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THE TECHNOLOGY OF THE STABLE SOLUTION FOR DISCRETE
ILL-POSED PROBLEMS BY MODIFIED RANDOM PROJECTION METHOD

Introduction. Ill-posed problems solution is actual for many areas of science and technology. For
example, discrete ill-posed problems (DIP) appears afier discretization of the integral equations in
the spectrometry, gravimetry, magnitometry, electrical prospecting and others.

In the case of linear DIP the matrix, which model some measuring system, makes a linear
transformation of input vector to the output vector. Usually DIP output vector contains noise and
singular values series of the matrix smoothly decrease to zero. In this case, the solution (input vector
estimation) using the inversion of the transformation matrix is unstable and inaccurate. To overcome
instability and increase accuracy we use regularization methods.

We develop an approach which uses regularizing properties of random projection to
obtain a stable solution of DIP. However, the development of effective sustainable methods
for solving DIP continues to be a problem of current interest.

The purpose of the paper is to increase the accuracy of DIP solution by the random
projection method.

Results. In this paper we developed the method of stable solution of DIP by the modified
method of random projection. For this modification the regularization by random projection
is complemented by the regularization in the ridge regression style.

For the our method we obtained expressions which connect in the direct way the solution error
components with the matrix specter and the regularization parameter. For the developed method the
experimental research of the accuracy is conducted on the test problems.
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Conclusions. The modified method of random projecting is characterized by stability
and increased accuracy of the solution. This achieved by simultaneous ridge regression style
regularization and random projecting. The representation of the solution error in the form
where error components are related to the matrix specter and regularization parameter is
important for further study of the error.

Keywords: discrete ill-posed problem, random projection.

INTRODUCTION

The need to solve inverse problems arises in many areas of science and technology
in connection with the recovery of the object signal based on the results of indirect
remote measurements. The transformation of the object signal when interacting with
the environment and the measuring system is modeled by a linear input-output
transformation matrix. The transformation matrix and the vector of the results of
indirect measurements (the output vector) are known, it is required to determine the
vector of the input signal (the input vector, i.e., the solution vector).

Usually DIP output vector contains noise and singular values series of the ma-
trix smoothly decrease to zero. In this case, the solution (input vector estimation)
using the inversion of the transformation matrix is unstable and inaccurate. To over-
come instability and increase accuracy we use regularization methods.

Furthermore, in problems of statistics and machine learning, a situation often
arises when the solution by existing methods is unstable, i.e. small changes in the
input data (conditions of the problem) lead to a large change in the solution. Such
unstable solutions are inaccurate and cannot be used in practice. To remove the in-
stability of the solution, the regularization approach is use.

Regularization imposes stability constraints on the sought solution. For exam-
ple, a compromise of accuracy and stability is provided by choosing a regularization
parameter that weights the ratio of the magnitude of the norm of the difference be-
tween the vectors of the reconstructed and the observed output, as well as the magni-
tudes of the norm of the solution vector (that is, the reconstructed input).

Our studies of the regularizing properties of random projection began in 2009 [1].
Later other researchers began to explore the regularizing properties of random projec-
tion, for example, for classification problems [2] and machine learning [3], and, more
recently, for solving inverse problems [4, 5, 6]. Since the approach of random projec-
tion, along with improving the accuracy of the solution by regularization, reduces the
computational complexity of the solution, we have managed to develop algorithms
that provide an accurate and fast solution for discrete inverse problems [7, 8, 9].

METHOD OF THE STABLE SOLUTION FOR DISCRETE ILL-POSED PROBLEMS
BY MODIFIED RANDOM PROJECTION APPROACH

We study the recovery problem of an input vector X € R" for a model
b = Ax +e. We consider the case when the matrix A € R"" and the output
vector b € R" are known. In particular b = b, + e where b, = Ax and series of

singular values of the matrix A smoothly descend to the zero (but do not reach it).
The input vector recovery problem with considered properties belongs to the class of
ill-posed problems. In this case the matrix A is a full rank matrix. To solve this prob-
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lem by random projection approach [10-15] each sides of the basic equation
b = Ax +e we multiply by the matrix R, e R . Elements of the matrix R ‘
are realizations of random variable with normal distribution, zero mean and unit
variance. After the randomization we obtain the next equation: R, Ax =R b. The
problem of input vector estimation (recovery) is written in the next form:
x, =argmin ||[R, Ax—R,b ||’ The input vector estimation

x, =(R,A)"R,b, where (R,A)" is a pseudoinverse matrix. To the statement
of random projection problem we introduce additional regularization:
x =argmin || R,Ax-R,b |’ +4|[x|]. (1)

This problem formulation we call the modified method of random projec-
tion. This modification means that additional increase of stability is reached by
determining of the regularization parameter which gives a balance between the
Euclidean norm of solution vector discrepancy and the solution vector norm.

The input vector estimation for modified method of random projection we
obtain as

X =(R,A)RA+AD ' (R,A)'R,b.
The corresponding output vector estimation is the next
b =AX,, =A(R,A)'R, A+ (R,A)'R,b.

The problem formulation (1) is similar to the problem formulations for
ridge regression and Tikhonov regularization.

The difference of the formulation (1) is the fact that it includes two regu-
larization parameters. First parameter A is balancing the Euclidean norm of dis-
crepancy vector and the norm of the solution vector. Second parameter & is a
number of rows in the random matrix.

To compare methods we consider a dependency of input and output recov-
ery error components from the parameter of the Tikhonov regularization.

REGULARIZATION IN THE RIDGE REGRESSION STYLE AND BY RANDOM PROJECTION

The classical method which used to solve ill-posed problems is the Tikhonov regu-
larization. The standard Tikhonov regularization problem has the next form

X, =argmin (“AX — b”2 + /1||X||2 ) where A is a regularization parameter.
X

For the error of the recovery of the true signal (input) by the Tikhonov regulari-

. 2 .
zation method e = H(ATA +A)"'ATb - XH we can obtain deterministic e, "

tikh tikh tikh

and stochastic e, components. Such that " = e/ + ¢ and analytical formu-

las for these components are obtained

et =|(ATA+ )" AT, x| =|(ATA+AD)TATA - D)y

2

2
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e =|(ATA+ ) AT

Consider a behavior of the deterministic component depend on regularization

parameter.
2

1
Since (ATA+AI)"'A" = Vdiag( > al > —)U" for the deterministic error
s s

i i

tikh

component e;  we get
1 o 1
tth T T T T
A)=x Vdiagl| ——— |V x=) X v,| —— |[v.X
()= g((sf/zz +1)2J 2 ’((sf/fﬂ)z] |
1 1
Since < where 0<A<1l and 0<(A+9)<1 the

(s3I +1)* (s H(A+8) +1)°

deterministic error component increases with the increase of A
T

1 1

T . T T .

x Vdiagl| —— |V x<x Vdia V'x

g((sf//12+1)2] g((sf /(/1+5)2+1)2J
Further we consider a behavior of the stochastic component dependence on

regularization parameter. Thus we note that

P 2
e =“(ATA+,11)-1ATeH2 =eTUdiag[ I lj U'e
s;+ A s,

and average over the noise realizations

) 2
E{e™} = c’trace Udzag[ ?—/12 i} U’

2 2
Since Zsi | > 5 % > | where 0<A<1 and 0<(A+8)<I, then
s;+A s;+(A+0)

averaged by noise realizations stochastic error component decreases by increase of A:

/12

o’trace Udzag[
S +

2 2
U'" |> o’trace| Udiag % U’
s; +(A+0)

The stochastic error component without the averaging over the noise also de-
crease with increase of A:

2
e"Udia S| e,
g( (At 5)2]

For the error of the output recovery by the Tikhonov regularization method

. 2 .
e’y’kh = HA(ATA +ADATb - bOH we obtain deterministic e,/ and stochastic

2
J U'e> eTUdzag[
S +Z

tikh tikh __ tlkh tikh
e components. Such that e, e, te,

e = |[(AATA+ DT AT = Db, [, e =[AATA+ D) " ATe H
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We consider the behavior of deterministic component dependence on the regu-

larization parameter.
2

Since A(A"A+AI)"'A" = Udiag( zsi 5 YU and after rewriting
s; +
52
AA'A+AD)"'A" -1=Udiag(———-1)U"
s, +
) sz
we obtain efv’jh (A) = bgUaViag(S2 4’_ ~-1)’U"b,,

, 1
e/ (1) =b,Udiagl ————— [U"b,.
(1) =b, Udiag (s /2% +1)? ’
1 1
¢ 2 2 2 < 2 2 2
(s; /A +1) (57 (A+0) +1)
deterministic error component increases with the increase of A:
1 1
———— |U'b, <b;Udia U'b,.
212 +1)2J 0= Do g[(sf ((A+0) +1)2] 0
Further we consider the behavior of stochastic component dependence on regu-
larization parameter.

Sinc

where 0<A<1 and 0<(A+9)<1 the

bgUdiag[

| 2 > Y
Thus, we note that e;’fh :HA(ATA+/H)71AT9H = eTUdiag[SzL:’_ﬂzj U'e

and average by the noise realizations
2 2
, s
E{e™} = c’trace Udiag(—zj U’
A

i
s 2
g so+

1

2 2 2 2
Since el > sl > | » where 0<4<1 and 0<(4+9)<l, then aver-
s s; +(A+0)

aged by noise realizations stochastic error component decreases with increase of A:

2 2 2 2
o’trac Udiag{ el ]UT > o’trac Udiag(s+j U’

st + A s +(A+0)

The error stochastic component with no averaging by noise realizations de-

creases with increase of A:
2 2 2 2
eTUdiag( . % . ] Ule> eTUdiag(%J Ue.
+ A s; +(A+0)

An example of increase of deterministic and decrease of stochastic component
of the error by the increase of the regularization parameter is presented in the Fig. 1.
Since the increasing (stochastic) error component is scaling by the noise level 7,
then the position of error minimum with the increase of the noise level shifts to the
area of greater values of regularization parameter (Fig. 2).
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Fig. 1. An example of the dependency of Fig. 2. Dependency e(A) for different noise
deterministic and stochastic components of levels.
the error e, by A.
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Fig. 3. Dependency of the true signal reco- Fig. 4. The vector of weights for the Tikhonov
very error and output recovery etror by A. regularization, DRP and TSVD methods.

We considered the dependence of the true signal recovery error and the output re-
covery error by the regularization parameter for the Phillips problem. There exists the
optimal regularization parameter value for which true signal recovery error is minimal.
Similar behavior is observed for output vector recovery error. True signal recovery
error by Tikhonov regularization (as a truncated singular decomposition error) has two
components. One of components decreases with increase of regularization parameter
and another component increases.Solve DIP mean as accurate as possible recover the
true signal. Thus, find regularization parameter value such as true signal recovery error
is close to minimal. The choice of regularization parameter is based on output data
which are corrupted by noise. There exists another class of problems with transforma-
tion input-output matrix has a DIP properties. These are true output signal recovery
problems by noise corrupted data (measurements), for example, for the forecast of
next output values. In problems from this class the value of regularization parameter is
chosen such as the output vector recovery error is close to the minimal.

The value of regularization parameter for which true signal recovery error A,”"
is minimal and the value of regularization parameter with the minimal output vector
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recovery error A,” are different. The functional of Tikhonov method is build such
that by «regulation» of parameter A it is possible to reach both the minimization of
true signal recovery error and the minimization of output vector recovery error.

When compare the Tikhonov regularization method and the truncated singular
value decomposition method [9] by the approach to the solution of DIP based on
choice of optimal number of components of linear model it appears that TSVD
chooses the optimal number £, of the linear model components to minimize true
signal recovery error. The rest of the (N - k,,) components of singular value de-
composition is not included to the model. The weight factor takes values 1 or 0.

The Tikhonov regularization method includes to the model all components of
singular value decomposition and weighted each component (weights are real num-
bers). When compare experimentally obtained weights for TSVD and for Tikhonov
regularization (Fig. 4), we see that weights of Tikhonov method form so called «soft
threshold». Strongly sign-changing components (with big sequence number) have
very small weights this prevents from approximation of noise by model. However,
since these components are not excluded from the model they can work for ap-
proximation of signal of the complex form and thus provide greater (then TSVD)
accuracy of Tikhonov regularization method.

We improved the accuracy of the basic random projection method using analyti-
cal averaging by random matrices [16]. Averaging over the realizations of matrices (in
the experimental investigation) leads to a smoothing of the dependence of the error on
k and a decrease in the number of local minima. This makes it easier to find the opti-
mal value of £ and increases the accuracy of the solution. Therefore, we did an ana-
lytical averaging over random matrices. The following expression was averaged

E {E, {e}}=x"x—x"A"E {R; (R, AA'R)) 'R, JAx +
+o’trace E,{R; (R,AA"R])"'R,}.
The expressions for the error after averaging over random matrices are the next

E {E {e}}=x"x—x"A"UD U"Ax + c’trace (UD,U").

D, =E.{R,(R,S’R})"'R,} =diag(L,,.... A, l,_,) -

Averaging over random matrices leads to the diagonalization of the matrix included
in both error components (deterministic and stochastic). An experimental study of
Dy, showed that the sequence 4,,...,4,, is bounded by the sequence s{z,. . .,s,,[2 from
above and that several initial values of the diagonal of the matrix D; approach s,
with great accuracy. The values of the diagonal elements vary monotonically with £.
This leads to a smoothing of the e,(k) and e,(k) dependences and to a decrease in the
number of local minima [17-20].

Solution methods of DIP such as Tikhonov regularization, truncated singular
value decomposition, "deterministic" random projection DRP to obtain the solution
vector in one or another way weight singular values. The expression for input vector
estimation in general case has a form: x* = Vdiag(s;'w,)U"b . As known for the

Tikhonov regularization weights are smoothly decrease (with the increase of indices
of singular values):

2 1 5.2
X, =(ATA+AD"'A™b = Vdiag| —3—— |U™b, w, = ——t
tikh ( ) g((Slz N /1) S,» tikh (5,2 + i)
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For the truncated singular value decomposition weights for s;... s; are equal 1, and
for sy...s, weights are equal 0. For the "deterministic" random projection DRP:

1
X, =A"UD U'b=VSD,U'b = Vdiag(sfdk[ —jUTb, Wpe = S,.zdk,. ,
values of weights smoothly decrease with the increase of the number of singular val-
ue. This is similar to the behavior of weights for the Tikhonov regularization method.

THE ERROR ANALISIS FOR MODIFIED RANDOM PROJECTION METHOD

To estimate the output vector of modified random projection method ije we study

* 2 . .
the input vector recovery error e,, = HX -X MRH . Taking into the account that

output vector b can be represented as AX + e we obtain an expression for the input
vector recovery error

2
ey =|(RA) R, A+ A1) (R,A) R, Ax—xH(R,A) R, A+ D) (R,A) R,

Average e, by noise realizations in output vector
¢=E, {e,} = [(R,A)R,A+ D" (R,A) R Ax x| +

2
+E, {(R,A)"RA+ D" (RA) R ¢ } =¢'+¢,.
Here €', is deterministic and e', is stochastic component of the error. Consider

dependence of error components by the number of rows of random matrix and by the
parameter 4. We represent error components with the use of singular value decompo-

sition svd(R,A)=U_S, V. We transform (R,A)"R,A+A)"'(R,A)'R, A
by presenting (R kA)T R, A as a singular value decomposition taking into the ac-
countthat UTU, =1, V'V =1 . Then we obtain

(R, AR, A+AD(R,A)'R, A=V (S'S, +A)'S'SV, (2)

For the deterministic component of the error by (2) we obtain:
e = X' (Vr((SIS,, +ﬂI)71 SES(SZSr +ﬂl)7l S,TSF —2(SIS,, +ﬂI)71 SES)VFT +D)x,
4 2
" () =x"V diagl — > VTx—2x"V diag] —— V" x +x"x,
el( ) Vi lag((z_i_/l)zj Vi r lag((S[z_i_/l Vi

i

. g s; =2(s] +4)°

i=l1

]V,.TX +x'x. 3)
The stochastic error component:
¢,=E (R, A)"R,A+2D)"(R,A)Rye| '} =
= o tracd R, R, A(R,A)'R, A+ )" (R,A)'R,A+A)"'A'R/R,).

To the ortonormal matrix R, R, R} = I, which is obtained in singular value
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decomposition of the matrix G with elements G, ~ N(0,y %), the expression for
e', got a form
e',=co’traceR,A(R,A)'R, A+ A" ((R,A)'R, A+ A)'A'R}).
Using the singular value decomposition we obtain and since UIUV =1, and
using the cyclic property of trace(-) we get that
e',=c’trace(S,V'V.(S!S, +A)'V'V (S!S +A)'V'VS").
Since VrTVr =1,

ey,(1)= trace(dlag[( J) Z[(S +/1)j 4)

Expressions (3), (4) allows to study components of error for the modified meth-
od of random projection depending on regularization parameter.

Table 1. The mean value of the solution error and its standard deviation, mean value of £ and

its standard deviation for problems of Phillips (N1), Carasso (N2), Delves (N3) [22].

N | o e CRq Cp AIC MDL
1 E(e) 6.44E-3 8.15E-3 7.60E-3 8.15E-3 7.30E-3
2 std 1.56E-3 5.85E-3 2.48E-3 5.85E-3 2.17E-3

E(k) 7.70 7.60 7.20 7.60 7.26

std 0.68 0.57 0.64 0.57 0.63
E(e) 3.05E-4 3.37E-4 5.46E-4 3.38E-4 6.28E-4
Lo std 3.84E-5 6.02E-5 1.65E-4 5.02E-5 2.20E-4

E(k) 16.76 15.48 12.34 15.06 11.92

std 1.64 1.43 1.19 1.25 1.05

2 E(e) 7.69E-1 1.04 1.06 1.07 1.00
e std 1.81E-1 3.80E-1 1.41E-1 3.21E-1 1.34E-1

E(k) 6.86 7.16 3.12 5.98 4.04

std 2.00 2.32 0.94 2.15 1.23
E(e) 1.50E-2 2.79E-2 3.35E-2 1.99E-2 5.09E-2
L0 std 4.91E-3 2.05E-2 1.86E-2 5.89E-3 3.68E-2

E(k) 21.7 23.34 16.82 19.34 15.46

std 1.93 3.15 1.99 1.92 2.58
3 E(e) 6.95E-2 1.91E-1 9.21E-2 1.91E-1 8.05E-2
e std 1.36E-2 8.02E-1 2.50E-2 8.02E-1 1.86E-2

E(k) 3.30 2.48 1.64 2.48 2.14

std 0.953 0.91 0.49 0.91 0.45
E(e) 1.24E-2 1.67E-2 2.02E-2 1.46E-2 2.09E-2
e std 1.84E-3 121E-2 3.89E-3 1.76E-3 4.39E-3

E(k) 16.14 15.34 8.76 12.72 8.4
std 2.14 2.58 1.72 2.03 1.84
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In the Table 1 we presented results of the solution of ill-posed problems by
modified random projection method, the matrix A is 40x40. Optimal value of £ was
defined by model selection criteria: Cp Mallows, AIC Akaike, MDL minimal
description length and CRq [23, 15]. Results analysis showed that usage of the
modified random projection method with criteria CRq and AIC Akaike assures the
error value close to the optimal.

CONCLUSIONS

Modified random projection method (MRP) is marked with solution stability and
increased accuracy. It is achieved by simultaneous regularization by ridge regression
and random projection. Previously we proved that random projection has a regular-
izing properties and increases solution stability. The modification is represented by
that the additional increase of stability is reached by choosing the regularization
parameter. This parameter assures the balance between the Euclidean norm of the
solution vector discrepancy and the norm of the vector itself. Thus for MRP we
obtained expressions for deterministic and stochastic components of the solution
error. Dependencies of error components on regularization parameters (as on the
regularization parameter of ridge regression and on the number of rows of random
projector) were also obtained. These results are approved by experimental study. For
solving the discrete ill-posed problems by MRP the optimal size of random projec-
tion matrix is defined by the developed by us special criteria and the regularization
parameter for ridge regression is defined by the generalized discrepancy criteria.

Hence the modified method of random projecting is characterized by stability
and increased accuracy of the solution. This achieved by simultaneous ridge regres-
sion style regularization and random projecting. The representation of the solution
error in the form where error components are related to the matrix specter and regu-
larization parameter is important for further study of the error.
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TEXHOJIOT'IA JIJISA CTIMKOI'O PO3B SI3AHHS IMCKPETHMX HEKOPEKTHUX
3ABJJAHb MOJU®PIKOBAHUM METO/JIOM BUITAJIKOBOI'O ITPOEKTYBAHHA

Bcemyn. Po36’s3anHs HeKOPEKMHUX 3A60aHb € AKMYanbHUM 05 6a2amvox eany3ell HayKu ma
mexuiku. Juckpemni nexopexmui sasoanns (AH3) eunuxaromo, nanpukiao, y pasi ouckpe-
muzayii iHmezspalbHuX PIiGHAHbL Y MAKUX 2aNY3AX AK CNEeKMpoMempis, cpasimempis, MazHi-
momempisi, eeKmpopo38ioKka mowo.

Y pasi ninitinoi JJH3 mampuys, sixa mMooentoe 0esKy 8UMIPIOBAIbHY CUCTEMY, BUKOHYE
JiniliHe nepemeopentst 6xiono2o eexmopa y eekmop euxody. Ans [TH3 xapaxmepno, wo 6ex-
Mmop 8UX00y MICMUmMb WYM I PO CUHSYIAPHUX YUCeN Mampuyi cnadae 0o Hyis niaeHo. Boo-
Houac po38 130K (OYinKa 8XIOHO20 6eKMOPA) 3 BUKOPUCMANHAM 0OepHEeHHsI Mampuyi nepem-
B0pEHHA € HECMIUKUM MA HeMmOoUHUM. [na noooranHs HeCmitiIkocmi ma nio8uleHHs Mmo4Ho-
cmi po38 13Ky BUKOPUCTOBYIOMb MEMOOU pe2ynspu3ayii.

Hamu pospobrsiemuvca nioxio, 6 skomy 0nsi ompumarHs cmitikozo po3s ’s3ky JIH3 euxopucmo-
BVIOMbCS PESYIAPU3YBATLHE GTACIUBOCHIT BUNAOK0B020 NpoeKkmy6ants. Po3pobnenns eghexmughux
CcmitiKux Memooie po3e szanus [[H3 npo0osiicye 3amuumuamucst aknyaisHoo npooiemoro.

Mema. ITiosuwenns mouHocmi memooy po3s'szants J{H3 Ha ocrosi 6unadkosoi npoexuyii.

Pezynvmamu. Po3pobneno memoo cmiiikoeo posg’szannsn /[JH3 na ochogi moougirkosarnoco
Memody unaokoeoi npoexyii. Moougixayia nonseae 6 momy, wo pe2yiapusayis Ha OCHOBI 8UNAO-
KOBOI NPOeKYii OONOBHIOEMbCSL pe2yspu3ayicio y cnui 2pebenegol peapecil.

st po3pobreno2o Memody OmpumMaro upasu, Wo nog a3yionib y A6HOMY U0l CKIA006i
NOMUWTIKU PO36’A3KY 31 CHEeKmpom mampuyi ma napamempom pecyrspusayii. Taxooic npogedeno
EKCNEPUMEHMAIbHE OOCTIONCEHHS MOYHOCE PO3POOIEHO20 MEMOOA HA MECMOBUX 3a0aUax.

Bucnosxu. Mooughikosanuii memoo 8unaodkogozo npoeKmy8anus iOPI3HACMbCA CMitl-
Kicmio ma ni0guUWeHo10 MOUHICMIO pO38’A3KY, AKi 00CA2AIOMbCA 30 PAXYHOK O0OHOUACHOI
peaynapuzayii y cmuni epebenesoi peepecii ma unaokosum npoexmysanusam. Ilooanmns no-
MUTKU PO36 A3KY, 0e CKIA008I NOMUIKU PO38 3Ky NO6 SA3aHI 3i CNeKmpomM mMampuyi ma na-
pamempom pe2yrapusayii, € 8adCIUGUM 0151 NOOATLUIO2O BUBYEHHS MEIC 3MIHU NOMUIKU.

Knrwwuogi cnosa: ouckpemna nekopekmua 3a0a4d, 8UNAOK08A NPOEKyis.
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