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PRINCIPLE OF TIME STRETCHING IN GAME DYNAMIC PROBLEMS

Introduction. There exists a wide range of mechanical, economical and biological processes
evolving in condition of conflict and uncertainty, which can be described by various kind
dynamic systems, depending on the process nature. This paper deals with the dynamic games
of pursuit, described by a system of general form, encompassing a wide range of the func-
tional-differential systems. The deciding factor in study of dynamic games is availability of
information on current state of the process. In real systems information, as a rule, arrives
with delay in time. Also, there are a number of problems for which Pontryagin’s condition,
reflecting an advantage of the pursuer over the evader in control resources, does not hold.
Establishment of close relation between its time-stretching modification and the effect of
variable information delay offers much promise for solving the above mentioned problems.

The purpose of the paper is to deduce, sufficient conditions for termination of the
games, for which Pontryagin’s condition does not hold, by the use of the effect of informa-
tion delay, to specify these conditions for the case of integro-differential dynamics, and to
illustrate the obtained result with the model example.

Methods. For investigation of the dynamic game of pursuit we apply the scheme of Pon-
tryagin’s First Direct method providing bringing of the trajectory of conflict-controlled proc-
ess to the cylindrical terminal set at a finite moment of time. In so doing, construction of the
pursuer’s control is accomplished on the basis of the Filippov-Castaing theorem on measur-
able choice that insures realization of the process of pursuit in the class of stroboscopic
strategies by Hajek. To deduce solution of the conflict-controlled integro-differentional sys-
tem in the Cauchy form, the method of successive approximation is used.

Results. It is shown that the dynamic game of pursuit with separated control blocks of the
players and variable delay of information is equivalent to certain perfect information game. Based on
this fact, the principle of time stretching is developed to study the games with complete information
for which classic Pontryagin’s condition, lying at the heart of all direct methods of pursuit, does not
hold. The time-stretching modification of this condition, proposed in the paper, makes it feasible to
obtain sufficient conditions for bringing the game trajectory to the terminal set at a finite moment of
time. In so doing, the control of pursuer, providing achievement of the game goal, is constructed.
These conditions are specified for the integro-diffential game of pursuit. By way of illustration, an
example of integro-differential game of pursuit is analyzed in detail. The time stretching function,
providing fulfillment of the modified Pontryagin’s condition is found. Simple relationships between
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dynamics parameters and control resources of the players are deduced that provide feasibility of
capture of the evader by the pursuer, under arbitrary initial states of the players.

Conclusion. Thus, in the paper an efficient tool is developed for analysis of conflict sit-
uation, for example, interception of a mobile target by controlled object in condition of con-
flict counteraction. The situation is analyzed, when the pursuing object lacks conventional
advantage in control resources over the evading counterpart, that is, the classic Pontryagin’s
condition does not hold. Suggested approach makes it feasible to realize the process of pur-
suit with the help of appropriate Krasovskii’ counter-controls.

Keywords: dynamic game, time-variable information delay, Pontryagin’s condition, Aumann’s
integral, principle of time stretching, Minkowski’ difference, integro-differential game.

INTRODUCTION

In the theory of dynamic games a number of efficient methods are created to
make decision in conditions of conflict and uncertainty. They originated in fun-
damental works of R. Isaacs [1], L.S. Pontryagin [2], N.N. Krasovskii [3], L.
Berkovitz [4], A. Friedman [5], O. Hajek [6], B.N. Pshenitchny [7] and their
disciples, which are based on various mathematical ideas respective to availabil-
ity of information to opposing sides in the course of game [8—10]. There exists a
wide range of mechanical, economical and biological processes which can be
described by dynamic systems of various kind, in particular, by the ordinary
differential, difference, difference-differential, integral, integral-differential,
partial differential and fractional equations, as well as by impulse systems, de-
pending on the process nature [11]. Any disturbance, counteraction or inaccu-
racy readily leads to game situation. The deciding factor in study of dynamic
games is availability of information on current state of the process, its prehistory
or various kind counter-parts discrimination, that results in the problems of pur-
suit-evasion by position or in the class of stroboscopic, quasi- or & -strategies.

Sometimes, in real systems information arrives with delay in time. It is
shown that the dynamic game of pursuit with variable information delay is
equivalent to certain perfect-information game with the changed dynamics and
terminal set. It was first proved for the linear differential games with constant
delay of information, then for the case of variable information delay [12]. This
effect of information delay opened up possibilities for application of classic
methods to analyze the games with delay of information [12], [13].

At the heart of the First Direct method, developed for solving the linear differen-
tial pursuit games, lies Pontryagin’s condition [2]. This condition reflects an advantage
of the pursuer over the evader in control resources in terms of the game parameters.
However, there are a number of problems for which this condition does not hold, e.g.
the problems of soft meeting (simultaneous coincidence of geometric coordinates and
velocities of objects), pursuit problems for oscillatory processes or different inertia
systems etc [14], [15], [16].

Analysis of Pontryagin’s condition performed by Nikolskij [14] greatly advanced
its understanding and was a contributory factor to the modification of this condition
[17], prescribing construction of the pursuer’s control on the basis of evader’s one in
the past. Unfortunately, analysis of the model example contains slips.

Establishment of close relation of the modified condition with the passage
from the original game with perfect information to an auxiliary one with delayed
information [18], [19] gave impetus to the development of efficient approach
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(the principle of time stretching) to solving complicated games of pursuit,
namely, those for which Pontryagin’s condition does not hold [19], [20], [21].

This paper deals with the dynamic games of pursuit, described by a system of
general form that encompasses a wide range of the functional-differential systems.
The gist of this approach consists in artificial abandoning the availability of informa-
tion on the current evader’s control to the pursuer. In fact, the passage is made from
the original game with complete information to the game with the same dynamics
and the terminal set, yet with special kind information availability delay. This delay
is a function of time, decreasing as the game trajectory approaches the terminal set
and vanishing as it hits the target. The central idea of the time stretching principle
consists in introduction of certain function, called the time stretching function, in
which terms the time delay is expressed in explicit form. Then the obtained game
with delayed information is analyzed on the basis of its equivalence to the perfect-
information game with the changed dynamics, for which Pontryagin’s condition
includes the time stretching function.

The time stretching principle proved its efficiency in solving the problems of
soft meeting in various cases of second-order dynamics, for which formula for the
time stretching function is deduced in explicit form, in their number, in the case of
different-kind dynamics of the pursuer and the evader [20-22]. Simple conditions
on the games parameters insuring feasibility of the pursuit termination are de-
duced. The geometric-descriptive situation of finding ‘tracks’ of the evader is
studied in detail, that provides realization of the time stretching principle by the
way of the pursuer following the evader’s trajectory with delay in time [20].

In the paper the time stretching principle is applied to the dynamic games,
described by a system of general form, encompassing a wide scope of the func-
tional-differential systems. The result of investigation is specified for the inte-
gral-differential games of pursuit. To this end, we derive solution to the integro-
differential system in the Cauchy form. In so doing, the method of successive
approximations is used to solve the Volterra integro-differential equation of
second order. To support the suggested technique, an example of integro-
differential pursuit game is examined in detail.

EFFECT OF INFORMATION DELAY IN THE DYNAMIC GAMES OF PURSUIT

Statement of the pursuit game usually includes a system of equations, describing the
conflict-controlled process. But subsequent analysis of the game, as a rule, employs
only presentation of the system solution. In the case of differential game it is the Cau-
chy formula. To begin with, we recall the impact of information delay in the dynamic
games of pursuit, that is, the equivalence of the game with variable information delay
to certain complete-information game with the changed object’s dynamics and the
terminal set and, on its basis, outline the time stretching principle.
Let a trajectory of the conflict-controlled process be given in the form:

)= ¢0) [(i(1.0.1(6)) £5(0.0.1(60))d8. ¢ <1 1). 0

Iy

Here z(t)e R", where R"is the real n-—dimensional Euclidean

space, g : [to,+o0)— R" is continuous vector-function. Controls u and v are picked
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by the players at each instant of time from the compacts U and V' in a way their
realizations in time be Lebesgue measurable functions. Functions f;(¢,6,u) and

£(6,6.v), f:A(t,)xU — R", £, At )xV — R", where
A(to) = {(t, 9): 0<t,<0<t< +oo} are assumed to be Lebesgue measurable both
in ¢ and @ and continuous in u and v, respectively; U € K (R”), Vek (R”), where

by K (R”) is denoted the set of all non-empty compacts from R" .
Besides, a terminal set M, having a cylindrical form is given:

M, =My+M. )

Here M|, is a linear subspace of R” and M — a convex compact from the
orthogonal complement to M, inR", i.e. M € coK(L). By coK(L)is meant the

set of all convex sets from K ( ")
Let us denote by € and €, the sets of all measurable functions taking their

values in the compacts U and V', respectively. In the sequel, they are referred to as
the sets of admissible controls of the pursuer and the evader, respectively.

We analyze the game, standing on the pursuer side (u« ). The goal of the pur-
suer is at a finite moment of time to bring a trajectory of the system (1) to the
terminal set M, , under arbitrary admissible control of the evader (v ). By the
moment of the game termination is meant the first moment of time
t when z(t) € M, . Such dynamic game is called the game of pursuit.

Let 7 be the operator of orthogonal projection from R” ontoL, 7:R" — L.
Then bringing the system trajectory to the terminal set is equivalent to the inclusion
ﬁz(t)e M . 1t is supposed that g(to)eéM « and the players know the parameters of

conflict-controlled process (1), (2), namely vector- functions g(t), functions f; (z, 0, u)

and f, (t, 0, v) , the control domains U , V', and the terminal set M *.

Let us suppose that current information on the game state become available
to the pursuer with the delay in timez(f). The functionz: [t +7g,+®)— R,

T(lo + TO)Z 7, is assumed to be piecewise-continuous, besides, it can have at

most countable number of discontinuities and all discontinuities are of the first
order, and is absolutely continuous on the intervals of its continuity. What is

more, r'(t) <1 at the points at which the derivative 7(¢)exists. The last condition

provides for access of fresh information in the course of the game.
The game starts at the moment ¢, but information on the evader control be-

comes available to the pursuer only beginning from the momentz, + 17y, 7, > 0.
In the course of the game, i.e. at each current instant of time#, ¢ >1, +7,, the
pursuer has access to information on the evader control at the momentz —z(t).

Denote by u' () realization of the pursuer control on the half-interval [t - z'(t),t) ,
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u'(s) = {uls):s et —2(e)2)}.

We name the pair (g(t),u’ ()) by the position of game at the moment?. Sup-
pose that on the initial half-interval [to,z, +7,) the pursuer applies some admis-

sible control " (),

w070 () = {uls):s eftg.t+ 7o)}, w0 (e Q.

The pair (g(to ),utOHO ()) is referred to as the initial position of the delayed-
information game.

Definitionl. Let X and Y be non-empty sets from R” . The geometric dif-
ference of sets is defined by the formula

X#Y={z:z+Yc X}= n (X-y).
yeY

In what follows, the notion of Aumann integral of set-valued mapping
is used [23].

Definition 2. Let F (t) be a measurable mapping, F : [tO,T]—>P(R”) where
P(R" ) is a set of all closed subsets of the space R". The union of integrals, taken
over all its measurable selections f(¢), f(t)e F (t), namely,

T
U [re)a
SOeF (),
is called the Aumann integral of set-valued mapping F (t) and usually denoted

T
by [F(t)d:.
1o
Let us take into consideration the following set-valued mappings

z(¢)

V(z(t)= {x x= [ £(6,6-0,10))d0, () e QV},

0

M(z(t)= M=V (z())..
Conditionl. The set-valued mapping M (r(z)) has non-empty images for all
t> ty +79.
Let us take a look at the pursuit game with complete information, starting at
the moment #, + 7,,, which current state is defined by the formula

t

H0)-20)- ] Aloalo)do+ [1-#6)fs(0.0-r(0)kvlo—c(o)do . 3)

to+70 th+70
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to+70

Z(tg +70)=&lto +70), &(£)=g(r) - [ £i(t.6.u(6))d6
fo
and the terminal set M, (r) having the form of set-valued mapping,
M, (t)=Mq+M(z(t)). (4)

We observe that, by virtue of Condition 1, the terminal set M,(¢) has the
solid set component M (Z'(t))

Theoreml. Let in the dynamic game (1), (2) with variable information delay r(t)
Condition 1 hold. Then this game can be terminated at the moment7', T >¢, + 17y,
starting from the initial position (g(to ),u0tr0 (.)), if and only if the game (3), (4) with
complete information can be terminated at the same time 7.

PRINCIPLE OF TIME STRETCHING IN DYNAMIC GAMES OF PURSUIT

Now we outline an approach to solving games of pursuit in the frames of the
First Direct method [2] and derive sufficient conditions insuring the game termi-
nation at some finite time, which, generally speaking, is not optimal. In such
case they say about guaranteed result. It is achieved by using counter-controls by
Krasovskii [3], provided by stroboscopic strategies by O. Hajek [6]. We name
this approach by the time stretching principle.

The First Direct method, created to study the linear differential games of
pursuit is based on the Pontryagin’s condition that reflects an advantage of the
pursuer over the evader expressed in terms of the game parameters.

The linear differential game is described by the system of linear differential

equations
()= Az(t) - ule)+v(t),

zeR", z(O): 2y, A 1is a quadratic matrix of orderz . It presents a particular case
of the conflict-controlled process (1) with

glt)=ezy, £i(.0.u) = =01, , fo(t,0,v) = =0y,

(by ¢ is denoted exponent of the matrix ¢4 ).
Condition 2 (Pontryagin’s condition). The set-valued mapping

wt)= ﬂetAUfﬂetAV 5)

has non-empty images for all 7 € [0,+oo).
Note, that in the case of linear differential game the state variable Z(¢) of

the equivalent game with complete information, evolving on the half-
axis [z, +0), satisfies the differential equation

£(0) =200 o)1= ()™ 1),
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70
Z(cg)= 70z — [ 0"My(0)d0
0

and the terminal set of the equivalent game appears as the set M, (t) (4) with

V(e(e) = {x . TILHAv(Q)dG, W) e QV}.

The set-valued mapping W (¢) (5) is applied in the First Direct Method as follows.

It is shown that if at some time £, the initial state of the game z, satisfies the inclusion

n
ﬂetlAzo € IW(H)dH ,
0
then the game of pursuit can be terminated at the moment #, under arbitrary

admissible controls of the evader.
Below we give generalization of Pontryagin’s condition to the case of dy-
namics of general form (1).

Condition 3. W (1,0)= 7 fi(tg +1,0,U )xz f5(tg +1,0,V )= D , t, <O <t <+00.
In the case Condition 3 does not hold we propose its modification con-

structed with the help of the function of time stretching.
Definition 3. By the function of time stretching is named a non-negative,

monotonically increasing function of time I(z), ¢ € [0,+oo), 1(0)=0, 1(t)>t,
t >0, which can have at most countable number of discontinuities and all dis-
continuities are of the first order, absolutely continuous on the intervals of its

continuity, and such that sup | (t)< +o0, where A is the set of /(¢) disconti-
1e[0,+0\A

nuity and non-differentiability points.
Condition 4. There exists time-stretching function / (t), such that the set-
valued mapping

wWi(t,0)=7r fi(t.tg + 1(t)- 0,0 )x1(0)x f5(t,00 + 1(t)-1(0).V )= B ,tg <O<t < +o0.

Theorem 2. Let in the perfect-information game (1), (2) Condition 4 hold
and let for the given initial state g(to) there exist a finite moment of time ¢ :

to+1(e)-t
t={mint:t20,7| gltg +1(t)- [ filto +1(t),9,U)d9J
fo

(6)
ﬂ[M +jW1(t,¢9)d¢9J = @}.

0
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Then a trajectory of the process (1) can be brought by the pursuer to the
terminal set M, (2) at the moment of time ¢, +/(f; ), under any admissible con-
trols of the evader.

Proof. Let us set 7y =1 (zl)—tl and divide the interval of time [to,zo +1(1 )]

into two parts — the initial half-interval [to,to +175) and the closed inter-
val [to + 70,00 +1 (tl )] In view of the assumptions concerning non-emptiness of
the intersection in definition of time #, (6) and non-emptiness of the images of
the set-valued mapping Wl(t,49) (Condition 4) there exist an admissible control
u'0*70(9), 0 elty.to+19), point m, me M , and measurable selection w(f,6),
wi(1,0)e W(11,0), 6<[0,4), such that the following equation is fulfilled:

to+1(n))-1 ) 1
A glio+ 1)~ | Ailio+10)0. 00 @)d0 | =m+ [wn.0)d0. (7
to 0

We set the pursuer control on the initial time-interval [to,to +ro) to be

equal tou'0*70 ().
The trajectory of the conflict-controlled process (1) on the interval
[to + 70,0 + 1(t;)] can be presented in the form:

Z(to +79 +I)= g(lo +79 +I)—

t

—J.((fl(to +7o9+1,tlg+70+ 6,14(1‘0 +7p + 6))—f2(fo +79+1,1lg+70+ H,V(l‘o +7p+ 6)))d0 .
0

Let us build current control of the pursuer at each instant of time ¢y + 7y + 6,

0e [0, f1] on the basis of the evader control at the instantz, + (¢ )—I(t, — 6). It is
easy to see that

ty+1(t)-1(t, —0)=t, +7,+0—(I(t, - 0)— (1, - 9)).
One can observe that in such case control of the pursuer at current instant
to+t9+0,0 € [0, t, ], is constructed in accordance with the evader control at the
moment on the time /(¢ —0)— (1 — 0) earlier.

Thus, on the interval [ty + 7,7y + 1(t )] transition is made from the original

perfect-information game to the auxiliary game with the same dynamics and the
same terminal set but with variable delay of information

T(l0+70+9)=1(11—9)—(l1—9), 96[0,1‘1]. (8)

By Theorem1, this game with information delay is equivalent to the perfect-
information game having the dynamics
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t
g +7o+1)=8ltg +70 +1)— [ filtg + 70 + 1.9 + 79 + 0, ulty + 79 +0))dO+

0
. ©)
+[1(t - 0)foltg +1(e).tg + 1(ty)— 1(ty = 0)V(tg + 1(t)~ 1(¢, - 0)))d @,
0
to+70
glty+ry+t)=glty+z,+1) - | fl(zo +70 +1,0,u'00 (9))d9.
fo

The terminal set of the equivalent game has the form (4) with
M*(to + 7 +t)=M0 +M(T(f0 +7p +t)),
M (c(ty +7o +1))= M*V(c(ty + 7o +2)) = M*V(I(t; — 1)~ (e, -2)).

In view of the formula for the time delay (8), z(zy + (1)) = 7(zg + 79 +4,)=0,
therefore, M,(ty+1(t))=M,. Thus, at the moment of the game termination
1o +1(¢,) the terminal set of the equivalent game is the set M, .

Let us prescribe control of the pursuer on the interval [to +Ty,t, +1 (tl )] to
be equal a measurable solution of the equation:

ﬁﬁ(to +](t1),t0 +79 +0, l/t(to +79 +9))=

=1t =0)7 oo +1(1 )10 +1(01)= 10 = 0), v(to + (1)~ 1y = 0)))+ wley, 1, =)
0e [O,tl ]
Such solution exists by virtue of the Filippov-Castaing theorem on a meas-
urable choice [24].
With the help of the above formula, from the relationship (9) one can easily
deduce that zZ (¢ + 1(t;))=m, where m € M . Therefore, at the moment , + /(¢

the trajectory of the original game (1) with complete information hits the termi-
nal set M, , under arbitrary control of the evader. In so doing, the pursuer con-

structs its current control on the basis of the evader’s control in the past. The
theorem is proved.

In case of the linear differential game Condition4 and Theorem?2 take the
forms of Condition5 and Theorem3, respectively.

Condition 5. [17]. There exists time-stretching function / (t), such that the
set-valued mapping

Wy(t) = we U =i () e! Oy

has non-empty images for all #,0<¢<+o0.

Theorem 3. Let the linear differential game (5), (2) meet Condition 5 and
suppose that for the given initial state z,, there exists a finite instant of time?, ,
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I(t)-t

[ e(I(t)_e)AUdﬁjﬂ[M+}W1(9)d'9J¢®} (10)
0

0

tl = tl(Z())Z min{t >0: ﬂ'[el(t)AZo —

Then the game can be terminated by the pursuer at the time instant [ (t1 ),

under arbitrary admissible controls of the evader.
To this end, on the half-interval [0,7,) control of the pursuer is set equal to

u™ () and on the interval [z, 7 +¢] it is built in the form of a measurable so-
lution of the equation

eli=o)4 u(ry +6)=
= (- 0) ! O (1( )~ 1, - 0))+ w (1 - 6), O [0,1,].

Note that controlz™ (9), 0 €l0,7y), where z(=1I(f)—#, and measurable se-
lection w, (9) , w(0)em;(0), 6<0,4] are determined by the formula (10).

INTEGRO-DIFFERENTIAL GAME OF PURSUIT

Let us consider two controlled systems evolving in R according to the integro-
differential equations, respectively:

t

)'c(t)z Alx(t)+ in(t,s)x(s)ds + fl(u), uel, x(0)= XQ» (11)
t)= 4px(0)+ ﬂjl(taS)y(S)dS +/2(v),ve?,3(0)= yp. (12)

Here A1 and A2 are constant matrices, K(t,s) and L(t,s) are matrix functions
whose elements are continuous on the set A= {(t, s): 0<s<t< +oo};

fi(u):U = R" and f,(v):¥ — R" are continuous vector- functions; u and v —
control parameters of the pursuer and the evader, respectively; 4 and u are real
numbers.

The goal of the pursuer is in the shortest time to achieve meeting with the
evader, i.e. x(t)= y(t), t <+o0 and the evader tries to escape or maximally post-
pone the meeting.

We assume that the pursuer constructs its control on the basis of information
about initial states of the players and current control of the evader, i.e. employs
counter-controls by N.N. Krasovskii [3].

Solutions to the equations (11), (12), under the initial state x(0) = x, »(0) =y,

and chosen controls (@), v(9), 6¢ [0, t] can be presented in the forms, respectively:
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0 0

x(t)zeA Xo +IeAlt e)f( (9))d0+2.j.e‘41(t 0 []?K ds]ds,

o(1)= ey + jeAZ’ 0 1, (v(0)d0+ ﬂ}eAzOH{fL(e,s)y(s)ds]ds.

0 0 0

Let us interchange, by virtue of the Dirichlet rule [25], the order of integra-
tion in the last terms of the both expressions. Then we obtain

.tf e (Z_H)ﬁ’K(H, s)x(s)ds}d@ = 't[[_t[ e (Z_H)K(H, s)d@}r(s)ds ,

0 0 0\s

0 O\s

j et (t_e)[]?L(@, s)y(s)ds]d& = Jt.[j. eh2 (t_e)L(Q, s)d&}v(s)ds

Thus, we come to the linear integral Volterra equations of second order

x(t)= I (£, x(s)ds + 2,(0). (13)

20)= 1 Lless)lsds + g5 ¢). (13)
0
Here
git)=eM'xy + I =0 11 (u(o))ao, (15)
0
ga(t)=e™ 3 + [ 20 1, ((0)o, (16)
0

Kless)= A0k (0,510
0

Les)= [ O)n(o,sh0
0

Using the method of successive approximations [26] one can find solutions
to the equations (13), (14):
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t

x{t) = 2] Rit5: 2)e (s)es + 1 1), a7
$(0)= 1] Rt e (s + 20, as)

AN A
where R(t,5;1) and R, (t,S; ,u) are the resolvents of the integral equations (13),
(14), defined by the Neumann rows

A o i1 ¢

Rl(t,S,ﬂ)zzﬂv K[(tas)5 (19)
i=1

A © A

Rz(t,S;l)zz,ul Lj(tas)' (20)

i=1

These rows are absolutely converging and the iterated kernels K, (t, S) L. (t, s),

1
i =1,2,... are given by the recursive formulas:

A

A A LA
K (t,s)= K(t,s), K(t.5)= [ Ky (t.c) K (c.5)ds

A A A A
L, (t,s) = L(t,s) Li(t,S)Z jL1(t,g)Li—1(§,S)d§ ,i=2,...

0
Let us substitute formulas (15), (16) for gl(t) and gz(t)into the expres-
sions (17), (18). Then we have

x(t)=e'x, + IeAl (=0) £ (u(6))d6 + /1J- 1%1 (t,5;2)e™ds - x, +
0

0

+ zj R(t,s; z)(j e r (u(e))dest ,

0 0

y(t): ey, +J.eA2 ([76)]‘2 (V(@))d& + ,uJ. 132 (t,s;,u)eAzsds Yo+
0 0

+ ,uj R (t,s; y)(j et (v(H))d&st .

0 0

Upon application of the Dirichlet formula in the last terms of the above
expressions we obtain
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LA
x(r)= el 4 ZI R (t,s;/l)eAlsdijo +

0
21)
j( ) j (6, 532)e 0>dsj £.u(0))do
0 0
y() = (eAZ’ + ,uI 132 (t,s; y)eAz“'dsij +
0
(22)
e uf s oo
With the use of notations
®,(,0)= "+ A[ R (¢, 5: 1) s, (23)
1%
D,(1,0)= e + ,uI 132 (1,55 )™ ds (24)
9
the solutions to equations (11), (12) can be presented in explicit form:
x(t)= @, (6,00, + [ @, (2.60) £, (u(@))d0, (25)
0
(6)= @, (.0)y, + [ @,(1,6) £,((6))d6 . (26)
0

Let us pass from the game under study (11), (12) to the equivalent game
with the origin as the terminal set and the state vectorz =y —Xx, evolving

in R" according to (1), with
g(t)=@,(1,0)-@,(1,0), £,(t,6,u(0))=,(t,0)u(0). f,(t.6.4(60))=@,(1.OM0),
and starting from the initial state

2o =XVo—Xp-

Then Conditions 3, 4 and Theorem?2 reduce to the Conditions 6, 7 and Theo-
rem 4, respectively.
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CONDITION 6. The set-valued mapping
Me,0)=,(1(e).6) £(UyD,(1(1). O)1,V) 22

has nonempty images at all 0 <6 <¢ < +o0.

CONDITION 7. There exists function of time stretching / (t) , such that the
set-valued mapping

W(t,0)=,(1(:).1()- 0) /(U )1 (0) 0, (1 (1)1 ()= 1(0)) 15 (7 )

has nonempty images at all 0 <8 <7 <+c0.
Theorem 4. Let the parameters of pursuit game (11), (12) meet Condition7
and let for the given initial states x,;, y, there exist a finite moment?,,

tl :tl(xo’yo):

{minz 1120, (@2(10),0) v, —®@,(1(2),0)x, — ](]2&)1(]@), 6) fl(U)dé?J o

0

0

N jW(r, 0)de = @} .

Then the pursuer can terminate the game at the moment of time / (tl) for
arbitrary admissible control of the evader.
Note that in the course of pursuit, beginning from the moment 7, = / (tl )— t,, the

pursuer constructs its current control on the basis of the evader’s control on the time
1(t, — 0)—(z, — @) earlier, defined by the formula:

(Dl(l(tl )» Ty + H)fl (u (To + 9) =
= j(tl - H)Cbz(l(tl )’I(tl)_ I(tl - 9))f2 (V(I(tl)_ I(tl - 9))) + W(tp L - 9)

e [O,fl].

ILLUSTRATIVE EXAMPLE OF INTEGRO-DIFFERENTIAL PURSUIT GAME

Let us consider the game, in which motions of the pursuer and the evader in
R" are described by the equations, respectively [27]:

(7)= /lj.x(s)ds +u,ueU, x(0)=x,,

0

ul<p, (28)

t

j/(t) = ,uj y(s)ds +v,ve V,y(O) =Y,

0

<o (29)
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It is a particular case of the game (11), (12). We see that in the game under
study K, (z,5), K,(t,s) are the unit matrices and 4;, 4, — zero matrices. Using

formulas for the iterated kernels one can easily evaluate

A

Kiles)=(-)E, L(t,s)=(t - 5)E.

Let us denote

o =N-4.o=-u.

In view of formulas (19), (20), the resolvents of the equations (28), (29),
have the forms, respectively:

AN AN

Ri(t.5)=—sinay(t=s), Ry(t,s)=——sinan (t—s), if 1<0, u<0,
2] 2]
AN AN

Ri(t,5)=——shan(t—s), Ralt,s)=

ish(ol(t—s), ifA>0, u>0.
@) @

Then, by formulas (23), (24)

®,(,0)= cosw(t—s)-E if A<0
T  cha(t=s)-Eif A>0,

@, (1,0) = cosa,(t—s)-E if u<0
S chw,(t—s)-E if u>0.

Here E is n-dimensional unit matrix.

Let us analyze Condition 6 for various combinations of 4 and g signs:
1)1 <0, >0. Condition 6 reduces to the form:

p|cos a)lt| - J|cha)zt| =20.
This inequality is not fulfilled for all # > 0, therefore Condition 6 does not
hold. The principle of the time stretching is not applicable because
e + o

cha,t = —> 400 ast —> 400,

2)A >0, p<0. Condition 6 has the form:

p|cha)1t| - 0'|cosa)21| =20 Vvt=0.
It holds if p > 20 .
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3)A>0, 4>0. Condition 7 has the form:
p|cha)1t| - 0'|chw21| >0 Vvt=0.

Itholds if p2ocandw, > w,.
4 A <0, u=0.Condition 6 takes the form:

,o|cosa)lt|—0'20 Vt20.

It does not hold and the time stretching is not applicable.
5)A=0, u<0. Condition 6 reduces to the form:

p—a|cosa)2t|20 Vt>0.

Itholdsifp=20.
6)A =0, u>0.Condition 7 has form of the inequality p— 0'|cha)2t| >0 and

does not hold V¢ > 0. The principle of the time stretching is not applicable
since cha,t — +oo ast — +o.

7)A >0, u=0.Condition 6: takes the form p|chcolt| —020 V¢2>0 and holds
if p>2o.
8) The case A <0, 1 <0 presents special interest and is analyzed in detail.
Condition 6 has the form:
plcosayt|- Sxojcosmyi|-S =@ Vit 20.
Here S, S € R"is the ball of unit radius centered at the origin. Evidently,
this condition does not hold.

Let us apply the time stretching principle. In the case under study Condition 7
(with the time stretching) looks as follows:

wy(t)= pleos ayt|- Sfai(t]cosa)zl(t] S#=@ Vt=0.
It is equivalent to the inequality
p|c0s a)lt| - O'j(t)Icos a)zl(t)| >0 Vt=0. (30)
Let us assume that
W >y 3D
and let us select the function of time stretching

1(0)=2¢.
@)
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Then the relation (30) reduces to the inequality:
(p—aﬂ]|cos a)1t| >0. (32)
%))

We impose, in addition to the condition (31), following constraint on the
game parameters:

P 0
o o (33)

It is easy to see that, under the conditions (31), (33), the inequality (32)
holds for all# > 0, that means that Condition 7 is fulfilled.

Now we will show that assumption (27) of Theorem4 is satisfied for arbi-
trary initial states x;, y, of the objects. To this end, we set control of the pursuer
on the initial half-interval of time equal zero, that is #°(6)=0, 6<|0, 1(;)-1).
Then, in view of Theorem4, it remains to show that there exists an instant of
time# ,0 <t <+, at which the following inclusion is true:

gl
7ze](t1 )AZO € IWI(Q)dH.
0

In the example under study this inclusion reduces to the form:

cosa)zl(t)yo—cosa)ll(t) I(p|cosw1t| GI cosoo2 )d@ S. (34)

0

Substituting / (t) =—L¢ into the inclusion (34), we convert the latter into the
W,

relationship

[p O'—J_Hcos a)1t|d9

cosayt- yo—cosaa))l—t X
2

One can readily see that the left-hand part of the above inequality is less or
equal to while the right-hand part is more or equal

to (p—aﬂ){L} , where by symbol [] is denoted the integer part of a
W ) |7/ @

number. That is why, there exists a moment of time # at which this inequality is

satisfied and, therefore, the inclusion (34) holds.

Hence, by virtue of Theorem 4, under the conditions (31), (33) on the game
parameters, the pursuer can catch the evader at a finite moment of time, for arbi-
trary initial states of the players.
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CONCLUSION

An original approach is developed to study game dynamic problems of pursuit.
It is applicable to a wide range of conflict-controlled functional-differential sys-
tems. In the paper, sufficient conditions for guaranteed capture are obtained in
the case of integro-differential dynamics of objects. The time-stretching princi-
ple offers promise as an efficient tool for probing complicated problems of mo-
bile objects conflict counteraction, for which classic condition for the instantan-
taneos advantage of the pursuer over the evader does not hold. Suggested ap-
proach makes it feasible to realize the process of pursuit with the help of appro-
priate counter-controls by Krasovskii.
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IMPUHIIUII PO3TATY HACY B II'POBUX 3AJAYAX TMHAMIKHA

Beryn. € mupoke KoJ10 mpoleciB MeXaHiKi, eKOHOMIKH 1 010J10Ti1, sIKi pO3BHBAIOTHCS B YMO-
BaxX KOH(UIIKTY Ta HEBU3HAYEHOCTI 1 MOXyTh OyTH omucaHi pi3HOro poay (yHKIIOHAIbHO-
TU(pEepeHIIIHHIMA CHCTEMaMH 3aJIC)KHO BiJl IPUPOJTH MPOIIECY .

B po6oTi po3risgaoThea JUHAMIYHI iIFpH NEpeciliyBaHHs, IKi BU3HAYAIOThCS CHCTEMOIO
3arajibHOTrO BHUIIISY, SIKa OXOILTIOE IIHPOKE KOJIO PYHKI[IOHAIEHO-TU(EPEHIIIHHUX CHCTEM.

VY nocnifkeHHI AMHAMIYHUX irop BHUpilIagbHUM (PaKTOpoM € iH(GOPMOBAHICTH I'PaBIIiB
PO TIOTOYHHUH CTaH Mporecy. Y pealbHUX CHCTeMax iH(opMaIlis, K MpaBHiIo, HAIXOAUTH 13
3ami3HeHHsM y 4aci. Takox, € HHU3Ka irpOBHX 3aBIaHb, JUI SKMX HE BHKOHYETHCS YMOBA
[ToHTpsriHa, 110 BigoOpakae MUTTEBY MEpeBary OJHOTO TPaBIS HAJ IHIIUM B pecypcax Ke-
pyBaHHs. BCTaHOBIIEHHS TiCHOTO 3B'I3Ky MDK y3araJbHEHHSM Li€i YMOBH, ITOB'S3aHOI 3 pO3-
TATYBaHHSM 4acy i e()eKTOM 3MIHHOTO 3alli3HIOBaHHS iH(POPMAIIT BiJKpUBAE BEJIUKI mepcrie-
KTHBH IS PO3B’sI3aHHS BUILC3a3HAYCHNX 3aB/aHb.

Merta craTTi — Ha OCHOBI e()eKTy 3ami3HIOBaHHS 1HQOPMAIlil BUBECTH JOCTATHI YMOBHU
3aBepIICHHS TPH, VIS SIKOI € He BUKOHAHOIO yMOBa ITOHTpsriHA, KOHKPETH3YBATH iX Ha BH-
MaJIoK iHTerpo-audepeHIiitHol AMHAMIKH 3 TIOJAJIBIIOK 1TIOCTPAI€0 OTPHMAHOTO PE3YJlb-
TaTy Ha MOJICIBEHOMY IIPHKIIA/I.

Metonu. s DOCTIDKEHHS MUHAMIYHOT TPH IEPECIIiTyBaHHS 3aCTOCOBYETHCS HEPLINiA
npssmuid Metoz, [TouTpsirina, mo 3a0e3nedye NpUBEACHHS TPAEKTOPil KOHQITIKTHO-KEPOBAHOTO
MPOIIeCY Ha IITIHAPUYHO TepMiHATBHY MHOXHHY B KIHIIEBUI MOMEHT 4acy. BonHouac, mo0y-
JIOBA KepyBaHHS IepecitilyBaya 31iHCHIOEThCS Ha OCHOBI Teopemu Dininnoa-Kacra npo BuMi-
pHHUIT BUOIp, 110 3a0e3leuye peatizaliio Mpouecy mepeciiayBaHHs y Kiaci cTpoOOCKOMYHUX
cTpareriii Xaieka. [l BUBENICHHS pillIeHHs] KOH()IIKTHO-KEPOBAHOI 1HTETpO-Au(epeHIIIHHOT
cucremu y hopmi Korri BUKOPUCTOBYETBCS METO/I TIOCIIIIOBHUX aIlpOKCUMAIii.

PesyabTaTu. [lokazaHo, 1110 AMHAMIYHA Tpa NEPECIiyBaHHS 3 PO3AUICHUMH OJIOKaMH Ke-
PYBaHHS TPaBLIB i 3MIHHUM 3ali3HESHHsIM iH(pOpMaIii eKBiBaIeHTHA JIESKiil Ipi 3 HOBHOIO 1H(O-
pmartiero. Ha ocHOBI 116010 (hakTy po3po0IeHO MPUHIIUIT PO3TATYBAHHS YaCy IS JOCIIIKESHHS
irop 3 MOBHOIO iH(GOpPMALI€O, JUI SKUX HE BUKOHAHO KiIacM4yHy yMoBY [loHTpsriHa, mio Je-
KHUTh B OCHOBI BCIX MPSIMHX METOIB TepeciiayBaHHs. Y poOOTi MPONOHYeThCS MOAU(IKaLlis
Ii€l yMOBH, MOB'sI3aHa 3 PO3TATYBaHHIM 4acy, IO A€ 3MOT'Y OTPUMATH JIOCTaTHI YMOBH IIPH-
BEJ/ICHHS TPAEKTOPIi IPH HA TePMiHAJIbHY MHOKUHY B KiHIIEBHI MOMEHT Yacy. OnucaHo crocio
o0y JOBH KepyBaHHs [IepecililyBaya, SIKUi IPHBOUTH 10 TOCSTHESHHS METH.

OTpuUMaHO KOHKPETHHUH BUTIISI IIUX YMOB JUIsSl iHTErpo-au(epeHIliifHOl TpH mepeciiny-
BaHH:. B siKoCTI imocTpanii MpoBeIeHO JeTaJbHUN aHali3 KOHKPETHOrO NPHKIANy iHTerpo-
IUQepeHIinHoi rpu. 3HaiaeHo (QYHKI0 PO3TATYBaHHSA Yacy, 0 3a0e3rnedye BHKOHAHHS
y3aranbHeHoi ymMoBH IloHTpsriHa. BuBeneHo HpocCTi CHIiBBIJHONIEHHS MDK IapaMeTpaMu
PYXy TpaBIlB 1 IXHIMH pecypcamMH KepyBaHHS, 10 3a0€3MeUy0Th MepeciiyBaueBi MOXKITH-
BICTb 3JI0BUTH I'PaBLiB, AKi TiKaIOTb, 32 OyAb-sIKHUX iXHiX IOYATKOBHUX M1OJI0XKEHb.
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Chikrii G.Ts.

BucnoBku. Ppo3pobieHo edextuBHuUN 3aci0 ais aHamizy KOH(IIKTHHX CUTYyallii, Ha-
MPUKJIAJ, TIEPEeXOIUIEHHS pyXoMoi Liji KepoBaHUM pyxoMuM o0'ektoM. IIpoananizoBaHo
CUTYaIli10, KOJIU 00'€KT, SKHI Mepeciliye, He Ma€ MUTTEBOT MEPEBaru y pecypcax KepyBaHHS
nepes rpaBLeM, SIKUi Tikae. 3anponoHOBaHUE MiAXil Jae 3MOTY peaii3yBaTH Ipolec nepec-
JTyBaHHS 32 JIOTIOMOTH BiANOBIIHUX KOHTP-KepyBaHb KpacoBchKoro.

Knrouoei cnosa: ounamiuna epa, 3minne 3aniznenns ingopmayii, ymoea Ilonmpseina, inmee-
pan Aymanna, npunyun po3msaey uacy, pisnuys Minbkoscvkoeo, inmezpo-oughepenyiina epa.

Yukpuii I'.1]., n-p ¢us.-mat. HayK, cTapll. Hayd. COTP.
BeJl. HAyd. COTP. OTX. 9KOHOMHYECKOH KHOCPHETHKH
e-mail: g.chikrii@gmail.com

WuctutyT kubepuetuku um. B.M. I'mymikosa
HanuonansHOMN akageMun HayK Y KpauHBI

mp. Akan. ['mymkosa 40, Kues, 03187, Ykpauna

MPUHIUIT PACTS2KEH S BPEMEHU B UTPOBBIX 3AJJAUAX INHAMUKU

Beeoenue. CymiecTByeT NIMPOKHHA KPYr MPOLIECCOB MEXaHUKH, SKOHOMUKH W OHOJIOTHH,
Pa3BHBAIOIINXCS B YCIOBHUAX KOH(MIMKTA U HEONPEIETeHHOCTH, KOTOPbIE MOTYT OBITH OIH-
CaHbl PA3IMIHOTO poja (yHKIMOHATEHO-TU((EpEeHINATBPHEIMUA CUCTEMAMH B 3aBUCHMOCTH
OT IpUpoIs! Ipoliecca. B pabore paccmarpuBaroTcsi AMHAMHUYECKHUE UTPHI MPECIEA0BAHUS,
OIlpe/ieNsieMble CHCTEMOI 00Iero BHa, OXBATHIBAIOIICH MIMPOKHA KPYT (YHKIHOHAIBHO-
UG PepeHIINATBHBIX CUHCTEM.

Ipu uccrnenoBaHUM TUHAMHYECKUX WP pemIaomuM (HakTopoM sBIsieTCs] HHPOPMHUPO-
BAaHHOCTh MI'POKOB O TEKYILEM COCTOSHMH Ipoliecca. B peanpHbIX cucTteMax nH(popMaius,
KakK MpaBHJIO, IIOCTYIAET C 3ama3iblBaHEeM BO BpeMeHH. Tarke CYIIECTBYET PsJI UTPOBBIX
3ajad, 11 KOTOPBIX HE BBINOJNHAETCS ycioBue [IOHTpsrHHA, OTpakaiollee MTHOBEHHOE
MPEUMYIIECTBO OJJHOTO UTPOKA HaJ JPYTHM B pecypcax yrpaBieHHs. Y CTaHOBICHHUE TECHOM
CBSI3U MEXIy 00OOIIEHHEM 3TOTO YCIIOBHS, CBSI3aHHOTO C PACTSXKCHHUEM BPEMEHHU W dPQek-
TOM TIEPEMEHHOTO 3ama3/bIBaHUsI MH(POPMAIUH, OTKPHIBACT OOJbIIAE MEPCHCKTUBBI IS
penIeHus BBIIICYOMSIHYTHIX 3a/1a4.

Ieny cmambsu — Ha ocHOBe 3(hdeKTa 3ama3abBaHus HHGOPMANK BEIBECTH JOCTATOY-
HBIE YCIIOBHSI 3aBEPILECHUS UTPHI, U1 KOTOPOW HE BBIIONHEHO ycioBHe [IOHTpsATHHA, KOHK-
peTU3MpOBaTh MX Ha Ciiydail UHTerpo-AuGepeHIManbHON JUHAMUAKA C TOCIEIyIoIeit
WLTIOCTpaLUed TTOyIeHHOTO pe3ybTaTa Ha MOJISITBHOM IpHMepe.

Memoowt. ][I uccnenoBaHus JMHAMHUYECKON UTPhI MPECIIEA0BAHIS TIPUMEHSIETCS Mep-
BBII mpsiMoit MeTon [ToHTpsATHHA, 00eCTIeUnBAONINi TPUBEICHNE TPAEKTOPUH KOHMINKTHO-
YIPaBISIEMOro TpoIecca Ha IHIMHAPUISCKOE TePMUHATIBHOE MHOXKECTBO B KOHEYHBIA MO-
MEHT BpeMeHH. [Ipy 3TOM, MOCTPOSHHE YNpaBIEeHHUs MpecieoBaTeNsl OCYIIECTBIIETCS Ha
ocHoBe Teopemsl Duunnosa-Kacrena 00 M3MepruMOM BBIOOpE, YTO 0OECIICUHBACT pealTh3a-
IIUIO TIpollecca MpecieJOBaHus B KJIacce CTPOOOCKOMMUECKHX cTparteruil Xaiieka. I[Ipu BbI-
BOJIC PEIICHUS KOH(QIMKTHO-YIPABISEMON HHTErpo-auddepeHInanbHON CHCTEMBI B (JopMe
Komm Mcnoip3yeTcst METO MOCIEA0BATEBHBIX AlIPOKCHMAIIHH.

Pesynomamer. IlokazaHo, 4TO IMHAMHUYECKas Urpa MPECIEAOBAHHS C Pa3/ielICHHBIMU
0JI0KaMH yIIPABJICHHU UTPOKOB U MEPEMEHHBIM 3ala3bIBAHUEM HHPOPMallUK SKBUBAJICHTHA
HEKOTOpOW urpe ¢ moinHod uH(popmanmed. Ha ocHoBe 3toro (akta pa3paboTaH NPUHIIMIT
pacTsDKeHUs] BpEeMEHH ISl MCCISOBAHMS UTP C TOJNHOM HWH(pOpManuen, Ui KOTOPHIX HE
BBINIOJIHEHO Kiaccuueckoe ycnosue [IoHTpsriHa, Iekaliee B OCHOBE BCEX MPSMBIX METOJOB
npecnenoBanus. B pabote mpemiaraetest MOAUGHUKALUS ATOTO YCIOBUS, CBSI3aHHAS C PacTs-
KEHHEM BPEMEHH M I03BOJISIONIas MOIYYUTh JOCTATOUHBIE YCIOBHUS NPHUBEACHHS TPACKTO-
pHH UTPBI HA TEPMHUHATIBHOE MHOKECTBO B KOHEUHBI MOMEHT BpeMeHH. [IpH 3TOM OnuchIBa-
eTcsl croco0 MOCTPOSHNUS YIPABIICHUS MIPecIeJ0BaTeNsl, IPUBO NN K LIEJIH.
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Principle of Time Stretching in Game Dynamic Problems

Tosy4eH KOHKPETHBIN BUJ ATUX YCIOBHH ISl HHTErpO-AudPepeHIaIbHO HIpsl mpe-
clieOBaHus. B KauecTBe MIUTFOCTpAIMK MPOBEACH MOAPOOHbINH aHAIN3 KOHKPETHOTO IpUMe-
pa unrerpo-nudhepenimanpHoil Urpsl. HaiieHa GyHKIMS pacTsHXKeHHs BpeMeHH, 00ecreyu-
BAOIIAsl BBIMOJIHCHHE MOAU(DHUIMPOBAHHOTO ycioBusi [loHTpsirmHa. BeiBeneHBI mpocThie
COOTHOIIICHUST MKy MapaMeTpaMi JBMKEHHS UTPOKOB U UX PecypcaMu ympaBlieHuUs, odec-
MCYHBAOIINE TIPECIICIOBATEII0 BO3MOKHOCTD [TONMATh YOETAOIIEr0 IPH JIFOOBIX HaYalbHBIX
MOJIO’KEHHUSIX UTPOKOB.

Bbieoowt. Pazpabotano >(pQPeKTHBHOE CPEICTBO Ui aHaM3a KOH(MIMKTHBIX CHTYallHid,
HaIpuMep, IepexBaTa MOABIKHOM IIEJIH YIPABISIEMbIM JBIKYIMCS 00bekToM. [IpoaHanusu-
pyBaHa CHTYyaIusl, KOT/1a MPpeCcie Iy o 00beKT He 00J1aJaeT MTHOBEHHBIM IPEUMYIIECTBOM B
pecypcax yInpaBieHus Tepe]] yoeraromuM urpakoM. [IpeiaraeMelii moaxo/ MO3BOJSIET Peati-
30BaTh MPOLIECC IPECIICAOBAHMS C HOMOIIBIO MOAXOIAIINX KOHTP-ynpaBieHuii Kpacockoro.

Knrouesvie cnosa: ounamuueckas uepa, nepemenHoe 3anazovléanue UHGopmayul, yciogue
Houmpsieuna, unmezpan Aymana, npUHYUn pacmsdicenust pemenu, pasnuya Munkogckoeo,
unmezpo-oudpepenyuanvhas uepa
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