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Àíîòàö³ÿ. Îäåðæàíî çàìêíåí³ ðîçâ’ÿçêè äåÿêèõ êðàéîâèõ çàäà÷ äðîáîâî-äèôåðåíö³éíî¿
ãåîô³ëüòðàö³éíî¿ äèíàì³êè â òð³ùèíóâàòî-ïîðèñòîìó ñåðåäîâèù³ äëÿ ìîäåë³ ç³ ñëàáêîïðî-
íèêíèìè ïîðèñòèìè áëîêàìè. Çîêðåìà, ðîçâ’ÿçàíî ïðÿìó ³ îáåðíåíó êðàéîâ³ çàäà÷³
ô³ëüòðàö³¿ äëÿ øàðó ñê³í÷åííî¿ ïîòóæíîñò³, íàâåäåíî óìîâè ³ñíóâàííÿ ¿õí³õ ðåãóëÿðíèõ
ðîçâ’ÿçê³â, çíàéäåíî ðîçâ’ÿçîê çàäà÷³ ô³ëüòðàö³éíî¿ äèíàì³êè ç íåëîêàëüíèìè ãðàíè÷íè-
ìè óìîâàìè. Äëÿ îêðåìîãî âèïàäêó ô³ëüòðàö³éíî¿ ìîäåë³ ðîçãëÿíóòî çàäà÷ó ìîäåëþâàí-
íÿ àíîìàëüíî¿ äèíàì³êè ô³ëüòðàö³éíèõ ïîë³â òèñê³â íà ç³ðêîïîä³áíîìó ãðàô³.

Êëþ÷îâ³ ñëîâà: ìàòåìàòè÷íå ìîäåëþâàííÿ, äðîáîâî-äèôåðåíö³éíà äèíàì³êà ô³ëüòðàö³éíèõ
ïðîöåñ³â, òð³ùèíóâàòî-ïîðèñò³ ñåðåäîâèùà, íåêëàñè÷í³ ìîäåë³, êðàéîâ³ çàäà÷³, îáåðíåí³
çàäà÷³, çàäà÷³ ç íåëîêàëüíèìè óìîâàìè, çàìêíåí³ ðîçâ’ÿçêè.

ÂÑÒÓÏ

Àêòóàëüí³ñòü ðîçâèòêó ìåòîä³â ìàòåìàòè÷íîãî ³ êîìï’þòåðíîãî ìîäåëþâàííÿ

îñîáëèâîñòåé äèíàì³êè ãåîì³ãðàö³éíèõ ïðîöåñ³â çà ñêëàäíèõ ã³äðîãåîëîã³÷íèõ

óìîâ ïåðåá³ãó çóìîâëåíà, çîêðåìà, ïîøóêàìè ðîçâ’ÿçóâàííÿ çàäà÷ åôåêòèâíîãî

êåðóâàííÿ ð³çíîìàí³òíèìè ñèñòåìàìè ìåë³îðàö³¿, âîäíèìè ðåñóðñàìè òà ¿õí³ì

âïëèâîì íà åêîëîã³÷íèé ñòàí íàâêîëèøíüîãî ïðèðîäíîãî ñåðåäîâèùà [1–4]. Çà-

çíà÷èìî, ùî åôåêòèâíèé ï³äõ³ä äî ìàòåìàòè÷íîãî ìîäåëþâàííÿ äèíàì³êè ïðî-

öåñ³â ïåðåíîñó çà ñóòòºâîãî âïëèâó íåëîêàëüíèõ óìîâ ïåðåá³ãó ùîäî ÷àñó (åôåê-

òè ïàì’ÿò³) ÷è ïðîñòîðó áàçóºòüñÿ íà âèêîðèñòàíí³ àïàðàòó ³íòåãðî-äèôå-

ðåíö³þâàííÿ äðîáîâîãî ïîðÿäêó ³ ³íòåíñèâíî ðîçâèâàºòüñÿ âïðîäîâæ ê³ëüêîõ

îñòàíí³õ äåñÿòèë³òü [5–13]. Ñåðåä îïóáë³êîâàíèõ ðåçóëüòàò³â ç öüîãî íàïðÿìó

âèîêðåìèìî ïîáóäîâó äåÿêèõ ñïåö³àëüíèõ äðîáîâî-äèôåðåíö³éíèõ ìàòåìàòè÷íèõ

ìîäåëåé ô³ëüòðàö³éíèõ ïðîöåñ³â ó ãåîïîðèñòèõ ñåðåäîâèùàõ òà ïîñòàíîâêó ³

ðîçâ’ÿçàííÿ íèçêè ïðÿìèõ ³ îáåðíåíèõ êðàéîâèõ çàäà÷, ùî îïèñóþòü àíîìàëüíó

äèíàì³êó íåëîêàëüíèõ ó ÷àñ³ ô³ëüòðàö³éíèõ ïðîöåñ³â ó âêàçàíèõ ñåðåäîâèùàõ

[14–16]. Òàêîæ äëÿ äðîáîâî-äèôåðåíö³éíèõ ìàòåìàòè÷íèõ ìîäåëåé îäåðæàíî

çàìêíåí³ ðîçâ’ÿçêè äåÿêèõ íåñòàö³îíàðíèõ êðàéîâèõ çàäà÷ ô³ëüòðàö³éíî¿ äè-

íàì³êè â òð³ùèíóâàòî-ïîðèñòèõ ïëàñòàõ ç óðàõóâàííÿì ïðîñòîðîâî-÷àñîâî¿ íåëî-

êàëüíîñò³ ïðîöåñ³â ïåðåíîñó. Âêàçàí³ ìàòåìàòè÷í³ ìîäåë³ ñôîðìóëüîâàíî ç çà-

ñòîñóâàííÿì äðîáîâèõ ïîõ³äíèõ Õ³ëüôåðà àáî Êàïóòî–Ãåðàñèìîâà çà ÷àñîâîþ

çì³ííîþ òà ïîõ³äíî¿ Ð³ìàíà–Ë³óâ³ëëÿ çà ãåîìåòðè÷íîþ çì³ííîþ [17].

Ó çàïðîïîíîâàí³é ðîáîò³, íà â³äì³íó â³ä [17], îïèñàíî äðîáîâî-äèôåðåíö³éíèé

àíàëîã ìàòåìàòè÷íî¿ ìîäåë³ ô³ëüòðàö³¿ â òð³ùèíóâàòî-ïîðèñòîìó ñåðåäîâèù³ (çà

óìîâ ÷àñîâî¿ íåëîêàëüíîñò³ ïðîöåñó) ó ðàç³ íàÿâíîñò³ ñëàáêîïðîíèêíèõ ïîðèñòèõ

áëîê³â òà ïîñòàâëåíî ³ ðîçâ’ÿçàíî ó çàìêíåíîìó âèãëÿä³ ïðÿìó ³ îáåðíåíó êðàéîâ³

çàäà÷³ äðîáîâî-äèôåðåíö³éíî¿ ô³ëüòðàö³éíî¿ äèíàì³êè. Âèçíà÷åíî óìîâè ³ñíóâàí-

íÿ ðåãóëÿðíèõ ðîçâ’ÿçê³â ðîçãëÿäóâàíèõ çàäà÷. Äî òîãî æ, íàâåäåíî ðîçâ’ÿçêè çà-

äà÷³ äðîáîâî-äèôåðåíö³éíî¿ ô³ëüòðàö³éíî¿ äèíàì³êè ç íåëîêàëüíèìè ãðàíè÷íèìè

óìîâàìè Ñàìàðñüêîãî–²îíê³íà òà çàäà÷³ ìîäåëþâàííÿ ô³ëüòðàö³éíî¿ äèíàì³êè íà

ç³ðêîïîä³áíîìó ãðàô³ (äëÿ îêðåìîãî âèïàäêó ô³ëüòðàö³éíî¿ ìîäåë³).
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Ìàòåìàòè÷íà ìîäåëü ô³ëüòðàö³éíî¿ äèíàì³êè â òð³ùèíóâàòî-ïîðèñòèõ ñåðåäî-

âèùàõ â îäíîâèì³ðíîìó âèïàäêó â³äïîâ³äíî äî êëàñè÷íèõ ðîá³ò [18–20]

áàçóºòüñÿ íà òàê³é ìîäåëüí³é ñèñòåì³:
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k ii ( , )�1 2 — êîåô³ö³ºíòè ô³ëüòðàö³¿ â ñèñòåìàõ òð³ùèí ³ ïîðèñòèõ áëîêàõ

â³äïîâ³äíî, � i i* ( , )�1 2 — êîåô³ö³ºíòè ïðóæíîºìíîñò³ [21], � — â’ÿçê³ñòü ïî-

ðîâî¿ ð³äèíè.

Ç óðàõóâàííÿì íåëîêàëüíèõ ó ÷àñ³ åôåêò³â (çîêðåìà, åôåêò³â ïàì’ÿò³ [7]) çà-

ïèøåìî äðîáîâî-äèôåðåíö³éíèé àíàëîã ñèñòåìè ð³âíÿíü ô³ëüòðàö³¿ (1), (2)

ó âèãëÿä³
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äå D Dt t
( ) ( ),� � — îïåðàòîðè äðîáîâèõ ïîõ³äíèõ Êàïóòî–Ãåðàñèìîâà ùîäî

çì³ííî¿ t [7, 8] ïîðÿäê³â � ³ � â³äïîâ³äíî ( , )0 1� �� � .

Ó ðàç³ ïðèïóùåííÿ ïðî íàÿâí³ñòü ó ñåðåäîâèù³ äîñòàòíüî ñëàáêîïðîíèêíèõ

ïîðèñòèõ áëîê³â ñèñòåìà ð³âíÿíü (3), (4) ñïðîùóºòüñÿ ³ íàáóâàº âèãëÿäó
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Âèêëþ÷àþ÷è ç ð³âíÿííÿ (7) ôóíêö³þ p1, ìàºìî ìîäåëüíå ð³âíÿííÿ

ô³ëüòðàö³¿ âèãëÿäó
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Îòæå, çàäà÷à ìàòåìàòè÷íîãî ìîäåëþâàííÿ äèíàì³êè ô³ëüòðàö³éíîãî ïðîöå-

ñó äëÿ ðîçãëÿäóâàíî¿ ìàòåìàòè÷íî¿ ìîäåë³ çâîäèòüñÿ äî ðîçâ’ÿçàííÿ â³äïîâ³äíèõ

êðàéîâèõ çàäà÷ äëÿ äðîáîâî-äèôåðåíö³éíîãî ð³âíÿííÿ (9) çà âèçíà÷åíèõ êðàéî-

âèõ (ãðàíè÷íèõ ³ ïî÷àòêîâèõ) óìîâ. Ïîäàëüøå âèçíà÷åííÿ ôóíêö³¿ òèñêó

â òð³ùèíàõ p x t1 ( , ) â³äáóâàºòüñÿ çã³äíî ç ñï³ââ³äíîøåííÿì (8).
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Íàéïðîñò³øà ìîäåëüíà ïðÿìà ô³ëüòðàö³éíà çàäà÷à (äëÿ ìàñèâó îäèíè÷íî¿ ïî-

òóæíîñò³ ç ïðîíèêíèìè ãðàíÿìè) ïîñòàâëåíà çà ïðèïóùåíü çàçíà÷åíî¿ ìàòå-

ìàòè÷íî¿ ìîäåë³ (ìîäåëüíå ð³âíÿííÿ (9)) ³ çâîäèòüñÿ äî ðîçâ’ÿçàííÿ â îáëàñò³
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äå 	 ( )x — çàäàíà ôóíêö³ÿ ïî÷àòêîâîãî ðîçïîä³ëó òèñê³â, u x t( , ) — øóêàíà
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Ïðèïóñòèìî, ùî ³ñíóº ñê³í÷åííå ³íòåãðàëüíå ñèíóñ-ïåðåòâîðåííÿ Ôóð’º

[22] ôóíêö³¿ u x t( , ) çà ãåîìåòðè÷íîþ çì³ííîþ x :
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Òîä³, çàñòîñîâó÷è ïåðåòâîðåííÿ (13) äî çàäà÷³ (10)–(12), îäåðæóºìî
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þ÷è äî çàäà÷³ (14), (15) ³íòåãðàëüíå ïåðåòâîðåííÿ Ëàïëàñà çà çì³ííîþ t , ìàºìî

u s

s s s

s s

n n

r r n

r

( )

( )

�

� � �

� �

� � � �

�

	

�
�

� � 


�

� � � �

� � �

1 1

1

2 11
1

1

�
� � 


� 


�

�

1

2
2

1

1( )

( )

� �

�

r n
ns

n N , (16)

äå u sn ( ) — îáðàç ïåðåòâîðåííÿ Ëàïëàñà ôóíêö³¿ u tn ( ), s — ïàðàìåòð öüîãî

ïåðåòâîðåííÿ.

Íåõàé 0 1� � �� � � � � � . Òîä³, ïåðåõîäÿ÷è â ñï³ââ³äíîøåííÿõ (16) äî

îðèã³íàë³â ïåðåòâîðåííÿ Ëàïëàñà ç óðàõóâàííÿì ëåìè 4 ³ç [23], îäåðæóºìî ðîç-

â’ÿçêè çàäà÷³ (14), (15) ó âèãëÿä³
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ïîë³íîì³àëüíà ôóíêö³ÿ Ì³òòàã-Ëåôôëåðà [24], ( ; , ..., )
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Òàêèì ÷èíîì, ôîðìàëüíèé ðîçâ’ÿçîê çàäà÷³ (10)–(12) ç óðàõóâàííÿì (17)

âèçíà÷àºòüñÿ òàê:
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äå �n n nz t z t z t( ( ), ( ), ( ))1 2 3 äàºòüñÿ ñï³ââ³äíîøåííÿìè (18)–(20). Ùîäî óìîâ

çá³æíîñò³ ðÿäó (21) çàçíà÷èìî íàñòóïíå. Ïðèïóñòèìî, ùî ôóíêö³ÿ 	 ( )x çàäî-

âîëüíÿº óìîâè 	 ( ) [ , ]x C� 4 0 1 , 	 	( ) ( )( ) ( ) ( , )i i i0 1 0 0 2� � � .

Âèêîðèñòîâóþ÷è îäåðæàíó â [26, ëåìà 3.2] îö³íêó äëÿ ôóíêö³¿ (20):

| ( , ,... , ) |
| |

( , ),E z z z
C

zm m� � � � � �1 2 1 1 2
11

� � � � �
�

�

(22)

( , , ( , ..., ), , )0 2 1 0 0 2 0 01� � � � � � � � � � � �� � �� m jK z j m K C , ìàºìî íà

îñíîâ³ ñï³ââ³äíîøåíü (17)–(19) îö³íêó

| ( ) | | |( )u t
C

n

n

n� 1

4

4



	 ( , )C n N1 0� � ,

äå 	
	


 
 �n n n
d x

dx
x dx n n N( ) ( )

( ) ( , )4
4

4
0

1

� � �� sin .

Ç çàñòîñóâàííÿì ìàæîðàíòíî¿ îçíàêè Âåéºðøòðàñà öÿ îö³íêà ãàðàíòóº àáñî-

ëþòíó ³ ð³âíîì³ðíó çá³æí³ñòü ðÿäó (21) äëÿ ôóíêö³¿ u x t( , ) íà ìíîæèí³ 	T , äå

	T T T: ( , ) ( , ) ( )� � �0 1 0 0 . Àíàëîã³÷íî äëÿ ðÿäó

u x t u t xxx n n n

n

( , ) ( ) ( )� �
�




�2 2

1


 
sin

ç îö³íêè

| ( ) ( ) | | | ( , )( )u t x
C

C n Nn n n

n

n
 




	2 2

2

4
2 0sin � � �

íà îñíîâ³ ìàæîðàíòíî¿ îçíàêè Âåéºðøòðàñà âèïëèâàº àáñîëþòíà ³ ð³âíîì³ðíà

éîãî çá³æí³ñòü íà 	T . Îòæå, ðÿä (21) ÿâëÿº ñîáîþ ðåãóëÿðíèé ðîçâ’ÿçîê çà-

äà÷³ (10)–(12), u C T� ( )	 . Çàçíà÷èìî, ùî âèêîðèñòîâóþ÷è ìåòîäèêó, íàïðèê-

ëàä [27], íå âàæêî âñòàíîâèòè ºäèí³ñòü öüîãî ðîçâ’ÿçêó.

Îáåðíåíó êðàéîâó çàäà÷ó äðîáîâî-äèôåðåíö³éíî¿ ô³ëüòðàö³éíî¿ äèíàì³êè

â òð³ùèíóâàòî-ïîðèñòîìó ñåðåäîâèù³ ç³ ñëàáêîïðîíèêíèìè ïîðèñòèìè áëîêàìè

ñôîðìóëþºìî ÿê çàäà÷ó â³äøóêàííÿ ïàðè ôóíêö³é {u x t g x( , ), ( )} íà îñíîâ³ ðîç-

â’ÿçàííÿ â îáëàñò³ 	T êðàéîâî¿ çàäà÷³

� � �� � � �
1 1r t t t tD D u x t D u x t D u x t( ) ( ) ( ) ( )( , ) ( , ) ( , )� � �

� �
�

�
�� � �( )

( , )
( )( )1

2

2r tD
u x t

x
g x , (23)
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u t u t t( , ) , ( , ) ( )0 0 1 0 0� � � , (24)

u x x D u x t u x T x xt t( , ) ( ), ( , ) | , ( , ) ( ) ( [ , ],( )0 0 0 10� � � ��	 �� T � 0), (25)

äå 	 �( ), ( )x x — çàäàí³ íà â³äð³çêó [0,1] ôóíêö³¿ â³äïîâ³äíî ïî÷àòêîâî¿ òà äî-

äàòêîâî¿ (ê³íöåâî¿) óìîâ.

Çàñòîñîâóþ÷è äî çàäà÷³ (23)–(25) ñê³í÷åííå ³íòåãðàëüíå ñèíóñ-ïåðåòâîðåí-

íÿ Ôóð’º, âèçíà÷åíå çã³äíî ç (13), îäåðæóºìî òàêó ïîñë³äîâí³ñòü çàäà÷ Êîø³:

� � �� � � �
1 1r t t n t n t nD D u t D u t D u t( ) ( ) ( ) ( )( ) ( ) ( )� � �

� � � �� 
 � �
n r t n nD u t g n N2 1( ) ( ) ( )( ) , (26)

u D u t n Nn n t n t( ) , ( ) | ( )( )0 00� � ��	 � (27)

ç äîäàòêîâîþ óìîâîþ

u T n Nn n( ) ( )� �� , (28)

äå gn n, � — îáðàçè ïåðåòâîðåííÿ Ôóð’º çã³äíî ç (13) â³äïîâ³äíî äëÿ ôóíêö³é

g x x( ), ( )� .

Óíàñë³äîê çàñòîñóâàííÿ äî (26), (27) ³íòåãðàëüíîãî ïåðåòâîðåííÿ Ëàïëàñà

çà ÷àñîâîþ çì³ííîþ ìàºìî

u s
s s s g

s
n

n r r n n

r

( )
[ ( ) ]

�
� � � �� � � �	 � � � � � 


� �

� � � �
1

1
1

1 2 1

1

1

� � � �� � � 
 � 
� � � � �
�

1
2 21s s

n N

r n n( )
( ), (29)

äå u sn ( ) — îáðàç ïåðåòâîðåííÿ Ëàïëàñà ôóíêö³¿ u tn ( ), s — ïàðàìåòð ïåðåòâîðåííÿ.

Ïåðåõîäÿ÷è â ñï³ââ³äíîøåííÿõ (29) äî îðèã³íàë³â ïåðåòâîðåííÿ Ëàïëàñà,

îäåðæóºìî ðîçâ’ÿçêè çàäà÷ (26), (27) ó âèãëÿä³

u t z t z t z tn n n n n( ) ( ( ), ( ), ( ))� �	 � 1 2 3

�
� �

� �g
t

E z t z t z t nn
r

n n

� �

� � � � � �
� �

1

1
1 2 3( , , ), ( ( ), ( ), ( )) ( �N ), (30)

äå z t z t z tn n1 2 3( ), ( ), ( ) äàþòüñÿ ñï³ââ³äíîøåííÿìè (19).

Áåðó÷è äî óâàãè (30), íà îñíîâ³ ñï³ââ³äíîøåííÿ (28) îäåðæóºìî

g
z T z T z T

T E
n

r n n n n n�
�

� �
�

� � � 	

� �
� � �

1 1 2 3

1

[ ( ( ), ( ), ( ))]

( ,

�

, ), ( ( ), ( ), ( ))� � �� z T z T z Tn n1 2 3

( )n N� , (31)

äå T E z T z T z Tn n
� �

� � � � � �
� �

� � �1
1 2 3 0( , , ), ( ( ), ( ), ( )) .

Òàêèì ÷èíîì, ôîðìàëüíèé ðîçâ’ÿçîê { ( , ), ( )}u x t g x ðîçãëÿäóâàíî¿ çàäà÷³ âèç-

íà÷àºòüñÿ ñï³ââ³äíîøåííÿìè

u x t z t z t z tn n n n

n

( , ) ( ( ( ), ( ), ( ))� �
�




�2 1 2 3

1

	 �

� � � �
� �g t E z t z t z tn r n n( ) ( ( ), ( ), (( , , ),� � � �

� � � � � �1
1 1

1 2 3 ))) ( )sin 
 n x , (32)

g x g x n n Nn n

n

n( ) ( ) ( , )� � �
�




� sin 
 
 �
1

, (33)

äå âåëè÷èíè g n Nn ( )� âèçíà÷àþòüñÿ çã³äíî ç (31), à âåëè÷èíè �n n N( ) ( )� �
âèçíà÷àþòüñÿ çã³äíî ç (18), (19).
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Äàë³ ïîêàæåìî, ùî çà ïåâíèõ óìîâ îäåðæàíèé ðîçâ’ÿçîê îáåðíåíî¿ çàäà÷³

ô³ëüòðàö³¿ º êëàñè÷íèì ðîçâ’ÿçêîì, à çíàéäåíà ôóíêö³ÿ äæåðåëà g x( ) íåïåðåðâíà.

Íåõàé ôóíêö³ÿ � ( )x çàäîâîëüíÿº óìîâè �( ) [ , ]x C� 4 0 1 , � ( ) ( )i 0 �

� � �� ( ) ( ) ( , )i i1 0 0 2 . Òîä³ ç³ ñï³ââ³äíîøåíü (31) ç óðàõóâàííÿì îö³íêè (22)

îäåðæóºìî îö³íêó

| | ( | | | | ) ( , , , )( ) ( )g C C C C n n Nn

n

n n n� � � � �
1

0
2 3

4
4

4
3 4



	 � 
 � ,

äå �
�


 
 �n n n
d x

dx
x dx n n N( ) ( )

( ) ( , )4
4

4
0

1

� � �� sin .

Îòæå, íà îñíîâ³ ìàæîðàíòíî¿ îçíàêè Âåéºðøòðàñà ðÿä (33) º ð³âíîì³ðíî

çá³æíèì íà â³äð³çêó [ , ]0 1 ³ éîãî ñóìà º íåïåðåðâíîþ ôóíêö³ºþ íà öüîìó â³äð³çêó:

g x C( ) [ , ]� 0 1 . Ùîäî âèçíà÷åííÿ óìîâ çá³æíîñò³ ðÿäó (32) çàçíà÷èìî, ùî ç³

ñï³ââ³äíîøåíü (30) ç óðàõóâàííÿì (19), (22) òà â³äïîâ³äíèõ îáìåæåíü, íàêëàäå-

íèõ ðàí³øå íà ôóíêö³¿ 	 �( ), ( )x x , îäåðæóºìî îö³íêó

| ( ) | ( | | | | ) ( , , )( ) ( )u t C C C C n Nn

n

n n� � � �
1

0
4 5

4
6

4
5 6



	 � . (34)

Ç óðàõóâàííÿì (34) íà îñíîâ³ ìàæîðàíòíî¿ îçíàêè Âåéºðøòðàñà ä³éäåìî

âèñíîâêó, ùî ðÿä (32) ð³âíîì³ðíî çá³ãàºòüñÿ â îáëàñò³ 	T . Àíàëîã³÷íî ìîæíà

âñòàíîâèòè ð³âíîì³ðíó çá³æí³ñòü â³äïîâ³äíèõ ðÿä³â äëÿ ôóíêö³é

u x t D u x txx t( , ), ( , ),( )� D u x t D D u x tt t t
( ) ( ) ( )( , ), ( , )� � � . Òàêèì ÷èíîì, ðîçâ’ÿçîê, ùî

âèçíà÷àºòüñÿ ñï³ââ³äíîøåííÿìè (32), (33), (31), (18), (19), ñòàíîâèòü ðåãóëÿðíèé

ðîçâ’ÿçîê ðîçãëÿäóâàíî¿ îáåðíåíî¿ çàäà÷³ ô³ëüòðàö³¿. Øëÿõîì ñòàíäàðòíèõ

ì³ðêóâàíü âñòàíîâëþºòüñÿ òàêîæ ºäèí³ñòü çàçíà÷åíîãî ðîçâ’ÿçêó.

ÇÀÄÀ×À ÄÐÎÁÎÂÎ-ÄÈÔÅÐÅÍÖ²ÉÍÎ¯ Ô²ËÜÒÐÀÖ²ÉÍÎ¯ ÄÈÍÀÌ²ÊÈ
Ç ÍÅËÎÊÀËÜÍÈÌÈ ÃÐÀÍÈ×ÍÈÌÈ ÓÌÎÂÀÌÈ

Ðîçãëÿíåìî çàäà÷ó ìîäåëþâàííÿ äðîáîâî-äèôåðåíö³éíî¿ ô³ëüòðàö³éíî¿ äè-

íàì³êè ïîë³â òèñê³â ó ìàñèâ³ ñê³í÷åííî¿ ïîòóæíîñò³ çà ïðèïóùåííÿ, ùî

â³äîìà âåëè÷èíà òèñêó íà ë³â³é x � 0 ãðàí³ öüîãî ìàñèâó òà ìàº ì³ñöå ð³âí³ñòü

âèòðàò ð³äèíè ÷åðåç îáèäâ³ éîãî ãðàí³ x x� �0 1, . Çã³äíî ç ïðèéíÿòîþ â ö³é

ðîáîò³ ô³ëüòðàö³éíîþ ìàòåìàòè÷íîþ ìîäåëëþ ðîçãëÿäóâàíà çàäà÷à çâîäèòüñÿ

äî ðîçâ’ÿçàííÿ â îáëàñò³ 	 òàêî¿ êðàéîâî¿ çàäà÷³:

� � �� � � �
1 1r t t t tD D u x t D u x t D u x t( ) ( ) ( ) ( )( , ) ( , ) ( , )� � �

� �
�

�
� � �( )

( , )( )1
2

2r tD
u x t

x
, (35)

u t u t u t tx x( , ) , ( , ) ( , ) ( )0 0 0 1 0� � � , (36)

u x h x D u x t xt t( , ) ( ), ( , ) | ( [ , ] )( )0 0 0 10 0� � ��
� , (37)

äå h x0 ( ) — çàäàíà íà â³äð³çêó [0,1] ôóíêö³ÿ ïî÷àòêîâîãî ðîçïîä³ëó òèñêó
â ìàñèâ³.

Çàóâàæèìî, ùî íåêëàñè÷íà (íåëîêàëüíà) ãðàíè÷íà óìîâà (36) º äîáðå â³äî-
ìîþ óìîâîþ Ñàìàðñüêîãî–²îíê³íà [28, 29].

Ðîçâ’ÿçîê çàäà÷³ (35)–(37), àíàëîã³÷íî äî [28, 29], øóêàòèìåìî ó âèãëÿä³
á³îðòîãîíàëüíîãî ðîçêëàäó:

u x t t X x w t X x t X xk k k k

k

( , ) ( ) ( ) [ ( ) ( ) ( ) ( ) ]� � ��
�




�� �0 0 2 1 2

1

, (38)



äå w t u x t Y xk k( ) ( ( , ), ( ))� �2 1 ( , , ... )k �1 2 , � k kt u x t Y x( ) ( ( , ), ( ))� 2 ( , , , ... )k � 0 1 2 ,

X x x X x xk k0 2( ) , ( ) ( )� � sin 
 — âëàñí³ ôóíêö³¿ ñïåêòðàëüíî¿ çàäà÷³

�� � � � �X x X x x
k

( ) ( ) ( )
2 0 0 1 , (39)

X X X( ) , ( ) ( )0 0 0 1� � � � , (40)

ùî â³äïîâ³äàþòü âëàñíèì çíà÷åííÿì 
 �k k k� �2 0 1 2( , , , ... ) [28].

Â³äïîâ³äí³ âëàñíèì çíà÷åííÿì 
 k ïðèºäíàí³ ôóíêö³¿ X xk2 1� ( ) ìàþòü âèãëÿä

[29]: X x x x kk k2 1 1 2� � �( ) cos ( ) ( , , ... )
 . Ïðè öüîìó, ÿê ïîêàçàíî â [29, 30], ñèñ-

òåìà âëàñíèõ òà ïðèºäíàíèõ ôóíêö³é ñïðÿæåíî¿ äî (39), (40) çàäà÷³ çàïèñóºòüñÿ

ó âèãëÿä³ Y x0 2( ) ,� Y x xk k2 1 4� �( ) ( )cos 
 , Y x x xk k2 4 1( ) ( ) ( )� � sin 
 ( )k N� .

Ðîçêëàäàþ÷è â á³îðòîãîíàëüíèé ðÿä ôóíêö³þ ïî÷àòêîâîãî ðîçïîä³ëó òèñêó

h x X x X x X x
k k k k

k

0 0
2

0
1

2 1
2

2

1

( ) ( ) [ ( ) ( )]( ) ( ) ( )� � ��
�




�	 	 	 ,

	
k kh x Y x( ) ( ( ), ( ))1

0 2 1� � ( , ,... )k �1 2 ,

	
k kh x Y x( ) ( ( ), ( ))2

0 2� ( , , ,... )k � 0 1 2 , (41)

íà îñíîâ³ (35)–(37) îäåðæóºìî äëÿ âèçíà÷åííÿ ôóíêö³é u t kk ( ) ( , , ... )�1 2 ,

� k t k( ) ( , , , ... )� 0 1 2 òàê³ ïîñë³äîâíîñò³ çàäà÷ Êîø³:

� � � � � �� � � �
1 0 1 0 0 0r t t t tD D t D t D t( ) ( ) ( ) ( )( ) ( ) ( )� � � , (42)

� 	 ��
0 0

2
0 00 0 0( ) , ( ) |( ) ( )� ��Dt t , (43)

� � �� � �
1 1r t t k t kD D w t D w t( ) ( ) ( )( ) ( )� �

� � � � �( ) ( ) ( ) ( )( )1 02 2� � 
 � 
�
r k t k k kD w t w t k N , (44)

w D w t k Nk k t k t( ) , ( ) | ( )( ) ( )0 01
0� � ��	 � , (45)

� � � � � � � 
 �� � � �
1 1

21r t t k t k r k t kD D t D t D( ) ( ) ( ) ( )( ) ( ) ( )� � � ( ) ( )t t
k k� �� 
 �2

� � �2� 
 � �
k k r t kw t D w t( ( ) ( ))( ) ( )k N� , (46)

� 	 ��
k k t k tD t k N( ) , ( ) | ( )( ) ( )0 02

0� � �� , (47)

äå 	 	
k k

k k( ) ( )( , , ... ), ( , , , ... )1 21 2 0 1 2� � � âèçíà÷àþòüñÿ çã³äíî ç (41).

Ç³ ñï³ââ³äíîøåíü (42), (43) ìàºìî � 	0 0
2( ) ( )t � . Ðîçâ’ÿçêè çàäà÷ (44), (45) çà-

ïèñóþòüñÿ ó âèãëÿä³

w t z t z t z t k Nk k k k k( ) ( ( ), ( ), ( )) ( )( )� �	 1
1 2 3� , (48)

äå �k k k k kz z z z t z t z t k N( , , ), ( ), ( ), ( ) ( )1 2 3 1 2 3 � âèçíà÷àþòüñÿ ñï³ââ³äíîøåííÿ-

ìè (18)–(20). Äëÿ çàäà÷ (46), (47) â³äïîâ³äí³ ðîçâ’ÿçêè îäåðæóþòüñÿ ó âèãëÿä³

� 	k k k k kt z t z t z t( ) ( ( ), ( ), ( ))( )� �2
1 2 3�

� � �
� ��

2

1

1

0

1 2 3
� 


� �
� � �� �

� � � � � �
k

r

t

k kE z z z( , , ), ( ( ), ( ), (� � �)) ( ) ( )f t d k Nk � � , (49)
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äå

f t w t D w t k Nk k r t k( ) ( ) ( ) ( )( )� � �� � , (50)

à ôóíêö³¿ w tk ( ) âèçíà÷àþòüñÿ çã³äíî ç (48).

Îòæå, øóêàíèé ðîâ’ÿçîê ðîçãëÿäóâàíî¿ çàäà÷³ (35)–(37) âèçíà÷àºòüñÿ

ñï³ââ³äíîøåííÿìè (38), ïðè÷îìó ôóíêö³¿ w t t k Nk k( ), ( ) ( )� � âèçíà÷àþòüñÿ

çã³äíî ç (48)–(50). Ùîäî óìîâ çá³æíîñò³ ðÿäó â ñï³ââ³äíîøåíí³ (38) çàçíà÷èìî

òàêå.

Íåõàé h x C0
4 0 1( ) [ , ]� òà âèêîíóþòüñÿ äîäàòêîâ³ óìîâè: h ii

0
0 0 0 2( ) ( ) ( , )� � ,

h h jj j
0 0

0 1 1 3( ) ( )( ) ( ) ( , )� � . Òîä³ ³íòåãðóâàííÿì ÷àñòèíàìè â ð³âíîñòÿõ (41) ìîæíà

ïîêàçàòè ñïðàâåäëèâ³ñòü ñï³ââ³äíîøåíü 	 	
k k

O
k

k( ) ( ), ( )1 2

4

1
�

�

�
�

�

�
� � 
 .

Âðàõîâóþ÷è öå, ç³ ñï³ââ³äíîøåííÿ (48) ìàºìî îö³íêó

| ( ) | ( , )w t
M

k
M k Nk � � �1

4 1 0 . (51)

Òàêîæ íà îñíîâ³ (49), (50) ç óðàõóâàííÿì ñï³ââ³äíîøåííÿ (22) òà ðåçóëü-

òàò³â ³ç [23] îäåðæóºìî

| ( )| ( , , )�k t
M

k

M

k
M M k N� � � �2

4

3

3 2 3 0 . (52)

Ç íàâåäåíèõ îö³íîê (51), (52) âèïëèâàº, ùî ìàæîðàíòíèì äëÿ ðÿäó â ïðàâ³é

÷àñòèí³ ñï³ââ³äíîøåííÿ (38) º çá³æíèé óçàãàëüíåíèé ãàðìîí³÷íèé ðÿä. Òîìó

çã³äíî ç ìàæîðàíòíîþ îçíàêîþ Âåéºðøòðàñà ðÿä (38) º ð³âíîì³ðíî çá³æíèì äëÿ

( , )x t T�	 ³ éîãî ñóìà íà ö³é ìíîæèí³ º íåïåðåðâíîþ ôóíêö³ºþ. Òàêèì ÷èíîì,

ôóíêö³ÿ u x t( , ) âèçíà÷åíà ñï³ââ³äíîøåííÿìè (38), (48)–(50) äàº ðåãóëÿðíèé ðîç-

â’ÿçîê çàäà÷³ (35)–(37).

ÎÊÐÅÌÈÉ ÂÈÏÀÄÎÊ ÄÐÎÁÎÂÎ-ÄÈÔÅÐÅÍÖ²ÉÍÎ¯ Ô²ËÜÒÐÀÖ²ÉÍÎ¯ ÌÎÄÅË²:
ÌÎÄÅËÞÂÀÍÍß Ô²ËÜÒÐÀÖ²ÉÍÎ¯ ÄÈÍÀÌ²ÊÈ ÍÀ Ç²ÐÊÎÏÎÄ²ÁÍÎÌÓ ÃÐÀÔ²

ßê çàçíà÷àëîñü, ìîäåëüíà ñèñòåìà ð³âíÿíü àíîìàëüíî¿ ô³ëüòðàö³éíî¿ äèíàì³êè

â òð³ùèíóâàòî-ïîðèñòîìó ñåðåäîâèù³ çà íàÿâíîñò³ äîñòàòíüî ñëàáêîïðîíèê-

íèõ ïîðèñòèõ áëîê³â ìàº âèãëÿä (5), (6). Â îêðåìîìó âèïàäêó � �� öÿ ñèñòå-

ìà íàáóâàº âèãëÿäó

�
�

��
1

2

2
D p x t

u p p x t

x
t

r

( ) ( , )
( , )

�
�

�
�

�
, (53)

D u x t
u p

t
r

( ) ( , )�

�
�

�
� 0, (54)

äå p x t u x t( , ), ( , ) — ôóíêö³¿ òèñêó â ñèñòåìàõ òð³ùèí ³ ïîðèñòèõ áëîêàõ

â³äïîâ³äíî.

Âèêëþ÷àþ÷è ç ñèñòåìè (53), (54) ôóíêö³þ p x t( , ), îäåðæóºìî â³äíîñíî

íåâ³äîìî¿ ôóíêö³¿ òèñêó â ïîðèñòèõ áëîêàõ u x t( , ) ìîäåëüíå ð³âíÿííÿ âèãëÿäó

� � � � �� � � �
1 1

2

2
1 1r t t t r tD D u D u D

u

x

( ) ( ) ( ) ( )( ) ( )� � � �
�

�
. (55)

Ðîçãëÿíåìî äëÿ ìàòåìàòè÷íî¿ ô³ëüòðàö³éíî¿ ìîäåë³, ùî áàçóºòüñÿ íà

ð³âíÿíí³ (55), çàäà÷ó ô³ëüòðàö³éíî¿ äèíàì³êè íà ç³ðêîïîä³áíîìó ãðàô³, ÿêèé

óòâîðåíèé ç’ºäíàííÿì òðüîõ ñê³í÷åííèõ â³äð³çê³â (ÿê³ íàçèâàþòüñÿ ðåáðàìè)

â îäí³é òî÷ö³ O (âåðøèí³ ãðàôó). Ñï³âñòàâëÿþ÷è ðåáðàì ãðàôó ³íòåðâàëè

( , ) ( , )0 1 3l kk � , âèçíà÷àºìî ïîíÿòòÿ êîîðäèíàò íà êîæíîìó ç ðåáåð [31, 32]:
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G x x l kk k k k� � � �{ : } ( , )0 1 3 . Ïðè öüîìó íà êîæíîìó ðåáð³ âåðøèíà ãðàôó O

ìàº êîîðäèíàòó 0.

Ïîñòàíîâêà â³äïîâ³äíî¿ êðàéîâî¿ çàäà÷³ ìàòåìàòè÷íîãî ìîäåëþâàííÿ äè-

íàì³êè àíîìàëüíîãî ô³ëüòðàö³éíîãî ïðîöåñó (äëÿ ðîçãëÿäóâàíî¿ ìàòåìàòè÷íî¿

ìîäåë³) çâîäèòüñÿ äî â³äøóêàííÿ â G Tk � ( , )0 ðåãóëÿðíèõ ðîçâ’ÿçê³â äðîáî-

âî-äèôåðåíö³éíèõ ð³âíÿíü

Fu x t D
u x t

x
kk r t

k( , ) ( )
( , )

( , )( )� �
�

�
�� � �1 1 3

2

2
(56)

(òóò F: ( )( ) ( ) ( )� � �� � �� � �
1 11r t t tD D D ( )0 1� �� ), (57)

ÿê³ çàäîâîëüíÿþòü ïî÷àòêîâ³, ãðàíè÷í³ óìîâè òà óìîâè ñêëåþâàííÿ:

u x x D u x t x G kk k t k t k( , ) ( ), ( , ) | ( , , )( )0 0 1 30� � � ��	 � , (58)

u t u t u t t T1 2 30 0 0 0( , ) ( , ) ( , ) ( [ , ] )� � � , (59)

�

�
� �

�
�

u t

x
t Tk

k

( , )
( [ , ])

0
0 0

1

3

, (60)

u l t t T kk k( , ) ( [ , ], , )� � �0 0 1 3 . (61)

Íåõàé 	k x k( ) ( , )�1 3 — çàäàí³ ôóíêö³¿, äëÿ ÿêèõ âèêîíóþòüñÿ óìîâè:

	 	 	 	k kx C l( ) [ , ], ( ) ( ) ( ),� � �4
1 2 30 0 0 0

d

dx

d

dx

d

dx

	 	 	1 2 30 0 0
0

( ) ( ) ( )
� � � . (62)

Ç óðàõóâàííÿì çàçíà÷åíèõ óìîâ òà ç âèêîðèñòàííÿì ìåòîäó Ôóð’º ðîçêëàäó

çà âëàñíèìè ôóíêö³ÿìè øóêàòèìåìî ðîçâ’ÿçêè çàäà÷ (56)–(61) ó âèãëÿä³

u x t T t x kk k( , ) ( ) ( ) ( , )� �� 1 3 .

Äàë³ â³äîêðåìëþþ÷è çì³íí³, îäåðæóºìî

�� � � �� 
 �k kx x k( ) ( ) ( , )2 0 1 3 , (63)

FT t D T tr t( ) ( ) ( )( )� � �� 
 � �2 1 0, (64)

äå 
 
� �const, \ { }R 0 , à îïåðàòîð F âèçíà÷àºòüñÿ ñï³ââ³äíîøåííÿì (57).

ßê ïîêàçàíî â [31], ó âèïàäêó l l l l1 2 3� � � âëàñí³ çíà÷åííÿ äëÿ ðîçãëÿäóâà-

íî¿ çàäà÷³ ìàþòü âèãëÿä 
 

�



�

n n n
n

l

n

l
n N, , ,,

( )
( )1 2 3

2 1

2
� � �

�
� . Íà îñíîâ³

(63) ¿ì â³äïîâ³äàþòü âëàñí³ ôóíêö³¿ [31]:

� 
n nx
l

x n N, ,( ) sin ( ) ( )1 1

1

0

1

1
�
�

�

�

�
�

�

�

�
�

� , � 
n nx
l

x n N, ,( ) sin ( ) ( )2 2

1

2

1

1

3
�
�

�

�

�

�
�

�

�

�
�

� ,

� 
n nx
l

x n N, ,( ) cos ( ) ( )3 3

1

1

1

2

6
�
�

�

�
�

�

�

�
�

� . (65)

Çàçíà÷èìî, ùî áåçïîñåðåäíüîþ ïåðåâ³ðêîþ ìîæíà âïåâíèòèñü, ùî ðîçâ’ÿ-

çîê çàäà÷³
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FT t D T t n Nn n r t n( ) ( ) ( ) ( )( )� � � �� 
 � �2 1 0 ,

T D T t n Nn n t n t( ) , ( ) | ( )( )0 00� � ��	 �

âèçíà÷àºòüñÿ òàêèìè ñï³ââ³äíîøåííÿìè:

T t a E t a E tn
n

n
n n n n n n( ) [( ) ( ) ( ) ( )]( ) ( )� � � �

	
� ��

�
�

�

2

1 2

 
  ,

a an r n n n r n� � � � � �1 4 01
2 2

1
2� � � 
 � � � 
,  ,

�
� �

�
� �

n
r

n n n
r

n na a( ) ( )( ), ( )1

1

2

1

1

2

1

2
� � � � � �  ,

äå E� ( )� — îäíîïàðàìåòðè÷íà ôóíêö³ÿ Ì³òòàã-Ëåôôëåðà [7, 8].

Ç óðàõóâàííÿì çàçíà÷åíîãî ôàêòó ìàºìî, ùî ðîçâ’ÿçêè (64) ïðåäñòàâëÿþòü-

ñÿ ó ôîðì³

T t C Q tn
i

n
i

n i
( ) ( )

,( ) ( )� ( , , )i n N� �1 3 ,

äå

Q t a E t a En i

n i

n i n i n i n i n i,

,

, , , , ,( ) [( ) ( ) ( )� � � �
1

2  
  �

�
�� ( )],� �

n i t ,

a an i r n i n i n i r n i, , , , ,,� � � � �1 41
2 2

1
2� �� 
 � �� 
 , (66)

�
� �

�
� �

n i
r

n i n i n i
r

n i n ia a, , , , , ,( ), ( )� � � � � �
1

2

1

21 1

  ,

Cn
i( ) � const ( , , )i n N� �1 3 .

Òàêèì ÷èíîì, ðîçâ’ÿçîê ðîçãëÿäóâàíî¿ çàäà÷³ çàïèñóºòüñÿ ó âèãëÿä³ ðÿäó

Ôóð’º:

u x t C Q t x C Q t xn n n n n n

n

( , ) ( ( ) ( ) ( ) ( )( )
, ,

( )
, ,� � �

�

1
1 1

2
2 2� �

1




�

�C Q t xn n n
( )

, ,( ) ( ))3
3 3� , (67)

äå C C Cn n n
( ) ( ) ( ), ,1 2 3 — êîåô³ö³ºíòè Ôóð’º, � n i n ix Q t i, ,( ), ( ) ( , )�1 3 âèçíà÷àþòüñÿ

çã³äíî ç (65), (66), u u u u T� ( , , )1 2 3 .

Âèçíà÷àþ÷è êîåô³ö³ºíòè C C Cn n n
( ) ( ) ( ), ,1 2 3 , ç óðàõóâàííÿì ïî÷àòêîâèõ óìîâ

	 	 	 	 � �( ) ( ( ), ( ), ( )) ( ( ) (( )
,

( )
,x x x x C x CT

n n n n� � �1 2 3
1

1
2

2 x C x

n

n n) ( ))( )
,

�




� �
1

3
3�

îäåðæóºìî ñï³ââ³äíîøåííÿ [31]:

C
l

x x x dxn

l

n
( )

,( ( ) ( )) ( )1
1 3

0

1
1

� �� 	 	 
sin ,

C
l

x x x x dxn

l

n
( )

,( ( ) ( ) ( )) ( )2
1 2

0

3 2
1

3
2� � � �� 	 	 	 
sin , (68)

C
l

x x x x dxn

l

n
( )

,( ( ) ( ) ( ))cos ( )3
1

0

2 3 3
2

6
� � �� 	 	 	 
 .
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Ïîêàæåìî, ùî ôóíêö³ÿ u x t( , ), âèçíà÷åíà çã³äíî ç (67), (66), (65), (68), º ðå-

ãóëÿðíèì ðîçâ’ÿçêîì ðîçãëÿäóâàíî¿ çàäà÷³.

Ñïî÷àòêó äîâåäåìî, ùî u x t C G Tk( , ) ( [ , ])� � 0 ( , )k �1 3 . Ïðè öüîìó çàóâàæè-

ìî, ùî çà íàÿâíîñò³ íàêëàäåíèõ ñï³ââ³äíîøåííÿìè (62) îáìåæåíü íà ôóíêö³¿

	k x k( ) ( , )�1 3 ìàþòü ì³ñöå îö³íêè [31]

| | ( , , )( )C
M

n
M in

i i
i� � � �

3
0 1 3const .

Íà ï³äñòàâ³ öèõ îö³íîê ç óðàõóâàííÿì ñï³ââ³äíîøåííÿ (67) òà â³äîìî¿

îö³íêè äëÿ îäíîïàðàìåòðè÷íî¿ ôóíêö³¿ Ì³òòàã-Ëåôôëåðà [7, 8]

| ( )|
| |

( ( ) , )E z
M

z
z M� �� � � �arg const 0

îäåðæóºìî

| ( ) ( ) ( ) ( )( )
, ,

( )
, ,C Q t x C Q t xn n n n n n

1
1 1

2
2 2� �� �

� � � �
�

�C Q t x
C

n
Cn n n

( )
, ,( ) ( ) | ( )3
3 3 4

0� const .

Çâ³äñè âèïëèâàº, ùî ìàæîðàíòíèì äëÿ ðÿäó (67) º óçàãàëüíåíèé ãàð-

ìîí³÷íèé ðÿä
1

4
1 nn�




� . Òîä³ çà îçíàêîþ Âåéºøòðàñà ðÿä (67) º ð³âíîì³ðíî

çá³æíèì ³ u x t C G Tk( , ) ( [ , ] )� � 0 ( , )k �1 3 . Àíàëîã³÷íî, îñê³ëüêè

u C Q t x C Q txx n n n n n n n n� � �( ( ) ( ) ( )( )
, , ,

( )
, ,

1
1

2
1 1

2
2

2
2
 � 
 � , ( )2

1

x

n

�
�




�

�C Q t xn n n n
( )

, , ,( ) ( ))3
3

2
3 3
 � , (69)

âðàõîâóþ÷è îö³íêó

| |

~

(
~

, , ),
( )
 n i n
i i

iC
M

n
M i2 0 1 3� � � �const ,

îäåðæóºìî

| ( ) ( ) |( )
, , ,

*

C Q t x
M

n
n

i
n i

i

n i n i
i
 �2

1

3

2
�
� � ( , , )*M ii � � �const 0 1 3 .

Îòæå, ìàæîðàíòíèì äëÿ ðÿäó (69) º çá³æíèé ðÿä
1

2
1 nn�




� . Òîìó çã³äíî ç îçíà-

êîþ Âåéºðøòðàñà ðÿä (69) º ð³âíîì³ðíî çá³æíèì, òîáòî u x t C G Txx k( , ) ( [ , ] )� � 0

( , )k �1 3 . (Àíàëîãè÷íî äîâîäèòüñÿ ñïðàâåäëèâ³ñòü ³íøèõ ñï³ââ³äíîøåíü, çîêðå-

ìà, D u D D u C G Tt t t k
( ) ( ) ( ), ( [ , ] )� � � � � 0 .)

Ñòèñëî ðîçãëÿíåìî ïèòàííÿ ïðî ºäèí³ñòü îäåðæàíîãî ðîçâ’ÿçêó. Ïðèïóñêà-

þ÷è ïðîòèëåæíå, ùî u uk k, — äâà ðîçâ’ÿçêè çàäà÷³ (56)–(61), ìàºìî äëÿ ôóíêö³é

� k k ku u k� � �( , )1 3 çàäà÷³ âèãëÿäó (56)–(61), äå ïîïåðåäíüî ñë³ä ïîêëàñòè

	k x k( ) ( , )
 �0 1 3 . Íà îñíîâ³ (65)–(68) ìàºìî � k x t k( , ) ( , )
 �0 1 3 . Çâ³äñè äîõî-

äèìî âèñíîâêó ùîäî ºäèíîñò³ îäåðæàíîãî ðîçâ’ÿçêó.

ÂÈÑÍÎÂÊÈ

Ó ðîáîò³ âèêîíàíî ïîñòàíîâêè òà îäåðæàíî çàìêíåí³ ðîçâ’ÿçêè äåÿêèõ êðàéîâèõ

çàäà÷ äðîáîâî-äèôåðåíö³éíî¿ ãåîô³ëüòðàö³éíî¿ äèíàì³êè â òð³ùèíóâàòî-ïîðèñòî-

ìó ñåðåäîâèù³ äëÿ ìîäåë³ ç³ ñëàáêîïðîíèêíèìè ïîðèñòèìè áëîêàìè. Çîêðåìà,
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ðîçãëÿíóòî ïðÿìó ³ îáåðíåíó êðàéîâ³ çàäà÷³ ô³ëüòðàö³¿ äëÿ øàðó ñê³í÷åííî¿ ïîòóæ-

íîñò³, íàâåäåíî óìîâè ³ñíóâàííÿ ðåãóëÿðíèõ ðîçâ’ÿçê³â ðîçãëÿíóòèõ çàäà÷, îäåðæàíî

ðîçâ’ÿçêè çàäà÷³ ô³ëüòðàö³éíî¿ äèíàì³êè ç íåëîêàëüíèìè ãðàíè÷íèìè óìîâàìè Ñà-

ìàðñüêîãî–²îíê³íà, à äëÿ îêðåìîãî âèïàäêó ô³ëüòðàö³éíî¿ ìîäåë³ — çàäà÷³ ìîäåëþ-

âàííÿ àíîìàëüíî¿ äèíàì³êè ô³ëüòðàö³éíèõ ïîë³â òèñê³â íà ç³ðêîïîä³áíîìó ãðàô³.
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V.M. Bulavatsky

SOME BOUNDARY-VALUE PROBLEMS CORRESPONDING TO THE MODEL
OF FRACTIONAL-DIFFERENTIAL FILTRATION DYNAMICS IN A FRACTURED-POROUS
MEDIUM UNDER TIME NON-LOCALITY

Abstract. Closed-form solutions of some boundary-value problems of fractional-differential
geofiltration dynamics in a fractured-porous medium are obtained for a model with weakly
permeable porous blocks. In particular, the direct and inverse boundary-value problems of
filtration for the finite thickness layer are solved, the conditions for the existence of their
regular solutions are given, and the solution of the problem of filtration dynamics with
nonlocal boundary conditions is found. For a particular case of the filtration model, the
problem of modeling the anomalous dynamics of filtration pressure fields on a star-shaped
graph is considered.

Keywords: mathematical modeling, fractional-differential dynamics of filtration processes,
fractured-porous medium, non-classical models, boundary-value problems, inverse problems,
problems with non-local conditions, closed-form solutions.
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