) ³ñíóº òà ºäèíèé ç ³ìîâ³ðí³ñòþ 1 çà

óìîâàìè òåîðåìè 1.

Íåõàé

u s U x t0 0( ) ( ( , ))� � ,

òîä³ äîïóñòèìà ñèñòåìà

{� �j t0 ( , ) , j r� �1 3 1, , w t
l
0 ( , )� , l r r� � �1 2 1, ,

~ ( , , )� 	 �
k

t0 , k r r� � �2 2 3 2, , u t t0 0( , ),� � }

çàäàº îïòèìàëüíå êåðóâàííÿ, òîáòî äëÿ äîâ³ëüíî¿ äîïóñòèìî¿ ñèñòåìè (12)

ìàòèìåìî, ùî

E k x t E k x tu{ (| ( , )| )} { (| ( , )| )}� �
 .

Ëåìà 1. Íåõàé ñèñòåìà (12) — ñóêóïí³ñòü n-âèì³ðíèõ { , ( )}Ft yN Y -óçãîäæåíèõ

ïðîöåñ³â, âèçíà÷åíèõ íà ìîäèô³êîâàíîìó ïðîñòîð³ ( , , )� F P N ç ïîòîêîì

{ ( )}F xt  N ; ïîä³áíà ñóêóïí³ñòü

{~ ( , ), , , ~ ( , ), , , ~~ ( , , ),� � � � 	 �j l kt j r w t l r r t� � � � �1 3 1 1 2 1 k r r u t� � �2 2 3 2, , ~( , )� }

âèçíà÷åíà íà ³íøîìó ìîäèô³êîâàíîìó ïðîñòîð³ (
~

,
~

,
~

)
~

� F P N ç ïîòîêîì

{
~

( )}
~

F xt  N .

Òîä³ ³ñíóº ìîäèô³êîâàíèé ïðîñò³ð ( � , � � , � )� F P N ç ïîòîêîì { � � ( )}F xt  N

³ ñóêóïí³ñòü

{ � ( , ), , , � ( , ), , , ~� ( , , ),� � � � 	 �j l kt j r w t l r r t� � � � �1 3 1 1 2 1 k r r u t� � �2 2 3 2, , � ( , )� }

n-âèì³ðíèõ {
~

( )
~

F xt  N }-óçãîäæåíèõ ïðîöåñ³â òàêèõ, ùî:
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1) { ( , )x t � , � �j t( , ) , j r� �1 3 1, , w tk ( , )� , k r r� � �1 2 1, , ~ ( , , )� �l t A ,

l r r� � �2 2 3 2, , A x t
L

� "N} { � ( , )� ; � ( , )� �j t , j r� �1 3 1, , � ( , )w tl � , l r r� � �1 2 1, ,

~� ( , , )� �k t A , k r r� � �2 2 3 2, , A� �
N};

2) {~( , )x t � , ~ ( , )� �j t , j r� �1 3 1, , ~ ( , )w tk � , k r r� � �1 2 1, , ~~ ( , , )� �l t A ,

l r r� � �2 2 3 2, , A x t
L

� "
~

} { � ( , )N � ; � ( , )� �j t , j r� �1 3 1, , � ( , )w tl � , l r r� � �1 2 1, ,

~� ( , , )� 	 �k t , k r r� � �2 2 3 2, , A� �
N};

3) { � ( , ), ,w t k r rk � � � �1 2 1} — n-âèì³ðí³ â³íåðîâ³ ïðîöåñè;

4) { }~� ( , , ), , , �� 	 �k t k r r A� � � �2 2 3 2 N — n n
 -âèì³ðí³ öåíòðîâàí³ ïóàññî-

íîâ³ ì³ðè.

Òóò ñèìâîë "
L

îçíà÷àº, ùî ïðîöåñè ìàþòü îäíàêîâ³ çàêîíè ðîçïîä³ëó.

Äîâåäåííÿ ëåìè 1 àíàëîã³÷íî äî äîâåäåííÿ ëåìè V²–2.1 [7].

Çà íàâåäåíèìè ïðèïóùåííÿìè ñïðàâäæóºòüñÿ íàñòóïíà òåîðåìà.

Òåîðåìà 2. Íåõàé (12) — äîâ³ëüíà çàäàíà äîïóñòèìà ñèñòåìà òà äëÿ

çàäàíîãî x n�R ðîçâ’ÿçîê {x tu ( , )� } âèçíà÷àºòüñÿ ÑÄÔÐ (13). Òîä³ íà äåÿêîìó

ìîäèô³êîâàíîìó éìîâ³ðí³ñíîìó ïðîñòîð³ ìîæíà ïîáóäóâàòè R n -âèì³ðí³

ïðîöåñè {~ ( , )x tu � } , {~ ( , )x t0 � } òà { }~ ( , ), ,� �j
u t j r� �1 3 2 , { }~ ( , ), ,� �j t j r0 1 3 2� �

òàê³, ùî:

1) { ( , )} {~ ( , )}x t x tu L u� �" ;

2) { ( , )} {~ ( , )}x t x t
L0 0� �" ;

3) | ~ ( , )| | ~ ( , )|x t x tu0 � �
 äëÿ äîâ³ëüíîãî t � 0 ç ³ìîâ³ðí³ñòþ 1;

4) { } { }~ ( , ), , ~ ( , ), ,� � � �j

L

j
ut j r t j r0 1 3 2 1 3 2� � " � � ç ³ìîâ³ðí³ñòþ 1.

Äîâåäåííÿ. Íåõàé (12) — çàäàíà äîïóñòèìà ñèñòåìà, äëÿ ÿêî¿ (13), (14)

º ðîçâ’ÿçêîì ð³âíÿííÿ (15)–(17).

Ïîçíà÷èìî {x t t w t t A0 0 0 0( ), ( ), ( ), ~ ( , )� � } ðîçâ’ÿçîê ð³âíÿííÿ (15)–(17) òà

âèïóñòèìî äëÿ çðó÷íîñò³ â³äïîâ³äí³ ³íäåêñè.

Âèáåðåìî o n( )-çíà÷íó áîðåëåâó ôóíêö³þ { p xij ( )} òàêó, ùî

p xij ( ) �
x

x
x x x x

x

i
n

j

| |
, ( , ) ,

, .

� � � #

�

�

�
�

�
�

1 2

1

0

0

�

�

Íåõàé

� �0 0

0

( , ) ( ( ))t p x s ds

t

� 	 , w t p x s dw s w t p x s dw su
t t

( ) ( ( )) ( ), ( ) ( ( )) ( )� �	 	
0

0 0

0

0 ,

~ ( , ) ( ( , )) ~ ( , , ), ~ ( , ) (� � � � 	 � � �t p x s d ds t p xu
t

� �		
V V0

0 0 0		
0

0
t

s d ds( , ))~ ( , , )� � 	 � .

Òîä³ îòðèìàºìî

x t x s p x s d w tu j

j r

rt
u( ) ( , ) ( ( , )) ( , )� � ��

� �

�
��	 � � � �1

1

2 1

0

1
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� ��

� �

�
��		 � � � � 	 �

k
k r

rt
us p x s d ds1

2 2

3 2

0

1( , ) ( ( , ))~( , , )

V

u s ds

t

( )

0

	 ,

x t x s p x s dw tj

j r

rt
0 1

1

2 1

0

1 0 0( , ) ( , ) ( ( , )) ( ,� � � �� � �

� �

�
��	 �) �

� �

� �

�
��		 � � � � 	 �

k
k r

rt

s p x s d ds1

2 2

3 2

0

1 0 0( , ) ( ( , ))~ ( , , )

V

� 	U x s ds

t

( ( , ))0

0

� .

Çàñòîñîâóþ÷è ëåìó 1 äî {x t w t t Au ( , ), ( , ), ~ ( , , )� � � � } òà {x t0 ( , )� , w t0 ( , )� ,

~ ( , , )� �0 t A } , îäåðæèìî ñóêóïí³ñòü {� ( , ), � ( , ), � ( , ), ~� ( , , )}x t x t w t t Au � � � � �0 â³äïî-

â³äíèõ ïðîöåñ³â íà éìîâ³ðí³ñíîìó ïðîñòîð³ ç ïîòîêîì { � � ( )}F xt  N òàêèõ, ùî

{ � ( , )}w t � – n r
 -âèì³ðíèé � � ( )F xt  N â³íåðîâèé ïðîöåñ, {~� ( , , )} � � ( )� �t A F xt�  N

– n r
 -âèì³ðíà öåíòðîâàíà ïóàññîíîâà ì³ðà ³ äëÿ ìíîæèíè A�N âèêîíóþòüñÿ

ñï³ââ³äíîøåííÿ

{ ( , ), ( , ), ~ ( , , )} { � ( , ), ( , ), ~� (x t w t t A x t w tu L

u
t� � � � � � �" t A, , )}� ,

{ ( , ), ( , ), ~ ( , , )} {� ( , ), ( , ), ~�x t w t t A x t w t
L0 0 0 0 0� � � � � �" � �0 ( , , )}t A .

Âî÷åâèäü, ùî ³ñíóº � � ( )F xt  N -âèì³ðíèé n-âèì³ðíèé ïðîöåñ {u t( )} òàêèé, ùî

| � ( )|u t 
 1 äëÿ äîâ³ëüíîãî t � 0 ³

� ( , ) ( , ) ( � ( , )) � (x t x s p x s dwu j

j r

rt
u� � � �� � �

� �

�
��	 1

1

2 1

0

1 s, )� �

� �

� �

�
��		 � � � � 	 �

k
k r

rt

us p x s d ds1

2 2

3 2

0

1( , ) ( � ( , )) ~� ( , ,

V

) � ( , )� 	 u s ds

t

0

� .

Äëÿ ñïðîùåííÿ âèêëàäîê ïîêëàäåìî, ùî � �j

j r

r

t�

� �

�

� �1

1

2 1

1( , ) ,

� �
k

k r

r

t�

� �

�

� �1

2 2

3 2

1( , ) .

Çàñòîñîâóþ÷è ôîðìóëó ²òî–Ñêîðîõîäà äî x t x t1
0 2( , ) | � ( , )|� �� òà

x t x tu
2

2( , ) | � ( , )|� �� , îäåðæèìî

dx t x t p x t dw t x tu u u
2

12( ) � ( , ) ( � ( , )) ( , ) [|� ( , )� � �� 	� � � �

V

p x tu� �1 2( � ( , ))|�

� � � � 	| � ( , )| ] ~ ( , ) � ( , ) � ( , ) [| �x t d dt x t u t n xu u� � 	 � �2
1 2{

V

u t( , )� �

� � �� �p x t x t x t p x tu u u u1 2 2 12( � ( , ))| | � ( , )| � ( , ) ( � ( , )� � � � )] ( )}2� du dt �

� � �	 �2 1 1 2| � ( , )| � ( , ) [|� ( , ) ( � ( , ))|x t dw t x t p x tu u u� � � �

V

� �| � ( , )| ] ~ ( , )x t d dtu � � 	2
1

� � � � �	 �{2 1 2� ( , ) � ( , ) [| � ( , ) ( � ( , ))|x t u t n x t p x tu u u� � � �

V
� � ��| � ( , )| � ( , ) ( � ( , ))] ( )} (x t x t p x t d dt xu u u� � � 	2 1

2 22 2� t dw t, ) � ( , )� �1 �

� � �	 �[| � ( , ) ( � ( , ))| | � ( , )| ] ~ ( ,

V

x t p x t x t d du u u� � � � 	1 2 2
1 t) �
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� � � � �	 �{2 1 2� ( , ) � ( , ) [| � ( , ) ( � ( , ))|x t u t n x t p x tu u u� � � �

V

| � ( , )|x tu � 2 �

� �2 1
2

� ( , ) ( � ( , ))] ( )x t p x t d dtu u� � 	� ,

dx t x t p x t dw t1
0 1 02( , ) � ( , ) ( � ( , )) � ( , )� � � �� ��

� � �	 �[| � ( , ) ( � ( , ))| | � ( , )| ] ~ ( ,

V

x t p x t x t d0 1 0 2 0 2
1

0� � � � 	 dt) �

� � � �	 �{2 0 0 0 1 0� ( , ) ( ( , )) [| � ( , ) ( � ( , ))x t U x t n x t p x t� � � �

V

|2 �

� � ��| � ( , )| � ( , ) ( � ( , ))] ( )x t x t p x t d dt0 2 0 1 0
22� � � 	�

� � �	 �2 0 1 0 1 0 2| � ( , )| � ( , ) [|� ( , ) ( � ( , ))|x t dw t x t p x t� � � �

V

�

� � � � � 	| � ( , )| ] ~� ( , ) | � ( , ) | [| � (x t d dt x t n x0 2
1

0 0 02� � 	 �{

V

t p x t, ) ( � ( , ))|� �� ��1 0 2

� � ��| � ( , )| � ( , ) ( � ( , ))] ( )} (x t x t p x t d dt x0 2 0 1 0
2 12 2� � � 	� t dw t, ) � ( , )� �1 �

� � �	 �[| � ( , ) ( � ( , ))| | � ( , )| ] ~ ( ,

V

x t p x t x t d0 1 0 2 0 2
1

0� � � � 	 dt x t n) { ( , )� � � �2 1 �

� � � �	 �[|� ( , ) ( � ( , ))| | � ( , )| � ( ,

V

x t p x t x t x t0 1 0 2 0 2 02� � � �) ( � ( , ))] ( )}p x t d dt�1 0
2� 	� ,

äå � ( ) ( � ( ), � ( ), ..., � ( ))w t w t w t w tn� 1 2 .

Çàóâàæèìî, ùî

[ ( )] ( ( )) ( ) | |xp x x p x x p x xi j

j

j j

j

ij i
� �� � �� �1 1

1 1� .

Íåõàé

b t n x( , ) � $2 0;

b t x b t x x n1 2 2 0( , ) ( , )� � � $ � �

� � � �	 �[| � ( , ) ( � ( , ))| | � ( , )| � ( ,

V

x t p x t x t x tu u u u� � � �1 2 2 2 ) ( � ( , ))] ( )p x t du�1
2� 	� ,


 � � � �2
12( , ) � ( , ) � ( , ) [| � ( , ) ( � ( ,t x t u t n x t p x tu u u� � � �	 �

V

�))|2 �

� � �| � ( , )| � ( , ) ( � ( , ))] ( )x t x t p x t du u u� � � 	2 1
22 � .

Òîä³ âî÷åâèäü, ùî 
 � �1 1 1( , ) ( , ( , ))t b t x t� ³


 � � � �2
12( , ) | � ( , )| [| � ( , ) ( � ( , ))|t x t n x t p x tu u u� � � � �	 �

V

2 �

� � ��| � ( , )| � ( , ) ( � ( , ))] ( ) ( ,x t x t p x t d b t xu u u� � � 	2 1
2 2 22 � ( , ))t � .

Ìàº ì³ñöå [7, 13, 15] ïîòðàºêòîðíà ºäèí³ñòü ðîçâ’ÿçêó äëÿ ÑÄÔÐ (10), (11).

Îòæå, ìîæíà çàñòîñóâàòè äðóãå òâåðäæåííÿ òåîðåìè 1 ³ îòðèìàòè íåð³âí³ñòü

x t x t P1 2( , ) ( , ) ( )� �
 mod äëÿ äîâ³ëüíîãî t � 0 . Òåîðåìó 2 äîâåäåíî.
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ÂÈÑÍÎÂÊÈ

Ó ðîáîò³ äîâåäåíî, ùî äëÿ äîïóñòèìèõ ñèñòåì âèãëÿäó (12) ³ñíóº ì³í³ìàëüíå

çíà÷åííÿ ìàòåìàòè÷íîãî ñïîä³âàííÿ E xt
u{ }| | | | . Ðîçãëÿíóòî òåîðåìó ïîð³âíÿííÿ

äëÿ ÑÄÔÐ ï³ä ä³ºþ çîâí³øí³õ çáóðåíü òèïó âèïàäêîâèõ ïðîöåñ³â,

âñòàíîâëåíî ôàêò ³ñíóâàííÿ îïòèìàëüíîãî êåðóâàííÿ äëÿ öüîãî êëàñó ñèñòåì.
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V.K. Yasynskyy, I.V. Yurchenko
ON THE EXISTENCE OF OPTIMAL CONTROL FOR STOCHASTIC FUNCTIONAL
DIFFERENTIAL EQUATIONS UNDER THE INFLUENCE OF EXTERNAL DISTURBANCES

Abstract. The article discusses the comparison theorem for solutions of stochastic functional
differential equations under the influence of external disturbances and its application to one
stochastic control problem.

Keywords: comparison theorem, stochastic control, stochastic functional differential equations.
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