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BELONGING OF LAPLACE - STIELTJES-TYPE INTEGRALS
TO CONVERGENCE @ -CLASS

For a mom-negative mondecreasing unbounded right-continuous function F on
[0,+0) , an entire transcendental function f(z)= z szk with f, 20 forall k=0
k=0

and a non-negative on [0,+x) function a(x) the integral I(r) = J-a(x)f(xr)dF(x)
0
is called a Laplace — Stieltjes-type integral. Suppose that for a positive unbounded

on (—w,+o) function ® the derivative ®' is positive, continuously differentiable

®'(r)InI

and increasing to +oo . The conditions under which j ok )(T)dr < 4+ have
r

o
been found.
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Introduction. Let V be a class of non-negative nondecreasing unbounded
right-continuous functions F on [0,+») and f(z)= kazk be an entire
k=0

transcendental function with f, 20 for all k >0. Assume that a function
a(x)20 on [0,+0) is such that the Lebesgue — Stieltjes integral
K

J'a(x)f(xr) dF(x) exists for every r >0 and every K e [0,+»). The integral

0

I(r) = [a(@)f(xr)dF(x), 20, (1)
0

is called Laplace — Stieltjes-type integral and is direct generalization of the
Laplace — Stieltjes integral
I'(r) = ja(x)e”dF(x) . (2)
0
Many authors studied the asymptotic properties of the Laplace — Stieltjes
integrals I (see, for example, [2, 3, 4, 12—14]). The geometric properties of
integrals (2) were studied in [7], and in [10] the conditions for belonging of I*
to the convergence ® -class were found.
Denote by Q a class of positive unbounded on (—,+w) functions ®

such that the derivatives ®' are positive, continuously differentiable and in-
creasing to +w on (—o,+©). Let ¢ denotes the inverse to ®" function.

Let Y(x)=x - ®(x)/®'(x) be the function associated with ® in the
sense of Newton. Then ¥ is [6, p. 75] continuously differentiable and increa-
sing to +o on (—o0,+00).

Let ® € Q. We say that integral (1) belongs to the convergence ® -class
if
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o0

I @'(r)InI(r) dr < o0,

3
o2 (r) (3)

o

As in [6, p. 21] we say that a positive on [0,+w) function a(x) has regular
variation with respect to F € V if there exist b>0, ¢>0 and h >0 such

x+c
that j a(t)dF(t) > ha(x) for all x >b.

x-b

For I(r)=1I"(r), in [10] the following theorem is proved.

Theorem 1. Let ® € Q, the function ®'(r)/®(r) is nondecreasing on
[15,+0) and

0<hsq)”(,Lq)(;)
(®'(r))

Suppose that F € V, a(x) has regular variation with respect to F and

< H < +w. (4)

o0

J‘ In F(x)
20 (¥(p(@))

0

dx < . (3)

In order that integral (2) belongs to the convergence ® -class it is necessary and
in the case where v(x):= —(lna(x)) is continuous and increasing to +wo on
[x,,+) it is sufficient that

0

J‘ 7dx

(1 1
2 am)

The asymptotic properties of Laplace — Stieltjes-type integrals were
studied in [8, 9, 11]. Here we will continue these studies and find the
conditions under which integral (1) belongs to the convergence ® -class.

1. Main result. For 7 >0, let w(r)=p(r,I)=sup{a(x)f(xr): x >0} be
the maximum of the integrand in (1) and as in [9], let v(r) = v(r,I) be the
central point of the maximum of the integrand. The following lemmas are
proved in [9] and [10].

Lemma 1. Let F € V, the function a has regular variation with respect to

FeV and T (1) :=M=O(r) as r — +w. Then
f dinr

Inp(r) <1+ o) InI(r)+ O(r) as 1T —> 0.

< 400, (6)

Lemma 2. Let F eV, the function f'/f is nondecreasing and 1 :=
—— InF(x) <
x—>+0 Ff(x)
K(g) = const > 0.

Lemma 3. The central point v(r) /" +0 as r — © and

+oo. Then I(r)<K(e)(r+t+¢g) for every & >0, where

T
Inu(r) - Inp(r) = Imdx

o

X

Moreover, if the function a(x) is upper semi-continuous, then v(r) = max {x >
>0: a(x)f(xer) = w(r)} and p(r) = a(v(r))f(rv(r)) for each r € [0,+x).

Using these lemmas, at first we prove the following statements.



Proposition 1. Let F € V, the function a has regular variation with re-
spectto F eV, 1< +w and f'(x)/f(x) S K<+ as x — +0. If ®(x+01)) =

= 0O(®(x)) as x —> +o and .[

To

dr < 400, then in order that integral (1)

belongs to the convergence ® -class, it is necessary and sufficient that

]" @'(r) In p(r)

@2(1") dr < 4. (7)

o
Pr oo f At first we remark that the condition f'(x)/f(x) /S K<+o
as x — +oo implies the condition Ff(r) = 0O(r) as r = +o. Therefore, by Lem-

ma 1 for some Kj >0, j=1,2, we have

.[ ®'(r)In u(r) <K J‘ (O} (r) In I(r) +K T r®'(r)
2, . 1

9 5 dr,
@3 (r) @ (r) . @(r)

o
ie. (3) implies (7).
On the other hand, by Lemma 2 in view of the condition ®(x + O(1)) =
= O(®(x)) as x —> +o we have

.[d)(r)lnl(r)d <K, +.[<D(r)1nu(r+r+8)
@2 (r) ®*(r)

o

_K +J-CD(r—r—8)1nu(r)
o 3 (r €)
i)

°°<D'(r)1nu(r)( (r) )zdrs

SK3+[ ®3(r) \P(r-t-¢)

0

<K, +K, j —CD (Inp(r) ;.
- @2 (r)
o}
ie. (7) implies (3). L4
Proposition 2. If Fi(r)=<r as r— +o, then (7) holds if and only if

[, dvr) < 40, @(r) = j%. (8)

o
Pr oo f ByLemma 3

1O (r)Inp(r) _ ( ):
;[—q)Z(r) dr Ilnu(r)d ()

rdlnp(r) _ Inp(r)[”
o(r) D) |,

2T, (rv(r))

CInp(n)|* J
r®d(1)

D(r) |,

If (7) holds, then

In pu(r) @'(t)In u(t)
0 < d)(r)_j o') dt — 0,

T —> +0.



Thus, (7) holds if and only if

2T (rv(r))
f
-[—r ™ dr < 4. 9)

o
Since l"f(r) <r,ie 0<c < Ff(r)/r <c¢, <+, we have that (9) holds if

and only if

) o
ch( )dr <+ (10)

On the other hand,

j V(T) Jdr =~ [ V() dD, (1) = —v()O, () + [ D, () dv(r).

To To

From (10) it follows that

v(r)®,(r) = V(T)J‘ o) = I C\I/)((tt)) t—>0, T — +00.
Therefore, (8) holds if and only if (10) holds. ¢

Now we suppose that the function

dIn(1/a(x)
w(@) = x rf ( d(lnx ))
is continuous and increasing to +o on [x;,+). Then v(r) is a unique point of
the maximum of the function Ina(x)+ In f(rx) and the function v(r) is conti-
nuous and increasing to +o on [7,,+0).

To obtain an analog of Theorem 1, we also need the following lemma (see
[1] and [5, p. 161]).
Lemma 4. If c(x) and b(x) are continuous on (0,+ ) functions, -0 <C<

<c(x)<B< 4w, blx) \b=20 as x — +o and for a positive function ¢ on

(C,B) the function (pl/p , p>1,1s convex on (C,B), then

y 1 p

{b(x)(p (;{c(t)dtj dx < (p 1
Theorem 2. Let ® € Q, ®(x + O(1)) = O(@(x)), D(x)=0D'(x)) as x —
'(r)

2 (r)

Yy
)p j b(x)o(c(x)) de, 0<y < +o.
0

— 400 and j

L

dr < 4+ . Suppose that F €V, the function a(x) has

regular variation with respect to F, fl(x)/f(x) /" K<+o as x — +n,
1

— +¢ and x—c, <T' (x)<c,x for some c; >0 and all
x a(x) f (a(x)j ! 2 =Tyl =er d

x=x;. Also suppose that t <+ and the function w is continuous and in-
creasing to +oo on [x;,+w).

In order that integral (1) belongs to the convergence ® -class it is necessa-
ry and sufficient that

o (e sl w

o



Proot Since a(v(r)f(rv(r))=wr)=1 for r=17, we have r>

1 1 1 .1 1 .
> ) f (a(v(r))) and @,(r) < @, (v(r) f (a(v(r))))' Therefore, (8) holds if

;E D, (V(lr) ! (a(vl(r)))) dv(r) < 4w,

ie. if (11) holds. By Propositions 1 and 2, (11) implies (3). The sufficiency of
condition (11) is proved.
Now we prove the necessity of condition (11). Since

Gndxh&nﬂxﬂy=%(%%§%2+Fﬂxﬂ)=0

for » = w(x) and w is continuous and increasing to +oo function on [x,,+®),

we obtain 7 = w(v(r)) and from (8) we get J@l(w(v(r))) dv(r) < +o0, ie.

L

.[CDl(w(x)) dx < +o. (12)
We choose c(x) = w(x), b(x) =1 and ¢(x) = ®,(x). Then

((pl/P (x))" — ((Dl(x))(l/P)*2 (_ pT?l((I)’l(x))z + ¢>1(x)¢>;(x)) =

1
p
(1/p)-2
:QMQL__@Mmﬁukﬁlg
p(®(x))* p
and in view of the conditions ®(x + O(1)) = O(P(x)) and P(x) = O(D'(x)) as
x — +o we have

dt _®'(x)

@0 - darn N0

x+1
qmm&mz@mw

Therefore, the function CD}/p is convex for p >1 such that n - plil >0 and

by Lemma 4 in view of (12) we have

[o, (i | w(t)dt)dx < (plf ljp [ @ (w(a)) dac < +oo. (13)

Lo

The condition Ff(x) 2 x — ¢, implies F;l(x) < x + ¢, and therefore,

]gw(t)dt - Tlr;l (M)dt < T(M+C2)dt =

t dint dt
Lo Lo Lo
:lnL—ln 1 +c(lnx—1nx)£lnL+cac
a(x) a(x,) * 0 a(x) *

Le. in view of the nonincreasing the function @, and of the condition

1 1 1 .1 1
Elna(x)ng (a(x))+c1’

we get



I @1(% I w(t)dt)dx > I D, (%ln$+czjdx >
To

Lo Lo

> .[ @, (%ffl (%x))+cl +c2)dx >
%o

o (e

0

since in view of the condition ®(x + O(1)) = O(®(x)) as x — +»

T de dt [ dt
= = > = .
Prlzre+e) o)~ | = (e, 7ey) > i =@
.’X)+C1 +C2 x x
From (13) and (14) we obtain (11). The proof of Theorem 2 is complete. ¢
2. Addition. Here we suppose that
¢;p(r)p(x) < Inf(xr) < eyp(r)p(x), (15)

where 0<c¢ <c¢, <+oo and function p is a continuously differentiable and
increasing to +o on [0,+©), p(0) = 0. Then

o0 00

[ a(@)exp {e;p(r)p(x)} dF(x) < I(r) < [ a(x) exp {¢,p(r)p(x)} dF ().
0 0
Therefore,

I(p~(r/c,)) < [ a(x)exp {rp(x)} dF (x) =
0

0

=I"(r) = .[a(p’l(x))exp {re}dF(p~(x)) < I(p~'(r/c,)). (16)
0

We apply Theorem 1 to the integral I"*(r). In the proof of Theorem 1 in

[2], the conditions imposed on ® are used to prove the necessity and suffici-
ency of condition (6). Condition for regular variation of a function a(x) with
respect to F(x) is used only in proof of the necessity of condition (6). In the
proof of the sufficiency of condition (6) only condition (5) and a continuous
increase of the function v(x):=—(lna(x)) are used. Therefore, Theorem 1
implies the following assertion.

Proposition 3. Let F € V and the function ® € Q satisfies the conditions

of Theorem 1. If the function a(p *(x)) has regular variation with respect to
F(p~'(x)) and

[T )
w0 ’
then
da < 400, (18)

s @'(lln+)
T a(p (x)

If the function —(In a(p_l(ac)))' is continuous and increasing to +o on [x;,+o0)
and
10



© -1
j Mdac < o0, (19)
2 x®'(¥(o(x)

0
then (18) tmplies (17).

It is easy to check that the function a(p_l(ac)) has regular variation with
respect to F(p’l(x)) if a(x) has regular variation with respect to F(x), the
function —(In a(p(x)))" is continuous and increasing if —(In a(x))’/p'(x) is
continuous and increasing, and (18) holds if and only if

T p'(x)dx 20)

. I < 400,
2 @ —ln—)
’ (p(x) a(x)
Therefore, in view of (16) the following theorem is true.

Theorem 3. Let F €V, the function ® € Q satisfies the conditions of
Theorem 1 and condition (15) holds. If the function a(x) has regular variation

with respect to F(x) and

T ®'(r)InI(p ' (r/c;))

o () dr < o,
r

L
then (20) holds. If the function —(Ina(x))'/p'(x) is continuous and increasing
to +oo on [x,,+o) and the function F satisfies condition (19), then (20)
implies

T ®'(r)InI(p " (r/cy))

q)z() dr < .
r

L
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HANEXHICTb IHTEFPANIB TUNY JIAMJTACA - CTINTBECA [O @ -KINACY 3BIDKHOCTI

Has Hesid’emHnol Hecnadnoi Heobmedcenol Henepepenol cnpasa Ha [0,+w) Pynxyii F,

Yinol mpancyendenmuol Pynkyii f(z) = z szk 3 f,, 20 0Oaa ecix k =0 i Hesid emmnol
Ie=0

Ha [0,+) Pynkyii a(x) inwmezpan I(r)=ja(x)f(3cr)dF(.r) HA3UBAEMBCS THME2PANOM
0
muny Janaaca — Cmiamoveca. IIpunycmumo, wo O0as 000amHOT HeoOMedceHOT Ha

(—00,+0) Ppynryii ® noxidna ®' e dodammnoio, HenepepsHo dubepenyitioenoro i 3poc-

QW) 4 4o

o0
mae 00 +© . 3Hal0eHO YMO8U, 3A AKUX J o (r)
r

]

Karouoei caosa: inmezpaa muny Janaaca — Cmiamuveca, @ -kaac 361x4cHOCMI.
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