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JAEAKI ACUMIITOTHUYHI BJJACTUBOCTI
PO3B’SI3KIB TPUTAPMOHIMHUX PIBHSIHb

AHoTanisi. Po3misiHyTO onTHMi3auiiiHy 3aady Uil TPUTApPMOHIMHOTO PIBHSIHHSL 332 HAasBHOCTI
MEBHUX TPAHUYHUX yMOB. BHacmizok mporo Oyino moOymoBaHO TpurapMoHiiitHui iHTerpan Ily-
accoHa y AEKapTOBHX KOOPAMHATAX MJIsi BEPXHHO! MIBIUIOMMHH. JIOCITIPKEHO acCHMITOTHYHI
BJIACTHUBOCTI LILOrO oleparopa Ha kiacax Jlinmmmis B piBHOMIpHIM MeTpuii. 3HalJeHO TOUHY
PIBHICTH Ul BepXHBOI MEXKi BiIXwieHHS QyHKIIH kimacy Jlimmmis BiJ TpUrapMOHIHHOTO iHTET-
pana Ilyaccona, BU3HAYEHOro B JEKAapTOBMX KOOpPAMHATAX JJIsi BEPXHHOI MIBIUIOIIMHH B MET-
puni nmpoctopy C. 3acBiI4eHO HAsBHICTH 3B’SI3KYy MK METOAAaMH TeOpii HAOIMKEHb 1 MPUHLU-
IaMe Teopil ONTUMAaIBHHUX PIIICHB.

KuwuoBi cioBa: ontuMisamiiiHa 3agada, xiac ¢yHkuiid Jlinmmmis, piBHOMIpHA METpHKA, TPH-
rapMoHiiauii interpan Ilyaccowna.

IIOCTAHOBKA 3AJIAYI

Jnst epeKTHBHOTO PO3B’sI3aHHS 33Jad TEOpii ONTHMAIBHUX PINICHP BHHUKAE MO-
Tpeba B po3MIMpeHHI KiaciB (GyHKiiH. Tak, ais momyky rio0aibHOTO MIiHIMyMY
JIOBIJIbHOT KPUBOi METOJIOM IMOOYJIOBH ONTHMAaJIbHOTO TOKPHUTTS BHXIJIHOTO 1HTEp-
Baly HEBHU3HAYCHOCTI [1] 3aCTOCOBYIOTH YMOBY

|0(x1 )= O(x2 )| <% —x2], (1

ne O(x) — dynkuis, ska MiHIMIZyeThesl. MHOXKHHY Takux (QyHKUid Q(x), mo 3a-
noBonbHSE ymoBa (1), Ha3uBaloTh KiacoM QyHKUiN Jlimmmus, sSkuil y wiit po0oti
no3Havyatumemo Lipl.

Tak, BogHOYAC TIJIBKH KIJIACiB HETIEPEePBHUX (PYHKIIN HEe BUCTAYA€E 5K IJIsl PO3B’sI-
3aHHS OaraTOBUMIpHHMX BapiallilHUX 3ajad, TaK 1 JUIS BHBYCHHS BIIACTHBOCTEH
XBWJIBOBUX PIBHSIHB 1 PIBHSHB TiAPOJAMHAMIKH. BHACHIIOK IOTO MOYalK PO3TISAATH
JIesIKi THIIH JTIHIMHUX PIBHSHB Y YACTHHHUX TOXIJHUX 71-TO MOPSIKY 3 THIIUX KJaciB
¢byHkmid (quB. [2-6]).

VY cBoiif ocHOBomonoXkHii po6oTi [7] Coboner C.JI. 3ampoBamuB y3aranbHEHi
PO3B’SI3KM OCHOBHHX THIIIB JIHIHHUX PIBHSHb Y YACTHHHUX MOXITHUX 71-TO TOPSIKY
(XBIIIBOBE PIBHAHHS, PiBHSHHA Jlammaca, piBHSHHS TEIUIONPOBIAHOCTI TomIO). Y IiH
poOOTI y3arajgbHEHI PO3B’SI3KH PO3MIIAAAOTHCS SIK JIMITH KIACHYHHUX PiBHSAHbB, JI0
TOTO K JIIMITH 3aIIPOIMIOHOBAHO B KJjacax iHTerpoBHUX (yHKii [8]. Take po3mupeH-
HsI [IOHSTH Ja€ 3MOTY PO3B’s3yBaTH 3aadvi 3 TOCUTh 3arajibHUMH MPABHMHU YaCTHHA-
MU 1 Koe(illieHTaMH PIiBHSHB.

[Tomixk GaraThOX piBHSHB TAKOTO THUITY OCOOJIMBA yBara ITiJi 4ac PO3B’s3aHHS 3a-
Jad ONTUMI3aIll MPUAUIIEThCS AU(EPEHIIATLHOMY PIBHSHHIO HIOCTOTO TMOPSAKY

vV3)Uu=0 @)

y YacTHHHHX IOXiJHHUX, SIKE Ha3WMBATUMEMO TPHI'APMOHIMHHM pPiBHSIHHSIM.

Ll cTaTTs mpHCBSMEHa IOCIIKEHHIO AlpOKCHMATHBHHX BIACTUBOCTEH pO3-
B’SI3KiB TPUTapMOHIMHUX DIBHSAHL (2) (32 HASBHOCTI NMEBHHX T'PAaHWYHUX yMOB) Ha
kimacax (yskniit Jlinmmums.
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JESKI ICTOPUYHI BIJOMOCTI

JudepeHnianbHuii oneparop v? y piBHsHHI (2) Ha3uBaTHMEMO orepatopoM Jlam-

nmaca (muB. [9—-11]). BoueBuap, 10 SBHUW BUTJISL OlEepaTropa V2 samexuth BIJX

TOrO, B SIKiil CHCTEMi KOOpPJMHAT PO3B’A3YyEThCS 3anada. Tak, HAmpHUKIAJ, SKIIO

MOCTABJICHY 3aj[ady TPUKIATHOTO XapaKTepy MOJICIIOBATH 3a JOMOMOIOK Kpano-

BOl 3aja4i Ha MWIBIUIONIMHI, TO 3PYy4YHO BHUKOPHCTOBYBaTH omeparop Jlamaca
5 52 2

V% =——+—— caMme B JCKapTOBUX KOOpJHUHATAX, 110 OE3MOCEPEIHHO 3aCTOCOBY-
ox? 8y2

I0Th B TEOpii JMHAMIYHMX CHCTEM Ta Teopii irpoBux 3amad auHamiku [12-14]. Tlo-

pAa 3 TUM Y ACAKUX CYHYaCHUX ,I[OCJ'Ii,Z[)KeHH}IX BUKOPHUCTOBYIOTH OIICPATOP Jlaruiaca
2

v2_49

z0z

Yy KOMIUICKCHUX 3MIHHHMX z =X +iy Ta z =x —iy (Hampuxiaz, [15]),

[0 3HAYHO CIPOINIYE MPOIEC PO3B’sI3yBaHHS WIMPOKOTO CIEKTpa 3amad y Teopii
1o o 1 0°
P T
PP P p*ox
B TIOJSIPHIH CHCTEMi KOOPIMHAT, TO BIH BUKOPHCTOBYETHCS 3 METOIO PO3B’s3yBaH-
HS IIJIOTO CIIEKTpa 3a/lau MPHKIAIHOTO Xapakrepy [16—22], ski MOAETIOTH 3a JI0-
MIOMOTOK) KpaioBUX 3ala4y B OAWHWUYHOMY Kpy3i (0< p<1).

SIKII0 WAEThCS MPO PO3B’SI30K TPUTAPMOHIHHOTO PIBHSAHHS (2) B OMUHUYHOMY

Kpy3i, TO Take audepeHIialibHe PIBHSIHHS IIOCTOTO TOPSJIKY B YACTHHHUX MOX1JIHUX
000B’SI3KOBO MOTPIOHO JIOMIOBHUTH TPHOMAa TPAHUYHIMHU yYMOBAMH:

ontumansHux pimens. o x crocyerscs Jlammaciana v?=

2
lim U(p,x)= f(x), lim 2ZPX) g i SV@X) 3)
p—l p—>1  Op p—1 apz

Po3B’s13k0M TpUrapMOHIHHOTO PiBHAHHSA (2) B OAMHUYHOMY Kpy3i 32 HasiBHOCTI
rpannyHuX ymoB (3) Oyne TpurapmoHiiHuii iHTerpan Ilyaccona

(1—,02 )3 T 6,02 (cos t)2 —p(p2 +9)cost+4

Uip) =L

Sx+1t)dt “
1-2pcost+p?)?

S (-2peostp?)

B OJIMHWYHOMY Kpy3i. Bu3HaueHHS pi3HOTO pojmy BIACTHBOCTEH, SIKi € aKTyaJlbHH-

MH IS TTOJaibIINX MPHUKIaJHUX 3aCTOCYBaHb TPHTapMOHIMHUX iHTerpamni Ilyac-

COHa caMe B ONMHWYHOMY Kpy3i, BiloOpaskeHI B IMKIL poOiT [23-26].

Slkmo mpoaHaizyBatu sIpo TpurapMoHiiiHoro iHTerpana Ilyaccona (4)

K (p,t)=

(l—p2 )3 6,02(cost)2 —p(p2 +9)cost+4 (5)
8 b

(l—2pcost+p2 )3

TO JIETKO IMMEPEKOHATHUCS B TOMY, II0 BOHO € 3HAKO3MIHHMM Ha BIJIMiHY BiJ sjiep
rapMmoHiiiHoro [27] ta OirapmowniitHoro [28] inTerpaniB [lyaccona (siki € momaTHH-
mu). Takuii Qakt crae Ha 3aBali MPUKIATHOMY 3aCTOCYBAaHHIO TPHTapMOHIHHOTO
omeparopa (4) B Teopii ONTHUMAJbHUX pilIeHb, SKa MOXKe 0Oa3yBaTHCS JIMIIEC Ha
HaAMOLIBII ONTHMAaIbHUX PO3B’A3KaxX KpaloBuX 3amay. OCKIIbKH OJAaTHI OMeparo-
pU € OUIbLI ONTHMAJIbHUMH PO3B’SI3KaMH Yy MOPIBHSAHHI 31 3HAKO3MIHHUMH Omepa-
TOpaMH, TO B I poOoTi OymyBaTMMEMO TpHUrapMoHidHUHN iHTerpan Ilyaccona
B JEKapTOBUX KOOpIHMHATAX y BEPXHIA MIBIUIOMIUHI. Po3rmsmaTiMeMo BHIAIOK
TPaHUYHUX YMOB [29], sIKi TArOTh 3MOTY OTPHUMAaTH TPUTapMOHiHHWHA iHTerpan Ily-
acCoHa y BEpXHill MIBIUIONMHI caMe 3 JIOJJATHUM IHTETrPajJbHUM SIPOM, IO 3HAYHO
PO3IIUPUTH CIIEKTP NPUKIAIHUX 3aCTOCYBaHb IOro omepatopa. OCHOBHa MeTa
PO3IIISITyBAHOTO JIOCHIJKCHHS! — BHUBYCHHS alPOKCHMATHBHHUX BIIACTHMBOCTEH pO3-
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B’SI3KIB TPUTAPMOHIMHUX PIBHSHb (2) B JEKapTOBHX KOOpAWHATAX 3a HAasIBHOCTI
MEBHUX TPAaHMYHUX YMOB Ha MEXi BEpXHbOI MIBIUIOLIMHM Ha Kiacax (yHKUiN
Jlinmwuis B piBHOMIpHIN METpHIIL.

HABJIMKEHHS ®YHKIIA TPHFAPMOI—[IVIHHMPI
IHTEI'PAJIAMU ITYACCOHA Y BEPXHIN NIBIJIOHIUHI

Hexait C — mpoctip HenepepBHUX 1 CyMOBHHMX (YHKLil, B ssKOMy HOpMa (YHKLIi
BH3HAUYAETHCS 32 JIONOMOTOIO criBBigHOWIEHHS || f||=max| f(x)|. Toxi y BcTaHOB-
JICHUX BHIIE MO3HAYEHHSAX MA€ Micle TBEpPDKEHHS.

Teopema 1. Ins Gynkuiit knacy Jlinmuns Lipl mae micuie TOYHA PiBHICTh

4y

E(Lipl; Py (y))c = sup || f(x)=P3(x, Wllc ===, (6)
feLipl 3
A€ BEJIIMYHNHA
Pen =2 | f<x+2d; ™)
ST+ Y7)

€ TpUrapMoHiHUM iHTerpajgoM llyaccoHa Ha BepXHIiW MIBIUIOIIMHI Y JIEKapTOBUX
KOODJIMHATAX.
JoBenenns. fxmo mpenacraButé (QyHKINO f(x) y BUrAal iHTerpama dyp’e

f(x)=2;t_{o F(g)e®dg, ()

TO JUIs TpUTapMOHiHOTO iHTerpana [lyaccoHa Ha BepXHii MiBILIONIMHI MOXHA IIO-

OyayBatu iHTErpai
+00

1 ~ .
Py ()= [ 4 (@) f(@)e"dq. ©)
—00
Jnis BepxHBOT MIBIUIONMHA BHUKOHYEThCs ymoBa y>0. Hexait temep y— 0.
VY TakoMmy BHMNAAKy 3 IHTETpajbHOrO TpeacTaBieHHS (9) BUIUIMBAE, IO

+00

yli_I:})Ps (x,y)=2;_J;o {yli_I)Tz)A (4, )}/ (g)e'*dg. (10)

Hexaif mms nBoBumipHOi (yHKINT A(g, y) BUKOHY€EThCS TPAaHHYHA yMOBA
lim 4(q,y)=1 (11)
y—0

Sxuio migcraBuTH rpanndHy ymoBy (11) B iHTerpansHe npeacrasieHus (10), To
3 ypaxyBaHHsAM iHTerpaiga ®yp’e (8) MoxHA JIHTH BHCHOBKY, IIO

lim P (x,y)= f(x). (12)
y—0

Amnanoriuno 10 [30] audepenuiroemo iHTerpanbHe npeacraBieHHs (9) 3a y Ta
OTPUMYEMO IHTErpalbHEe npe)JCTaBneHHﬂ

OP.
oy 21 -
Hexaii Teep y — 0. Toni 3 iHTerpanLHoro npencrasieHHs (13) Bumiusae, 1o
~+00
y—0 oy 2 e y—0 oy
. . .. 0A(q, )
Hexait Takosx Juist TBOBHMipHOT (DyHKIII{ e BHKOHaHA I'PaHUYHA YMOBA
Y
lim 4@ _ (15)
y—0 oy
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Sxmio 3axiaTy rpaHnyHy yMOBY (15), To iHTerpansHe npeacrasieHus (14) nepe-
TBOPUTHCS Ha TPAHUYHY YMOBY

lim 8P3(X,y)=

0. 16
y—0 8y ( )

Hdudepenuitoroun iHTerpanbHe npeacrasieHHs (13) 3a y, oTpuMyemMo iHTErpasib-
HE MpeJCTaBICHHS

’P(x,y) 1 P 3%A(q,y) ~
TBEN L[ CAGD) figeiargy, (7)
ik m o, oy
Hexaii reniep y — 0. Toai 3 inTerpansHoro npexacrasieHus (17) BumuBae, 1mo
2 +o0 2
P ~ )
lim 0P (ny)_ 1 J‘ lim 0°4(q,5) 7(q)edg. (18)
2
Hexaii s nBOBUMIpHOT (YHKINT w BHKOHAHA I'paHUYHA yMOBa
y
2 2
lim 07 A4(q,y) _ _q (19)

Sxmo mincraButu rpaHuyHy ymoBy (19) B iHTerpanbHe mpenctaBinenHs (18) , To
3 ypaxyBaHHSM MOXiJHOT Apyroro mnopsaky inrerpana Pyp’e (8) mMoxHa IidTH
IPaHUYHOI YMOBHU
%Py (x, "
i P00 1)

20

SIKII0 PO3MIISSHYTH CyMY YaCTMHHOI HOX1JIHOI Apyroro nopsaky (17) ta yactus-
HOI TIOX1JTHOI JPYroro MOpsAKY

o%p X, 17 z 1
(j(z“”:zﬂ (iq)> A (4. ) F(q) e dg. e
x —0
TO MOJKHA JIATH TOTOXKHOCTI
1 +00 - )
VP ()= [B(g) fa)e ™ dy, (22)
—00
e
% 4(q,
B0 ="2G0 ag,). 23)
y

SIk11o BIUIMBATH ONEPATOPOM (V2 )2 Ha iHTerpajbHe mpeincTaBieHHsd (22) , To
MOXHa JIHTH pe3yJbTaTy

+00 2 - .
V2 Py = | {aD(Z””—qu(q,y)} F@e®dg, @4
“o y
e
2
Dig.n="242 8. 25)
y

Sxmo aBoBumipHa GyHKIIs D (g, ¥) € po3B’s13koM AU(EpEeHIiaIbHOTO PiBHSHHS
JpYyroro MOPAIKY

0*D(q.y)

= -4°D(q,)=0, (26)
oy
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TO IHTETpaJNbHE MPEACTaBICHHS (24) MEepPeTBOPIOETHCS HA TPUTAPMOHINHE PIBHIHHS
243
(V) P3(x,y)=0 27

3 rpannyHuMU ymoBamu (12), (16) ta (20).

3 ypaxyBaHHSIM TO3Ha4YeHHs (25) mudepeHiiagbHe PIBHSIHHS JIPYroro Mopsii-
Ky (26) meperBopuThCsl Ha audepeHIliaibHe PIBHSIHHSA YETBEPTOrO MOPSAKY

4 2
0 B(?Jﬁ_zqza B(?J0+q43(%)0:0. 28)
0y Oy

Slkmo BpaxyBaTH mo3HadeHHs (23), To mudepeHIliatbHe PIBHSHHS YE€TBEPTOTrO

nopsiiky (28) mepeTBOpUTHCS Ha JudepeHIliaibHe PIBHSIHHSA MIOCTOTO TMOPSIKY

4 2
0 A(q.y) 5200 4@y) 54 0°4(.)
6y6 6y4 8y2
JudepenuianbHe piBHSIHHS LIOCTOTO HOPSIKY (29) pa3oMm 3 rpaHUYHUMHU yMOBa-
mu (11), (15) Ta (19) yrBoprotoTh 3anauy Ko, po3B’ 430Kk K01 Ma€ TaKUi BUTIIAL;

q°4(q,»)=0. (29)

2 2
A(q,y>=[1+y|q+y3qje‘”'. (30)

Skmo inTerpann @yp’e mns QyHkmii f(x) obuucmoBatu 3a dopmyinowo (8), TO
Dyp’e-06pa3 f (¢) BU3HAYAEMO TaK:

+00
fa)= [ faye ™ ax. (31)

Higcrasisiroun Oyp’e-00pa3 (31) B inTerpanpHe npenctaBieHas (9), OTpuMyemMo
MO/IBIMHMIA 1HTETpa

Py (x,y)=g1 | { [4 (%y)eiq(x—"’)dq} SO )ax'. (32)

—00 —00

OcCKIIbKH

iy . +eo 2 2 .
jA (g, ) e dg = _[ {1+yq|+y3qJe—yqezq(x—x')dq:

—© —o0
5
- (33)
3{(x—x")" + y7}
TO ToABiMHMK iHTerpan (32) HalyJae Takoro BUIIIALY:
8y> 1 x")dx'
Py =2 [ S (34)
3

2 23"

Zo {G=X)T+ 7
SIK1110 3ampoBaJiuTH HOBY 3MIHHY IHTETpyBaHHA f =X’ — X, TO 3aMICTh 1HTErpaja
(34) matumemo Bxe iHterpan (7). BukopucroByroum wMmeromu pobit [31, 32],

Ha OCHOBI cmiBBiIHONICHHSI (7) OTPUMYEMO IHTErpajbHE MPEICTABICHHS

_ _8y {f(x+1)—f(x)}dt
Py (x,y)- f(x)= w Ty

5 +oo

(33)

st BenmumuuHU Ps (x, ) — f(x). Ockinbku s GyHKOif kiaacy Jlimmmms Lipl BuKo-
HY€TBCSI yMOBa

|f e+ 1) = f(O)]<]z], (36)

156 ISSN 1019-5262. KiGepHeruka ta cucremMHuit anaiis, 2024, rom 60, Ne 3



TO aHajoriyHo 7o [33, 34] 3 iHTerpajibHOrO npescTaBicHHs (35) BHIUIMBAE OIIHKA

5+oo

E (Lipl; P (y))c = sup Hf(X)—Ps(x,y)llcS j NN
felLipl t +y )

Ockinbku B kaci Lipl icaye dynkuis f(¢) =|¢|, anst axoi HepiBHICTS (37) mepe-
TBOPIOETHCS B PIBHICTB, TO

, 16 tdt
EWpLPs(Me =—— | 55 (38)
3oy T +y0)
SKIo B3SATH 10 yBar" iHTerpait
+00
4.‘- ) 1 2.2 =L4’
@ +y) @+,

TO TOTOXHICTh (38) mepeTBOpUTHCS Ha pe3yibrar (6). Teopemy moBeneHO.

OTxe, y Tiporeci JOCHiDKeHHs i€l poOOTH po3B’sI3aHO ONTHUMI3AlIHHY 3a/1a-
9y TPUTAPMOHIHHOTO PiBHSHHS B JEKAPTOBHX KOOPAMHATaX y BEpPXHill miBIUIO-
muHi 3 TpaHnyHUME ymoBamu (12), (16) ta (20) Ha kmacax ¢yHkmid Jlinmmuns
B piBHOMIipHi MeTpuli. OTpUMaHO TOYHY PIBHICTH JJII BEPXHBOI MEX1 BiIXUIICH-
Ha QyHKkUii knacy Jlimmuug Big TpurapMmoniiiHoro interpana Ilyaccona, Bu3sHaue-
HOTO y BEpXHIiH miBriomuHi. BusHaueHi anmpoOKCUMATUBHI BJIACTMBOCTI TpuUrap-
MOHiifHOTO omeparopa Ilyaccona y BepxHiil miBIUIOmMHI Ha Kiacax Jlimmwis
B PIBHOMIpHIA METPUIll MiATBEP/KYIOTh aKTYyalbHICTh IMPOKOTO CIIEKTPa BIKE
pO3B’sI3aHUX 3aja4 MPUKIATHOTO Xapakrepy [35-37], moO MOXYTh CHPUSTH
Ha IMMOJAJIBII JOCIIIKEHH.

Tpurapmoniiiamii interpan Ilyaccona B onmmHUYHOMY Kpy3i (4) € omepaTopom
31 3HAKO3MIHHHM SIIPOM, TOJiI SIK TMOOYJOBaHWUN Yy IbOMY JIOCHIJKCHHI TpHTrap-
MOHIWHUH omeparop Ilyaccona (7) Ha BepXHil MIBIUIONIMHI € BXKE JOJATHUM Orepa-
TopoM. OTpUMaHHUN pe3yabTaT Oe3MOCEPEHBO OB A3aHUI 31 crienu(}ikow rpaHny-
HuX yMoB (12), (16) Ta (20) Ha Mexi BepXHbOI MIBILIONIMHH, SIKi 3aCTOCOBYBAIU IS
PO3B’SI3aHHS TPUTAPMOHIIHOTO pIiBHSHHS (2) B AEKApPTOBUX KOOPIUHATAX.

OckinbKM BBEJIEGHUH y 1iil poOoTi TpurapMoHiiHuii iHTerpan Ilyaccona
y BEpXHIH MIBILIONIMHI € JIHIHHUM JIOJIATHAM OIIEPaTOPOM 13 JIEIbTa-TIOMI0HIM S
pom [38, 39], To BiH € OJHNM i3 HaWKpamMX MAaTEeMaTHYHUX IHCTPYMEHTIB JJISI PO3-
B’SI3yBaHHS 3aJla4 ONTHUMI3AIifHOTO XapakTepy. 3 MPaKTHKH Cy4aCHHX MPUKIAJIHUX
nociimkensb [40—43] BUILIMBAE, IO ONEPATOPHU 3 JCNIbTA-MOJIOHUMHU SIPAMH MalOTh
3HAYHO IIMPIINHA CIIEKTP 3aCTOCYBaHHA Y MOPIBHSAHHI 3 ONEPAaTOPaMM 1HIIMX THIIIB.
[IpoananizoBanuii miaxix y moOynoBi J0AaTHOTO TPUTAPMOHIKHOTO ONepaTopa MOXKe
CTaTH MOIITOBXOM JUIsl TOOYIOBU 0ararboX IHIIMX MOJIrapMOHIHHUX iHTerpaiiB I1y-
acCcOHA 3 HOJATHUMH IHTETPAJbHUMH SIpaMH. A 116 3MO)KE 3HAYHO PO3IIUPHUTHU CITH-
COK MaTeMaTHYHUX 00’€KTiB, IPUIATHUX UL 3aCTOCYBAHHS y TEOpil ONTHMaIBHHX
pimIeHs i U1 po3B’s3yBaHHS 0araTboX ONTHMI3aliiHUX 3a1ad y Teopil TMHAMITHUX
cHcTeM, Teopii IrpoBHX 3amad THHAMIKH TOIIO.

CIIMCOK JITEPATYPU

1. barumes J[.M. Meroasl OonTHMalbHOTO MpOEKTHpOBaHHsA. MockBa: Pammo u cBszp, 1984.
248 c.

2. Chikrii A.A., Eidelman S.D. Game problems for fractional quasilinear systems. Computers &
Mathematics with Applications. 2002. Vol. 44, Iss. 7. P. 835-851. https://doi.org/10.1016/
S0898-1221(02)00197-9.

ISSN 1019-5262. KiGepHeruka Ta cucteMHuit anaiis, 2024, rom 60, Ne 3 157



3.

4.

Pilipenko Yu.V., Chikrij A.A. The oscillation processes of conflict control. Prikladnaya
Matematika i Mekhanika. 1993. Vol. 57, Iss. 3. P. 3-14.

Kharkevych Yu.l. On some asymptotic properties of solutions to biharmonic equations.
Cybernetics and Systems Analysis. 2022. Vol. 58, N 2. P. 251-258. https://doi.org/10.1007/
$10559-022-00457-y.

5. Zhyhallo T.V., Kharkevych Yu.l. Approximation of (1, [3) - differentiable functions by Poisson

6.

11.

12.

13.

14.

15.

16.

17.

18.

19.

158

integrals in the uniform metric. Ukrainian Mathematical Journal. 2009. Vol. 61, N 11.
P. 1757-1779. https://doi.org/10.1007/s11253-010-0311-0.

Zhyhallo K.M., Kharkevych Yu.l. Approximation of conjugate differentiable functions by
their Abel-Poisson integrals. Ukrainian Mathematical Journal. 2009. Vol. 61, N 1. P. 86-98.
https://doi.org/10.1007/s11253-009-0196-y.

. Cob6oner C.JI. YpaBHeHus marematuueckoit pusuknu. Mocksa: Pumon Kiacenk, 2013. 450 c.

. Hrabova U.Z. Uniform approximations by the Poisson threeharmonic integrals on the Sobolev

classes. Journal of Automation and Information Sciences. 2019. Vol. 51, Iss. 12. P. 46-55.
https://doi.org/10.1615/JAutomatInfScien.v51.112.50.

. Shutovskyi A.M. Some applied aspects of the Dirac delta function. Journal of Mathematical

Sciences (United States). 2023. Vol. 276, N 5. P. 685-694. https://doi.org/10.1007/s10958-
023-06790-7.

. Bushev D.N., Kharkevich Yu.l. Finding solution subspaces of the Laplace and heat equations

isometric to spaces of real functions, and some of their applications. Mathematical Notes.
2018. Vol. 103, N 5-6. P. 869-880. https://doi.org/10.1134/S0001434618050231.

Zhyhallo T.V., Kharkevych Yu.l. Some asymptotic properties of the solutions of Laplace
equations in a unit disk. Cybernetics and Systems Analysis. 2023. Vol. 59, N 3. P. 449-456.
https://doi.org/10.1007/s10559-023-00579-x.

Chikrii A., Matychyn I. Riemann—Liouville, Caputo, and sequential fractional derivatives in
differential games. Annals of the International Society of Dynamic Games. 2011. Vol. 11.
P. 61-81. https://doi.org/10.1007/978-0-8176-8089-3 4.

Chikrii A.A., Belousov A.A. On linear differential games with integral constraints.
Proceedings of the Steklov Institute of Mathematics. 2010. Vol. 269, Iss. 1. P. 69-80.
https://doi.org/10.1134/S0081543810060076.

Kharkevych Yu. Approximation theory and related applications. Axioms. 2022. Vol. 11,
Iss. 12. P. 736. https://doi.org/10.3390/axioms11120736.

Hrabova U., Tovkach R. On a boundary properties of functions from a class H ,(p 2 1).
Journal of Mathematical Sciences (United States). 2022. Vol. 264, N 4. P. 389-395.
https://doi.org/ 10.1007/s10958-022-06006-4.

Zhyhallo T.V., Kharkevych Yu.l. Fourier transform of the summatory Abel-Poisson function.
Cybernetics and Systems Analysis. 2022. Vol. 58, N 6. P. 957-965. https://doi.org/10.1007/
$10559-023-00530-0.

Chikrii A.A., Prokopovich P.V. Simple pursuit of one evader by a group. Cybernetics and
Systems Analysis. 1992. Vol. 28, N 3. P. 438—444. https://doi.org/10.1007/BF01125424.

Vlasenko L.A., Rutkas A.G., Semenets V., Chikrii A.A. On the optimal impulse control in
descriptor systems. Journal of Automation and Information Sciences. 2019. Vol. 51, Iss. 5.
P. 1-15. https://doi.org/10.1615/JAutomatInfScien.v51.i5.10.

Kal’chuk I., Kharkevych Yu. Approximation properties of the generalized Abel-Poisson
integrals on the Weyl-Nagy classes. Axioms. 2022. Vol. 11, Iss. 4. P. 161. https://doi.org/
10.3390/axioms11040161.

ISSN 1019-5262. KiGepHeruka ta cucremMHuit anaiis, 2024, rom 60, Ne 3



20.

21.

22.

23.

24.

25.

26.

27.

28.

29.

30.

31.

32.

33.

34.

Zhyhallo T.V., Kharkevych Yu.l. On approximation of functions from the class L% | by the
Abel-Poisson integrals in the integral metric. Carpathian Mathematical Publications. 2022.
Vol. 14, Iss. 1. P. 223-229. https://doi.org/10.15330/cmp.14.1.223-229.

Zhyhallo T.V., Kharkevych Yu.l. Approximation of functions from the class C:’é’ ., by Poisson
integrals in the uniform metric. Ukrainian Mathematical Journal. 2009. Vol. 61, N 12.
P. 1893-1914. https://doi.org/10.1007/s11253-010-0321-y.

Kharkevych Yu.l., Pozharska K.V. Asymptotics of approximation of conjugate functions by
Poisson integrals. Acta et Commentationes Universitatis Tartuensis de Mathematica. 2018.
Vol. 22, Iss. 2. P. 235-243. https://doi.org/10.12697/ACUTM.2018.22.19.

Hrabova U.Z. Approximation of conjugate periodic functions by their threecharmonic Poisson
integrals. Journal of Automation and Information Sciences. 2020. Vol. 52, Iss. 10. P. 42-51.
https://doi.org/10.1615/JAutomatInfScien.v52.110.30.

Hrabova U.Z., Kal’chuk I.V. Approximation of continuous functions given on the real axis by
three-harmonic Poisson operators. Journal of Mathematical Sciences (United States). 2023.
Vol. 274, N 3. P. 327-339. https://doi.org/10.1007/s10958-023-06603-x.

Kharkevych Yu.l. Exact values of the approximations of differentiable functions by
Poisson-type integrals. Cybernetics and Systems Analysis. 2023. Vol. 59, N 2. P. 274-282.
https://doi.org/10.1007/s10559-023-00561-7.

Hrabova U.Z., Kal’chuk 1.V. Approximation of classes C B0 by three-harmonic Poisson

integrals in uniform Metric (Low Smoothness). Journal of Mathematical Sciences (United
States). 2022. Vol. 268, N 2. P. 178-191. https://doi.org/10.1007/s10958-022-06190-3.

Kal’chuk I.V., Kharkevych Yu.l. Approximation of the classes Wéfoo by generalized
Abel-Poisson integrals. Ukrainian Mathematical Journal. 2022. Vol. 74, N 4. P. 575-585.
https://doi.org/10.1007/s11253-022-02084-4.

Zhyhallo T.V., Kharkevych Yu.l. Approximating properties of biharmonic Poisson operators
in the classes L%]. Ukrainian Mathematical Journal. 2017. Vol. 69, N 5. P. 757-765.
https://doi.org/10.1007/s11253-017-1393-8.

Zhyhallo K.M., Kharkevych Yu.l. Approximation of conjugate differentiable functions by
biharmonic Poisson integrals. Ukrainian Mathematical Journal. 2009. Vol. 61, N 3.
P. 399-413. https://doi.org/10.1007/s11253-009-0217-x.

Shutovskyi A.M., Sakhnyuk V.Ye. Taylor series of biharmonic Poisson integral for upper
half-plane. Journal of Mathematical Sciences (United States). 2022. Vol. 268, N 2.
P. 239-246. https://doi.org/10.1007/s10958-022-06195-y.

Kharkevych Yu.l. Approximative properties of the generalized poissin integrals on the
classes of functions determined by a modulus of continuity. Journal of Automation
and Information Sciences. 2019. Vol. 51, Iss. 4. P. 43-54. https://doi.org/10.1615/
JAutomatInfScien.v51.14.40.

Zhigallo K.M., Kharkevych Yu.l. On the approximation of functions of the Holder class by
biharmonic Poisson integrals. Ukrainian Mathematical Journal. 2000. Vol. 52, N 7.
P. 1113-1117. https://doi.org/10.1023/A:1005285818550.

Kharkevych Yu.l., Stepaniuk T.A. Approximate properties of Abel-Poisson integrals on
classes of differentiable functions defined by moduli of continuity. Carpathian Mathematical
Publications. 2023. Vol. 15, Iss. 1. P. 286-294. https://doi.org/10.15330/cmp.15.1.286-294.

Kharkevych Yu.l., Khanin O.G. Asymptotic properties of the solutions of higher-order
differential equations on generalized Holder classes. Cybernetics and Systems Analysis. 2023.
Vol. 59, N 4. P. 633-639. https://doi.org/10.1007/s10559-023-00598-8.

ISSN 1019-5262. KiGepHeruka Ta cucteMHuit anaiis, 2024, rom 60, Ne 3 159



35. Chikrii A.A., Rappoport I.S., Chikrii K.A. Multivalued mappings and their selectors in the
theory of conflict-controlled processes. Cybernetics and Systems Analysis. 2007. Vol. 43, N 5.
P. 719-730. https://doi.org/10.1007/s10559-007-0097-8.

36. Chikrij A.A., Dzyubenko K.G. Bilinear markovian processes of search for moving objects.
Problemy Upravleniya i Informatiki (Avtomatika). 1997. Iss. 1. P. 92-106.

37. Prokopovich P.V., Chikrii A.A. A linear evasion problem for interacting groups of objects.
Journal of Applied Mathematics and Mechanics. 1994. Vol. 58, Iss. 4. P. 583-591.
https://doi.org/10.1016/0021-8928(94)90135-X.

38. Bushev D.M., Kharkevych Yu.l. Conditions of convergence almost everywhere for the
convolution of a function with delta-shaped kernel to this function. Ukrainian Mathematical
Journal. 2016. Vol. 67, N 11. P. 1643-1661. https://doi.org/10.1007/s11253-016-1180-y.

39. Bushev D.M., Abdullayev F.G., Kal’chuk L.V., Imashkyzy M. The use of the isometry of
function spaces with different numbers of variables in the theory of approximation of
functions. Carpathian Mathematical Publications. 2021. Vol. 13, Iss. 3. P. 805-817.
https://doi.org/10.15330/cmp.13.3.805-817.

40. Zajac J., Korenkov M.E., Kharkevych Yu.l. On the asymptotics of some Weierstrass functions.
Ukrainian Mathematical Journal. 2015. Vol. 67, N 1. P. 154-158. https://doi.org/
10.1007/s11253-015-1070-8.

41. Serdyuk A.S., Hrabova U.Z. Order estimates of the uniform approximations by zygmund sums
on the classes of convolutions of periodic functions. Carpathian Mathematical Publications.
2021. Vol. 13, Iss. 1. P. 68-80. https://doi/org/10.15330/cmp.13.1.68-80.

42. Abdullayev F.G., Bushev D.M., Imashkyzy M., Kharkevych Yu.l. Isometry of the subspaces
of solutions of systems of differential equations to the spaces of real functions. Ukrainian
Mathematical Journal. 2020. Vol. 71, N 8. P. 1153-1172. https://doi.org/10.1007/
s11253-019-01705-9.

43. Shutovskyi A.M., Sakhnyuk V.Ye. Representation of Weierstrass integral via Poisson
integrals. Journal of Mathematical Sciences (United States). 2021. Vol. 259, N 1. P. 97-103.
https://doi.org/10.1007/s10958-021-05602-0.

A.M. Shutovskyi

ON SOME ASYMPTOTIC PROPERTIES OF SOLUTIONS
OF TRIHARMONIC EQUATIONS

Abstract. The author considers the optimization problem for the triharmonic equation in the
presence of specific boundary conditions. As a result, the triharmonic Poisson integral was
constructed in Cartesian coordinates for the upper half-plane. The asymptotic properties of this
operator on Lipschitz classes in a uniform metric were studied. An exact equality was found
for the upper bound of the deviation of the Lipschitz class functions from the triharmonic
Poisson integral defined in Cartesian coordinates for the upper half-plane in the metric space.
The results obtained in the article demonstrate the connection between the methods of
approximation theory and the principles of optimal decision theory.

Keywords: optimization problem, class of Lipschitz functions, uniform metric, triharmonic
Poisson integral.
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