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ÇÀÄÀ×² ÄËß ÏÎÑËÀÁËÅÍÎÃÎ ÍÀÑÊÐ²ÇÍÈÌ ÎÒÂÎÐÎÌ ØÀÐÓ
Ç ÏÎÊÐÈÒÈÌÈ Ä²ÀÔÐÀÃÌÎÞ ÒÎÐÖßÌÈ

Àíîòàö³ÿ. Íàâåäåíî íîâó ìàòåìàòè÷íó ìîäåëü ðîçâ’ÿçàííÿ ñòàòè÷íî¿ ñèìåòðè÷íî¿ êðàéî-
âî¿ çàäà÷³ äëÿ ïîñëàáëåíîãî íàñêð³çíèì îòâîðîì øàðó ç ïîêðèòèìè ä³àôðàãìîþ òîðöÿìè.
Ðîçðîáëåíî òà ÷èñåëüíî àïðîáîâàíî íîâèé ìåòîä, ÿêèé áàçóºòüñÿ íà ñèñòåì³ òðüîõ ñèíãó-
ëÿðíèõ ³íòåãðàëüíèõ ð³âíÿíü. Çà ðåçóëüòàòîì âèñîêîòî÷íîãî ÷èñåëüíîãî äîñë³äæåííÿ âè-
ÿâëåíî, ùî ç³ çá³ëüøåííÿì òîâùèíè øàðó â³äíîñíå îêðóæíå íàïðóæåííÿ çðîñòàº. Ó ðàç³
çìåíøåííÿ îäíîãî ç ðàä³óñ³â åë³ïòè÷íîãî îòâîðó òàêîæ ñïîñòåð³ãàºòüñÿ çðîñòàííÿ â³äíîñ-
íîãî îêðóæíîãî íàïðóæåííÿ. Ó ðîáîò³ íàâåäåíî â³äïîâ³äí³ ãðàô³êè.

Êëþ÷îâ³ ñëîâà: òðèâèì³ðí³ êðàéîâ³ çàäà÷³, ñèíãóëÿðí³ ³íòåãðàëüí³ ð³âíÿííÿ, ÷èñåëüíèé
åêñïåðèìåíò, ñòàòè÷íå ðîçòÿãóâàííÿ–ñòèñêàííÿ, íàñêð³çíèé îòâ³ð.

ÂÑÒÓÏ

Äëÿ ñó÷àñíîãî ñòàíó ³íôîðìàö³éíèõ òåõíîëîã³é õàðàêòåðíîþ º ïîòðåáà â íàêî-

ïè÷åíí³ òà ñèñòåìàòèçàö³¿ ìàòåìàòè÷íèõ ìîäåëåé, ÿê³ â ð³çíèõ ãàëóçÿõ íàóêè êî-

ðåêòíî òà åôåêòèâíî ðîçâ’ÿçóþòü ñêëàäí³ çàäà÷³. Ñòâîðåííÿ òà ïîñò³éíå ïîïîâ-

íåííÿ á³áë³îòåêè ìàòåìàòè÷íèõ ìîäåëåé äàº çìîãó øèðøå çàñòîñîâóâàòè ìàòåìà-

òè÷í³ ìåòîäè òà ñïîñîáè, ùî äîâåëè ñâîþ åôåêòèâí³ñòü. Ó ðîáîòàõ [1, 2]

ï³äêðåñëåíî, ùî ñàìå êðàéîâ³ çàäà÷³ ìàòåìàòè÷íî¿ ô³çèêè (â äîâ³ëüí³é ³íòåðïðå-

òàö³¿ — åëåêòðî- ÷è ã³äðîäèíàì³êè, ìåõàí³êè äåôîðìîâíîãî òâåðäîãî ò³ëà, àñòðî-

íîì³¿ òîùî) º ïîòóæíèì ïîë³ãîíîì äëÿ ñòâîðåííÿ òàêèõ ìîäåëåé.

Çíà÷íîãî ðîçâèòêó íàáóâàþòü íà öåé ÷àñ ìàòåìàòè÷í³ ìîäåë³, ïîºäíàííÿ

ÿêèõ ñòâîðèëî íîâèé íàïðÿì ³íôîðìàö³éíèõ òåõíîëîã³é, ùî îòðèìàâ íàçâó Data

Mining (³íòåëåêòóàëüíèé àíàë³ç äàíèõ) [3]. Ö³ ìåòîäè îõîïëþþòü çíà÷íó ê³ëüê³ñòü

³íøèõ, íàâ³òü íåêîìï’þòåðíèõ ãàëóçåé ³, ó ñâîþ ÷åðãó, ñóòòºâî ïðèñêîðþþòü ¿õí³é

ðîçâèòîê. Ìàòåìàòè÷íà ô³çèêà íå º âèíÿòêîì [4, 5]. Â îêðåìèõ âèïàäêàõ äëÿ ðîç-
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â’ÿçóâàííÿ, íàïðèêëàä, îáåðíåíèõ êðàéîâèõ çàäà÷ äëÿ ñåðåäîâèù ç óñêëàäíåíèìè

âëàñòèâîñòÿìè ìåòîäè Data Mining º íàéåôåêòèâí³øèìè. Îòæå, ïîáóäîâà íîâèõ

ìàòåìàòè÷íèõ ìîäåëåé ðîçâ’ÿçóâàííÿ êðàéîâèõ çàäà÷ ïîïîâíþº ³ Mining-ìîäåë³.

Àäæå ïîºäíàííÿ äîáðå îáóìîâëåíèõ àíàë³òèêî-÷èñåëüíèõ òåõí³ê òà ìåòîä³â ³íòå-

ëåêòóàëüíîãî àíàë³çó äàíèõ äàº çìîãó ñïîä³âàòèñÿ íà çíà÷í³ ðåçóëüòàòè [5].

Ó ðîáîò³ [2] íàâåäåíî îãëÿä ìåòîä³â ðîçâ’ÿçóâàííÿ òðèâèì³ðíèõ ñòàòè÷íèõ

çàäà÷ ìàòåìàòè÷íî¿ ô³çèêè â ³íòåðïðåòàö³¿ ìåõàí³êè äåôîðìîâíîãî òâåðäîãî ò³ëà

òà îêðåñëåíî äåê³ëüêà òàêèõ, ÿê³ ìîæóòü ìàòè ïîäàëüøèé ðîçâèòîê [6–9]. Ó ö³é

ðîáîò³ òàêîæ âèêîðèñòàíî àíàë³òèêî-÷èñåëüíèé ìåòîä äëÿ ðîçâ’ÿçàííÿ ñèñòåìè

ñèíãóëÿðíèõ ³íòåãðàëüíèõ ð³âíÿíü (Ñ²Ð) [10].

ÏÎÑÒÀÍÎÂÊÀ ÇÀÄÀ×²

Ðîçãëÿíåìî ïðóæíèé øàð � � �h x h3 , ��� x1, x2 � � , ïîñëàáëåíèé íà-

ñêð³çíèì îòâîðîì.

Íåõàé íà ïîâåðõí³ ïîðîæíèíè çàäàíî âåêòîð íàïðóæåíü ( , , )N T Z . Ïðèïóñ-

òèìî, ùî êîìïîíåíòè çàäàíîãî íàâàíòàæåííÿ ìîæíà ðîçâèíóòè ó ðÿä Ôóð’º çà

êîîðäèíàòîþ x3 íà â³äð³çêó øàðó òîâùèíîþ [ , ]�h h . Íåõàé íà éîãî òîðöÿõ

ìàþòü ì³ñöå òàê³ óìîâè:

u x x h u x x h x x h1 1 2 2 1 2 33 1 2 0( , , ) ( , , ) ( , , )� � � � � �� . (1)

Êðàéîâ³ óìîâè (1) â³äïîâ³äàþòü âèïàäêó, êîëè òîðö³ øàðó ïîêðèò³ ä³àôðàã-

ìîþ, æîðñòêîþ ó ñâî¿é ïëîùèí³ òà ãíó÷êîþ ó ïåðïåíäèêóëÿðíîìó íàïðÿìêó.

Çàïèøåìî êîìïîíåíòè âåêòîðà ïåðåì³ùåííÿ ó âèãëÿä³
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Ïîäàííÿ êîìïîíåíò³â âåêòîðà ïåðåì³ùåííÿ (2) àâòîìàòè÷íî çàäîâîëüíÿþòü

óìîâè (1) íà òîðöÿõ øàðó. Ï³ñëÿ â³äîêðåìëåííÿ çì³ííèõ ó ð³âíÿííÿõ Ëàìå îòðè-

ìóºìî ñèñòåìó ð³âíÿíü ó ÷àñòèííèõ ïîõ³äíèõ:

� � �k ik i ku 	 
 � 0 ,

� �� �k k k ku3 0� � ,
(3)

� �k k
�� �2 2 , � � 
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1
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2
2 , � �k k k k ku u u� 
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 � 
 
i ix/ ( , )i �1 2 , � �� � �( )1 2 1.

Öþ ñèñòåìó ìîæíà ³íòåãðóâàòè â òàêèé ñïîñ³á. Âðàõóâàâøè, ùî �k — ìåòà-

ãàðìîí³éíà ôóíêö³ÿ, ââåäåìî äîâ³ëüíèé ðîçâ’ÿçîê ð³âíÿííÿ � �
k k
2 0� òà ââà-

æàòèìåìî, ùî � � �k k k� . Òîä³ ìîæíà îòðèìàòè òàê³ âèðàçè:

u k k k1 1 2� � 
 	 
� � � 	 ,

u k k k2 2 1� � 
 � 
� � � 	 , (4)

u k k k k3 � 	� �� � ,

äå 	k , �k — äîâ³ëüí³ ìåòàãàðìîí³éí³ ôóíêö³¿.

Çà óìîâè, ùî ñï³ââ³äíîøåííÿ (4) çàäîâîëüíÿþòü ð³âí³ñòü � � �k k k� , ìàòè-

ìåìî
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ÑÈÑÒÅÌÀ ²ÍÒÅÃÐÀËÜÍÈÕ Ð²ÂÍßÍÜ

Êðàéîâà çàäà÷à (8) ç óðàõóâàííÿì ñï³ââ³äíîøåíü (6) çà äîïîìîãîþ â³äîìî¿

òðàäèö³éíî¿ ïðîöåäóðè çâîäèòüñÿ äî ñèñòåìè òðüîõ Ñ²Ð 2-ãî ðîäó (äëÿ êîæ-

íîãî ô³êñîâàíîãî k):
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Òóò � ik — íåâ³äîì³ øóêàí³ ôóíêö³¿.

ÑÕÅÌÀ ×ÈÑÅËÜÍÎÃÎ ÄÎÑË²ÄÆÅÍÍß

Äëÿ ÷èñåëüíîãî äîñë³äæåííÿ ðîçãëÿíåìî øàð, ïîñëàáëåíèé îòâîðîì åë³ïòè÷-

íîãî ïîïåðå÷íîãî ïåðåð³çó:

� 	1 1� R cos , � 	2 2� R sin , 0 2� �	 �.

Íà ïîâåðõí³ îòâîðó ä³º íàâàíòàæåííÿ

N P h x� � �( )2
3
2 , T Z� � 0, P � const.

Ç âèêîðèñòàííÿì ÷èñåëüíî¿ ðåàë³çàö³¿ àëãîðèòìó ³íòåãðàëüí³ ð³âíÿííÿ (9) ìåòî-

äîì ìåõàí³÷íèõ êâàäðàòóð [11–13] çâåäåíî äî ñèñòåìè ë³í³éíèõ àëãåáðà¿÷íèõ

ð³âíÿíü (ÑËÀÐ). Âèñîêîòî÷íó ñõåìó îá÷èñëåíü çàñòîñîâàíî àíàëîã³÷íî äî [1, 2].

Äëÿ õàðàêòåðèñòèêè íàïðóæåíîãî ñòàíó ïîâåðõí³ îòâîðó âèçíà÷àëèñÿ êîì-

ïîíåíòè òåíçîðà íàïðóæåíü:

� � � � � � � ��� � 	 �11
2

22
2

122sin cos cos sin ,

� � � � ��z � � 	13 23sin cos ,
(10)

� �zz � 33 ,

� � �� � .
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Âèñîêîòî÷íà ïàðàëåëüíî-êîíâåºðíà ñõåìà îá÷èñëåíü, ÿê ³ â [1, 2], ïîëÿãàº

ó âèêîíàíí³ ÷îòèðüîõ åòàï³â, ÷èñëî ïðîöåñ³â ÿêèõ îáåðíåíî ïðîïîðö³éíå òðèâà-

ëîñò³ ³íòåðâàë³â ÷àñó îá÷èñëåíü. Öå ñèíòåç ìàñèâ³â âèõ³äíèõ äàíèõ, ñèíòåç ìàò-

ðèö³ ÑËÀÐ, ðîçâ’ÿçóâàííÿ ÑËÀÐ (íàïðèêëàä, ìåòîäîì Ãàóñà), ñèíòåç ìàñèâ³â

ï³äñóìêîâèõ ðîçâ’ÿçê³â. Íà ïåðøîìó, äðóãîìó òà ÷åòâåðòîìó åòàïàõ ìàêðîêîí-

âåºðà íå ïîòð³áíî âèêîíóâàòè ïåðåñèëàííÿ äàíèõ, ùî îçíà÷àº íåçàëåæí³ñòü îá-

÷èñëåíü: ÷èì á³ëüøà ìàòðèöÿ, òèì á³ëüøèì áóäå ÷èñëî ïðîöåñ³â äëÿ ì³í³ì³çàö³¿

çàãàëüíîãî ÷àñó îá÷èñëåíü. Íà òðåòüîìó åòàï³ äëÿ ðîçâ’ÿçóâàííÿ ÑËÀÐ çàâæäè

³ñíóº îïòèìàëüíå ÷èñëî ïðîöåñ³â, ùî âèçíà÷àºòüñÿ âëàñòèâîñòÿìè ñàìî¿ ìàòðèö³.

Òàê ñàìî, ÿê â [1, 2], äëÿ àëãîðèòìó îá÷èñëåííÿ ïàðàìåòð³â (10) îïòèìàëüíå

÷èñëî ïðîöåñ³â ñòàíîâèëî 150–200. Òî÷í³ñòü 10 6� áóëî îòðèìàíî äëÿ ÷èñëà òî÷îê

êîëîêàö³¿ êîíòóðó êîæíîãî îòâîðó N � 700 òà ÷èñëà íàáëèæåíü ðÿäó Ôóð’º (2)

k � 5 (äîñë³äæåííÿ ïîäàëüøîãî çðîñòàííÿ òî÷íîñò³ ðåçóëüòàòó íå ïðîâîäèëîñÿ).

Îñê³ëüêè äëÿ íàâåäåíî¿ ìåòîäèêè ðîçâ’ÿçàííÿ êðàéîâî¿ çàäà÷³ îñíîâíîþ

îïåðàö³ºþ îá÷èñëåííÿ êîæíîãî åëåìåíòà ìàòðèö³ º âèçíà÷åííÿ ð³çíèöåâîãî àð-

ãóìåíòó öèë³íäðè÷íèõ ôóíêö³é Ìàêäîíàëüäà, çàäàíîãî íà ìíîæèí³ çíà÷åíü ïà-

ðàìåòðè÷íèõ êîîðäèíàò îòâîð³â, à òàêîæ îá÷èñëåííÿ ñàìå öèõ ôóíêö³é ³ ¿õí³õ

êîåô³ö³ºíò³â, òî íà íàñòóïíîìó êðîö³ íà êîæíîìó êëîí³ õîñòà çàïóñêàþòüñÿ öèê-

ëè ïðîöåäóð âèçíà÷åííÿ öèõ êîåô³ö³ºíò³â. Ïðè öüîìó ñèíõðîí³çàö³ÿ ïðîöåñ³â íà

÷åòâåðòîìó åòàï³ íå ïîòð³áíà, îñê³ëüêè ï³äñóìêîâà ìàòðèöÿ ôîðìóºòüñÿ çà

ôàêòîì çàâåðøåííÿ îñòàííüîãî.

Ïîñë³äîâí³ñòü îá÷èñëåííÿ íàïðóæåíü (10) òàêà: ñïî÷àòêó ÷èñåëüíî çíàõî-

äèëè íàáëèæåíèé ðîçâ’ÿçîê ñèñòåìè (9), äàë³ âèçíà÷àëè êîåô³ö³ºíòè Ôóð’º òåí-

çîðà íàïðóæåíü � ij
k( ) . Óñë³ä çã³äíî ç (10) îá÷èñëþâàëè øóêàí³ íàïðóæåííÿ íà

ïîâåðõí³ ïîðîæíèíè.

ÐÅÇÓËÜÒÀÒÈ ×ÈÑÅËÜÍÎÃÎ ÄÎÑË²ÄÆÅÍÍß

Íà ðèñ. 1, à íàâåäåíî åïþðè ðîçïîä³ëó â³äíîñíîãî îêðóæíîãî íàïðóæåííÿ

� �� / P óçäîâæ êîîðäèíàòè çà òîâùèíîþ â òî÷ö³ 	 � 0 . Êðèâ³ 1, 2 ïîáóäîâàíî

äëÿ êðóãîâîãî îòâîðó ( )R R1 2 1� � çà óìîâè h R/ ,1 2 4� â³äïîâ³äíî. Òî÷êàìè

çîáðàæåíî ðåçóëüòàòè ðîçâ’ÿçàííÿ îñåñèìåòðè÷íî¿ çàäà÷³ ìåòîäîì ðÿä³â. Çá³ã

ðåçóëüòàò³â, îòðèìàíèõ äâîìà ìåòîäàìè, ï³äòâåðäæóº äîñòîâ³ðí³ñòü íàâåäåíî-

ãî àëãîðèòìó.
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Ðèñ. 1

à á

x h3 /

1 2

x h3 /

��� / P � zz P/

31 2



Åïþðè ðîçïîä³ëó â³äíîñíîãî íàïðóæåííÿ � zz P/ óçäîâæ êîîðäèíàòè çà

òîâùèíîþ â òî÷ö³ 	 � 0 íàâåäåíî íà ðèñ. 1, á. Êðèâ³ 1, 2, 3 òàêîæ ïîáóäîâàíî

äëÿ êðóãîâîãî îòâîðó ( )R R1 2 1� � çà çíà÷åíü h R/ , ,1 1 2 4� â³äïîâ³äíî.

Íà ðèñ. 2, à íàâåäåíî åïþðè ðîçïîä³ëó â³äíîñíîãî îêðóæíîãî íàïðóæåííÿ

� �� / P äëÿ åë³ïòè÷íîãî îòâîðó óçäîâæ êîîðäèíàòè çà òîâùèíîþ â òî÷ö³ 	 � 0

ó âèïàäêó h R/ 1 2� ( )R1 1� . Êðèâ³ 1, 2, 3, 4 ïîáóäîâàíî äëÿ R2 � 0.7, 0.5, 0.3, 0.1

â³äïîâ³äíî.

Íà ðèñ. 2, á íàâåäåíî åïþðè ðîçïîä³ëó â³äíîñíîãî îêðóæíîãî íàïðóæåííÿ

� zz P/ óçäîâæ êîíòóðó åë³ïòè÷íîãî îòâîðó 0 2� �	 � â ïëîùèí³ x h3 0/ � ó âè-

ïàäêó ( )R1 1� äëÿ h R/ , ,1 1 2 4� â³äïîâ³äíî. Êðèâ³ 1, 2, 3 òàêîæ ïîáóäîâàíî äëÿ

R2 � 0.3, 0.5, 0.7 â³äïîâ³äíî.

×èñåëüí³ ðåçóëüòàòè îäåðæàíî äëÿ çíà÷åííÿ êîåô³ö³ºíòà Ïóàññîíà � �1 3/ .

ÂÈÑÍÎÂÊÈ

Àíàë³òèêî-÷èñåëüíå ðîçâ’ÿçàííÿ òðèâèì³ðíèõ ñòàòè÷íèõ êðàéîâèõ çàäà÷ äëÿ

øàðó ç íàñêð³çíèì îòâîðîì äîâ³ëüíî¿ ôîðìè ïîòðåáóº ìàòåìàòè÷íèõ ìîäåëåé,

ùî àäåêâàòíî òà åôåêòèâíî îïèñóþòü âïëèâ ñàìå ôîðìè êîíòóðó íåîäíîð³ä-

íîñò³ íà ïàðàìåòðè ô³çè÷íèõ ïîë³â. Çàïðîïîíîâàíà íîâà ìàòåìàòè÷íà ìîäåëü,

â ÿê³é âèêîðèñòîâóþòüñÿ Ñ²Ð, â³äïîâ³äàº ñàìå öüîìó êðèòåð³þ. Àëãîðèòì

äîáðå ìàñøòàáóºòüñÿ òà åôåêòèâíî êåðóº ðåñóðñàìè — ñï³ââ³äíîøåííÿ îïòè-

ìàëüíîãî ÷èñëà ïðîöåñ³â òà òî÷íîñò³ îá÷èñëåíü º åôåêòèâíèì.

Äëÿ äîñë³äæåíî¿ êðàéîâî¿ çàäà÷³, âðàõîâóþ÷è ðåçóëüòàòè ÷èñåëüíîãî

äîñë³äæåííÿ, ìîæíà âèñíóâàòè òàêå.

— Ç³ çá³ëüøåííÿì òîâùèíè øàðó â³äáóâàºòüñÿ çðîñòàííÿ â³äíîñíîãî

îêðóæíîãî íàïðóæåííÿ.

— Ç³ çìåíøåííÿì R2 òàêîæ ñïîñòåð³ãàºòüñÿ çðîñòàííÿ â³äíîñíîãî îêðóæíî-

ãî íàïðóæåííÿ.

— Íà â³äì³íó â³ä [2] íå ñïîñòåð³ãàºòüñÿ ÿê³ñíèõ â³äì³ííîñòåé y õàðàêòåð³

ìàêñèìóì³â â³äíîñíîãî îêðóæíîãî íàïðóæåííÿ â³ä òîðö³â äî ãëèáèíè øàðó çà-

ëåæíî â³ä ôîðìè îòâîðó.

Îòæå, ³ç ç³ñòàâëåííÿ ðåçóëüòàò³â ðîçâ’ÿçàííÿ ðîçãëÿíóòî¿ êðàéîâî¿ çàäà÷³ òà

çàäà÷³ â [2] âèïëèâàº, ùî á³ëüø³ñòü ÿê³ñíèõ âèñíîâê³â çá³ãàþòüñÿ. Ïðîòå ³ñíóþòü

é ñóòòºâ³ â³äì³ííîñò³. Öåé ðåçóëüòàò çóìîâëåíèé ñèìåòð³ºþ òà àñèìåòð³ºþ êðà-

éîâèõ óìîâ òà íàâàíòàæåíü.
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B.E. Panchenko, Yu.D. Kovalev, T.O. Kalinina, I.N. Saiko, L.M. Bukata
MATHEMATICAL MODELING OF A SYMMETRIC BOUNDARY-VALUE
PROBLEM FOR A LAYER WEAKENED BY A THROUGH HOLE
WITH THE ENDS COVERED WITH A DIAPHRAGM

Abstract. The paper presents a new mathematical model for the solution of a static symmetric
boundary-value problem for a layer weakened by a through hole with ends covered with a
diaphragm. A new method based on a system of three singular integral equations has been
developed and tested numerically. As a result of a high-precision numerical study, it was
found that with an increase in the thickness of the layer, an increase in the relative
circumferential stress occurs. With a decrease in one of the radii of the elliptical hole, an
increase in the relative circumferential stress is also observed. The paper presents the
respective dependency graphs.

Keywords: three-dimensional boundary-value problems, singular integral equations, numerical
experiment, static stretching–compression, a through hole.
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