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MEXAHIKO-MATEMATUYHE MOOENOBAHHA ®OPMU 3YBHUX OYT NMPU
OPTOIHATUYHIA OKNIO3Ii

IIpogedeno mamemamuune modeatosanns gopmu 3yoHux Oyz. 3pobaeHo npuny-
WeHHS, WO 3YOHT 0Yy2u MmoxucYymsb 6Yymu 3m00eab08aHT Kpusumu 0py2020 Nopadky.
ITicas ananisdy Oanux eumiprosamns O0iaeHocMuuHux modesell 3YO6HuUxX psadis pPo3pa-
X08aHO KoeiyieHmu KeadpamuuHoi PopMu 3a3HAUEHUX KPUBUX O0PY2020 NOPAIKY
ma iHeapianm yiei gopmu. Ockinvku 3HAUEHHs THBAPIAHMA KPusoi 0pYyz020 Mo-
PAOKY 8UABUNOCH OiNbWUM 810 HYASL, MO 3POOAEHO 8UCHOBOK, WO (Popmu 3YOHUL
0ye onucyrombvcs PIBHAHHAM eainca. BusHnaueno napamempu KAHOHIYHO2O0 Pig-
HANHS eainca, wo modearoe opmy 3yoHux 0yz. Pozpobaerno memoduxy KoHkpemu-
3ayil napamempis modeal 3 memoro i 3aCMOCYBAHHA Y npoyecaxr opmonedurHozo
ma opmoOOHMUUHO20 ATKYBAHHA.

Katouoei caosa: opmozHamMuuHUt NPUKYC, mamemamuyna modead 3yoHOL O0yzu, iHea-
pianm xeadpamuuHol PopMu, KAHOHIUHE PIBHAHHSL eainca.

Beryn. BigHoBseHHA 3yOHMX pAXiB i popMyBaHHA MPABUILHOTO IPUKYCY
3y0iB y HallieHTiB € OJHMMM 3 OCHOBHMX 3aBJaHb croMaroJsorii. Cepen pisHMx
¢dopM NpUKyCYy HaOIILII OIPUJATHUM 3 TOYKM 30PY (PYHKIIIOHAJIBHOCTI Ta ecTe-
TUYHOTO BUIVIAAY € OPTOTHATMYHMII NpuKyc [1]. 3aBgaHHA BCTAHOBJIEHHS HeOO-
XiTHOTO IPUKyCy IIOJIATa€ B HaJaHHI 3yOHMM IyraMm BinmnosimaOi chopmm Ta B
Y3TOJ KEeHHI B3a€MHOIO IIOJIOXKEHHA 3y0iB HMMKHBOI 1 BepxHbOi miesern. Ilix mo-
HATTAM QopMu 3yOHMX Iyr Oyaemo poaymitu dopmy JiHil mepetuHy IumiiH-
JIPVYHOI IIOBEPXHi, II[0 OIMCcaHa HaBKOJIO 3yOHOrO pANy, i sKyBaJbHOI abo OKJIIO-
3iftHo1 mromyHM. 3yOH]I nyru HaOyBaloTh cBOE€l (hOpMMU Iifi BIJIMBOM T'€HETUYHUX
ocobyMBOCTEl IAIiEHTa, HAABHOCTI Y HBOTO IIKIJJIMBMX 3BMYOK Ta IHIINMX YMH-
HuKiB [13, 15, 16]. 3yOHa sayra B OpPTOAOHTMYHOMY IIPUKYCi MOBMHHa OyTu
CUMEeTPUYHOIO 1 He MaTy TOYOK IIepeTuHy.

ITix yac OpPTONENMYHOTO Ta OPTONOHTMYHOIO JIIKYBaHHA HEOOXiTHO BCTaHO-
BuUTH PpopMy, AKy Tpeba Hamatu 3yOHiN nysi. B cromarosorii Bce 6isnbioro 3a-
CcTOCyBaHHA HaOyBalOTh METOAM MaTeMaTUYHOrO MojestoBaHHA [2—4, 11]. ¥ po-
borax [9, 12] BBaskasy, 110 HUKHA 3yOHa Ayra DOBMHHA MaTy (POPMY PiBHOCTO-
POHHBOI'O TPMKYTHMKA 3 3a0KPYIJIEHHAM y MiCIi pO3TallyBaHHS IIECTU Iepef-
Hix 3y6iB. B [1, 8] 6yso 3ampomonoBano popmy 3yOHOI ayru y BUIJIAAL eJimca, B
[7, 18] — mapabosn, a B [10, 14, 17] — xpuBoi rinepboJiyHoro xKocuuyca. B [6]
¢dopmy 3yOHOI AyrM ommcyBaJM 3a JOIIOMOIOI0 IIOJIIHOMIB IIIOCTOTO IIOPAAKY,
IIpOTe TaKi ITOJIIHOMM MAalOTb TOYKM IIePervHy, AKUX 3yOHA Ayra B OPTONOHTIY-
HOMY IIPMKYCi MaTM He IIOBMHHA.

Metoro miei poboTm € MaTeMaTMYHE MOJEJIOBaHHA (popMmMy 3yOHMX IyT i
poO3pobKa MeTOmMKM KOHKpeTmsallii mapamerpiB 1iei momesi agsa ii 3acrocy-
BaHHA y IIpOLleCcax OPTOIENMYHOIO Ta OPTONOHTMYHOTO JiKyBaHHA. IlocTaBiieHa
3a7a4a BUPINTYETHCA HA OCHOBI JHaHMX OOCTE)KEHb IAIiEHTIB 3 OPTOTHATUYHUM
IIPMKYCOM y IOCTiliHOMY Iepioxi, Ari Oysam npoBeneri B HamioHasbHOMY Memmd-
HoMy yHiBepcureti iMm. O. O. Boromousb1ia.

1. Pe3yabTaTu JociaifskeHHs i ixHe obroBopenHsa. [Ipumyctumo, 1110 KpuBa,
fAKa OIVHAE€ B30BHINIHI BecTuOYJIApPHI NMOBEPXHI BEPXHBOTO i HMIKHBOTO 3yOHMX
pAniB, € KPMBOIO APYTOro IOPAAKY. 3arajibHe PiBHAHHA KPMBOI IPYTOro IOPALKY
B JOBILJIBHIV IPAMOKYTHIV cyucreMi koopauHaT xOy Mae BuUraarn [5]
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PiBuanHIO (1) KpMBOI APYTOro MOPANKY BiAIIOBimae xapaKTepUCTUYIHA KBal-
patuyHa dopma [5]

2 2
Fy(x,y) = a;;x" + 2a,,2y + a55y°. (2)
BusHaunuk I, crkyuameHuit 3 KoeimieHTiB popmu (2), Mae BUTIIAN
1= |%1 2| (3)
Ayy  Qyy

ITeit BM3HAUYHMK € IHBapiaHTOM 1 He 3MiHIOE CBO€i BeJMUMHM IIPM IIOBOPOTI
oceli 1 IOCTyIIaJIbHOMY IepeMillleHH] cucTeMM KOOPAMHAT.
fIkmio BesmumHa iHBapianTa I € GinbmIoro Bix HysdA, To piBHAHHA (1) € piB-
HAHHAM eJIIlca, SAKII0 MEHINOK HyJA — rinepbojsy, a KOJM BOHA JIOPiBHIOE
HyJneBi — mapabosm. 11106 BusHauUNTM BenmunHy iHBapianTa I, HeoOXimHO 3HAITH
roedimierTy xapaxkrtepuctuyHoi dopmmu (2). Pisamma (1) xpmsoi ngpyroro
[OPAAKY, 10 NMPOXOAMUThL 4Yepes IUATb TOYOK (x,,y,), ¢ =1,...,5, MOxKHa 3amm-
caTu y TakoMy BuUIJaAni [5]:
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fAxmo Bu3HAYHUK (4) POSrOPHYTM IIO JIOTO IIEPIIOMY PALKY, TO OTPUMAEMO
piBEAHHA (1) i3 KoedimieHTaMN a,;, AK1 BUBHAYAIOTHCA 33 (POPMYyIaMI
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3a sesmuyuM (x;,y;), ¢ =1,...,5, mo mictateca y (4) ta (5), Bubpasnu Ko-

OPAVIHATY TOYOK BeCTMOYJNAPHMUX (DOTWYHMX A0 I'y0 UM IIiK) IIOBEPXOHb IPYTIUX
MOJIAPIB Ta IKOJ, a TaKOXK TOYKY, AKa JIIUTH HAIlOJOBMHY BiApisok, 110 3’€IHYE
cepeVHM BeCcTHOYJIAPHUX [IOBEPXOHb LIEHTPAJbHUX pisuis. Ko apyri mosapu
BiZCyTHI, TO 3aMicTh HMX OpaJjy KOOpPAMHATHU NepluuX. JJJid BU3HAUYEHHA KOOPAN-

HaT TOYOK (x,,Yy;), ¢ =1,...,5, BecTuOYyJIAPHUX NOBEPXOHb 3yOHUX PAAIB BUKO-
pucTOByBaJM rincoBi mMozmesi 3yOHMX PAXNIB MAIi€HTIB 3 OPTOTHATUYHMM IIPUKY-
com. T'incoBi mozesi ckaHyBaJsim 3 OOKY OKJIIO31MIHOI IJIOIIVHM, Ha OTPUMAHOMY
so0paskenHi 3ybHOro psany mosHawaomu Toukm (x,,y;), ¢=1,..,5, Ta
BUMIipIOBaJIM iXHI KOOPAMHATI.

Ly

Puc. 1
Ha pmc. 1 300paskeHO TilICOBY MOJIeJIb BEPXHBOTO 3yOHOTO PARY 3 TOYKAMU
(x;,y;), 1=1,...,5, BigmideHi xpecTuramyu. ByJo BiJCKaHOBaHO Ta BUMIPSAHO

KOOPZMHATY TOYOK TilICOBUX MoOJeJsel BepXHbOI i HUMKHBOI Iesel TPboX IallieH-
TiB. Pe3ysbTaTy 11X BUMipIOBaHb IIOJAHO B TaOJL. 1.

Tabnuusa 1

Bepxua miesnena Huxua mresemna

ITamienT 1 ITamienr 2 ITamienT 3 ITamienT 1 ITamienT 1 ITamienT 1

x,MM|Y,MM|x,MM|Y, MM|x, MM|Y, MM|lx, MM|Y , MM| X, MM|Y , MM| X , MM|Y , MM
=295 3.0 - - —26.6 | 3.2 || —27.4 1.8 - - —=25.7| 123
=275 | 135 | =25.6 | 12.1 | —24.6| 14.1 || —254| 10.2 | —22.0 6.3 | —23.6| 23.8
—25.0| 206 | —23.7| 192 | —24.1| 215 || —19.9| 19.0 | —20.6 | 13.1 | —22.3| 31.6
—23.3| 282 | —21.8| 258 | —21.7| 28.0 || —17.9| 25.2 | —184| 20.6 | —19.0| 384
—-18.7| 363 | —17.4| 32.7 | —17.8| 35.7 || —13.6| 31.0 | —14.1| 26.8 | —144| 441
—12.8 | 426 | —-11.6 | 374 | —12.3| 40.1 —-8.6 | 353 | —8.7 305 | —9.0 48.3
-39 | 464 | —440| 409 | —49 | 438 || —29 | 36.6 | —2.7 325 | —3.0 49.9

4.9 46.4 5.2 40.9 4.9 43.8 29| 36.6 3.3| 325 2.6 49.9
133 | 426 | 121 | 374 | 125 | 401 82| 35.3 8.9 305 8.4 48.3
181 | 363 | 17.8 | 327 | 16.8 | 35.7 13.2f 31.0 133| 268 | 13.8 44.1
223 | 282 | 216 | 25.8 | 215 28 17.1f 25.2 18.7 206 | 18.6 384

247 | 206 | 235 | 192 | 239 | 215 20.9| 19.0 209| 131 | 223 31.6
277 | 135 | 244 | 121 | 254 | 141 25.7| 10.2 225 6.3 24.5 23.8
29.7 3.0 26.9 3.2 27.71 1.8 - - 27.1 12.3

Ilicnia anasidy JaHMX BUMIipIOBaHb 0OyJio obumciieHO KoeillieHTM KBak-

patu4Hoi popmMm a; Ta ii iHBapiaHT I. IuBapiant I pnja Becix BepXHIX 1 HMMKHIX

3yOHMX PANIB MaB BeJIMUYMHY OIbIIYy Bif HyJd, 3BiOKM BUILIMBAE, 10 PIBHAHHA
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(1) mna mux 3yOHMX NIyT € piBHAHHAM eJjinca. PiBHarHa (1) MoMKHA 3amnmcaTy B
TaKOMY KaHOHIYHOMY BUTIJIAJI:

2 2
=Y, (6)
a b
e a Tta b — miBoci eJimnca, Aki BU3HaYa M 3a popmysamu [5]
2 A 2 A
= - b®=——. 7
¢TI ] ™

Y (7) mo3HadeHo

Ay Gy O3
A=la;, Gy ay|,

Q13 G933 Qgg

2
P +ay, £ ‘/(au +ay,)" +4ay,
12 = 5 ,

_ . . 2 _
Ay 5 ~ KOPEHI XapaKTEePUCTIYHOIO PIBHAHHA (aj; — A)(dyy —A) —ajy = 0.

Tabnuusa 2

Ilemnemna ITamienT 1 ITamienr 2 ITamienr 3

a, MM 29.7 24.9 27.1

m, MM 29.6 25.0 26.8
Bepxua

b, MM 47.1 28.3 35.2

n, MM 43.4 28.8 40.6

a, MM 28.8 25.0 26.4

m, MM 27.6 24.9 26.4
Huxna

b, Mm 49.2 35.1 37.4

n, MM 34.8 37.9 37.7

Y Tabia 2 HaBemeHO BeJMYMHM IiBOcell ejinca a Ta b [Jya BepxXHBOI i
HIMIKHBOI ImeJien, mo OyJsm Bu3HaueHi 3a copmynamu (6), (7), a TaKoMK MiBBim-
CTaHi M Ta M M KpallHiMM TOYkaMy BecTUOYJIAPHMX IIOBEPXOHb 3yOiB (IMB.
puc. 1). I3 Tabs. 2 moxxkeMo OaumTM, IO BeJMYMHA MaJioi mmiBoci eJiinca a He-
3HAYHO BiAPi3HAETBHCA BiJ HiBBiZcTaHi MiK BeCTMOYJIAPHMM TOYKAMM APYIUX MO-
JapiB m. Besuumza Besmkoi miBoci esinca b Hal0+309% Oinblma, HisK BimcTaHb
n Mi’K BecTuOYJIAPHMMM TOYKAMM IIeHTPAJbHMX PI3IiB 1 APYIUX MOJIAPIB.

Y, MM Y, MM

40

30

20

10

o 10 20 30 40 50 r, MM o 10 20 30 40 50 x, MM

a) 6)
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Y, MM Y, MM

40
30
30
20
20
10
10
o 10 20 30 40 S0.x, MM ¢ 10 20 30 40 50X, MM
8) 2)
Y. MM Y. MM
40
30
20
10
o 10 20 30 40 S0.x, MM o 10 20 30 40 S0x, MM
0d) e)
Puc. 2

Ha pnc. 2 nokasaHo 3y0Hi Ayru BepxHBbOi (puc. 2a, puc. 28, puc. 20) i HUXK-
HbOI (puc. 26, puc. 22, puc. 2e) mesen narienra 1 (puc. 2a, puc. 26), naiienra 2
(puc. 28, puc. 22) i mamtienra 3 (puc. 20, puc. 2e), nodynoBaHi 3a KaHOHIYHUM piB-
HAHHAM eJinca (6) i gauumu Tabs. 2. CyLinbHUMHY JiHIAMNY ITOKa3aHO 3aJIeKHICTh
(6) mna BigmoBimuMx a Ta b. IIITpuxXoBMMM JIHIAMM [IOKA3aHO II0 K 3aJIEiK-
HicTb (6), v AKill 3Ha4YeHHA a Ta b 3aMiHEHO, BiIOBITHO, BEJIMUMHAMM M Ta
n. ToukamMmu Ha puc. 2 IIOKA3aHO JaHi, OTpMMaHi BUMIPIOBAHHAM CKaHOBAaHUX
300paskeHb rincoBux mogmeseit. Ik MoykHa 0aumTy 3 PUCYHKa, KpUBi, moOymoBaHi
3a KAHOHIYHUM pPIBHAHHAM eJIIca 3 BeJuuYMHaAMu a Ta b, mobpe OMUCYIOTH
dopmy 3yOHUX PANIB BEPXHLOI 1 HMIKHBOI Hiesenn. BigxnieHHA BeCcTUOYJIAPHUX
TO4OK 3y0iB Bifi KpMBMX, MoOymoBaHMX 3a piBHAHHAM (6) BimmoBimHO 70 3ampo-
IIOHOBAHOI MeTOAMKM 3 KoedpirjienTamu, obunciaenumu 3a popmynamu (4), (5), He
nepeBuIyioTh BesyumaM 1.5 Mmm. Kpusi, nobynoBani 3a KaHOHIYHMM pPiBHAHHAM
ejinca (6), y AKkoMy 3HauYeHHA a Ta b OyJi0o 3aMiHEHO BeJIMYMHAMM M Ta 71,
BIIXMJIAIOTHCA Bill JaHMX BUMIipIOBaHb Ha 3 MM.

BucnoBku. TakuM 4YmMHOM, MOKHa 3pOOMTM BMCHOBOK, III0 Cepel KPUBUX
JIPYTOro MOPAAKY eJIIIC HalKpale ommcye popMy 3yOHMX Ayr BEePXHBOI i HMIK-
HbBOI ITeJIelnl 3 OPTOAOHTUYHMM IIPUKycoM. Ile m03BOJIAE BMKOPMUCTOBYBATM KaHO-
HiYHe PIBHAHHA eJinca g nobynoBm popMy 3yOHUX Ay BEPXHBOI Ta HMMKHBOI
megenr. OTpuMmanmii Ipodine 3y0HMX AyTr Moke OyTM 3aCTOCOBaHMII IIPU IIPOEK-
TYBaHHI IIPOTE3HNMX Ta OPTOLOHTUYHMUX IPUCTPOIB, AKI BUMKOPMUCTOBYIOTBCA IIPU
dopmyBaHHI y HMali€eHTIB OpTOXOHTUYHOrO HpMKycy. IIpu mobdynosi dopmm 3y0-
HOI NIyr'M MOKHA BMKOPMCTOBYBATM KaHOHIYHE PIBHAHHA eJiilica 3 BeJMYMHAMU
miBoceil a Ta b, AKi OTpUMMAaHO 3rigHO i3 3aIPOIIOHOBAHOI0 METOIUKONI 3a KO-
OpAMHATAMM II'ATY TOYOK, III0 PO3MillleHi Ha BeCTMOYJIAPHMUX IIOBEPXHAX ILEHT-
paJbHMX Pi3LiB, iKOJI Ta APYIMX MOJAPIB. 3a mmeplle HAOMMKeHHA mpu mobyoBi
dopmMy 3yOHMX HOYr MOYKHA TAKOMK BMKOPMCTOBYBATM KAaHOHIYHe PIBHAHHA
ejirca, B AKOMY 3aMiCTb BeJIMYMH IIiBOoceli a Ta b B3ATM po3Mipm m Ta 7
3yOHUX OVT.
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MECHANICAL-MATHEMATICAL MODELING OF THE SHAPE OF DENTAL ARCHES IN
ORTHOGNATIC OCCLUSION

Mathematical modeling of the shape of dental arches is performed. It is assumed that
dental arches can be modeled by the second-order curves. After processing the
measurement data of diagnostic models of dentitions, the coefficients of the quadratic
form of the curves of the second order and its invariant were calculated. Since the
value of the invariant of the second-order curves was greater than zero, it was
concluded that the shapes of the dental arches are described by the equation of an
ellipse. The parameters of the canonical equation of an ellipse modeling the shape of
dental arches are determined. The technique of concretization of parameters of the
model for the purpose of its application in processes of orthopedic and orthodontic
treatment is developed.

Key words: orthognathic occlusion, mathematical model of dental arch, invariant of the
quadratic form, canonical equation of the ellipse.
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