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1. Introduction 

The surface acoustic wave (SAW) method is recently 

used to diagnose the dynamic properties of two-

dimensional electronic layers (e.g., the dynamic 

conductivity, carrier mobility or carrier concentration) of 

Al1-xGaxAs nanoheterostructures [1-3] that have 

piezoelectric properties. Nanoheterosystems with 

strained layers GaAs/In1-xGaxAs/GaAs [4], 

Cd1-xZnxTe/CdTe/Cd1-xZnxTe [5, 6], CdTe/HgTe [6] 

possess inhomogenious deformation and piezoelectric 

fields. The surface acoustic wave (SAW) generates the 

variable electric field and dynamic deformation field. 

The latter creates roughness on semiconductor surface 

[7]. This roughness causes appearance of areas on the 

semiconductor border with the surface electron states, 

which have different physical properties. These areas are 

separated by a band gap, the width of which is defined by 

the height of roughness profile. The height can change 

depending on the adsorbed atoms concentration and 

deformation potential [8]. Besides, interaction between 

the variable electric and dynamic deformation fields and 

2D electrons [3], and the adsorbed atoms respectively 

leads to renormalization of both the velocity and SAW 

damping coefficient. 

In [9], the authors have investigated the influence of 

interaction between the Rayleigh surface elastic wave 

and electron-hole plasma of two-dimensional semimetal 

(HgTe), which is caused by two mechanisms (defor-

mation potential and piezoelectric effect), on the disper-

sion law and Rayleigh wave damping. The influence of 

structural-distorted isotropic surface layer, grown on the 

isotropic solid surface, on the dispersion law and the reci-

procal Rayleigh length of damping was studied in [10].  

The researches of the surface elastic acoustic waves 

damping processes on the monocrystalline substrate 

defected surface are topical, because SAW can be a 

source of long-range effects that induce formation of 

nanoclusters on the crystal surface beyond the laser 

irradiation area [11]. 

The purpose of this paper is to calculate the 

dispersion law and phonon mode width at different 

concentrations of adsorbed atoms, considering nonlocal 

elastic interaction between the adatoms and matrix atoms 

as well as mirror image forces. 

 

2. The model. Initial equations and boundary 

conditions 

Let the semiconductor surface be coinciding with the 

surface z = 0, and the axis z is directed from the single 

crystal surface into the depth. The atomic flux is directed 

on the semiconductor surface during the molecular beam 

epitaxy (MBE). Adsorbed atoms could be considered as 

the surface defects. The subsurface layer with the 

thickness a (a – lattice period in z-axis direction) is non-

uniformly deformed by the adatoms and by the surface 

elastic acoustic wave due to the deformation potential 
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and the local surface energy renormalization. This 

inhomogeneous self-consistent deformation, in its turn, 

redistributes the adsorbed atoms across the surface 

through the deformation potential, i.e., it induces the 

additional deformation-diffusion flux of adatoms  

[12, 13]. Therefore, the influence of the adsorbed atoms 

reduces to the change of boundary conditions for the 

stress tensor σij on the surface z = 0. 

The displacement vector ( )tru ,
rr

 of points of the 

medium satisfies the following equation [14]: 

( ) ( )uccuc
t

u
tlrt

rr
r

r divgrad222

2

2

−+∆=
∂

∂
.     (1) 

The solution of equation (1) for the surface 

Rayleigh wave propagating along the axis x is: 

( ) zktiiqx
t

zktiiqx
x

tl BeikiqAezxu
−ω−−ω− −−=, ,   (2) 

( ) zktiiqxzktiiqx
lz
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where 
2
,

2
22

,

tl

tl
c

qk
ω

−= ; and A, B are the SAW amplitudes. 

The direction x on the crystal surface is defined by 

elastic anisotropy, while on the isotropic surface it could 

be defined by an external effect, which induces the 

elastic anisotropy, or due to spontaneous breaking the 

defect-deformation system, similarly to that in [15]. 

The deformation ε on the surface of the 

semiconductor (z = 0) is related with the components of 

the displacement vector by the relation 
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Spatially inhomogeneous surface deformation 

( )txk tl ,2
, ε⋅  leads to the inhomogeneous adatom 

redistribution Nd (x, t): 

( ) ( ) ( ) tiiqx

ddddd eqNNtxNNtxN ω−+=+= 1010 ,, ,   (5) 

where Nd0 is the spatially homogeneous component and 

Nd1(q) – periodic disturbance amplitude (Nd1 << Nd0). 

The interaction energy between the adsorbed atom 

and the matrix atoms Wda as an approximation of 

nonlocal Hooke law [12, 16, 17] is determined: 

( ) ( ) ( )∫ ′∆Ω′ε−′λ−= xdxxxxW dda ,                              (6) 

where λ is the elastic moduli operator [16], and ∆Ωd
 – 

crystal volume change caused by a single atom adsorbed. 

Introducing the variable τ = x' – x and expanding 

ε(x') into a Taylor series, we obtain: 
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where ( ) KdKd ≡ττλ= ∫  is the modulus of elasticity, 

and 
( )

( ) ττλ

τττλ
=

∫
∫

d

d
ld

2

2

2
 – average of the square of 

characteristic distance of interaction between the adatom 

and matrix atoms. 

The adsorbed atoms elastic fields shift the atoms in 

the neighborhood of other adatoms, thus creating the 

forces that affect them, and cause the elastic interaction 

between them. The energy of this interaction decreases in 

accordance with the power law and is rather significant, 

when the crystal lattice is heavily deformed by the 

adatoms. Within isotropic solids, the elastic defect 

interaction energy equals to zero. 

The adsorbed atoms elastic interaction decreases 

according to the power law, as the distance increases. 

Besides, there is another interaction that changes 

gradually at distances comparable to the crystal size and 

is connected with mirror image forces applied to the 

crystal surface [17], which provide boundary conditions 

on the crystal surface (z = 0) (e.g., the condition that 

there are no stresses on the crystal surface). The field of 

these forces is called the image field or the imaginary 

sources field, like to the electrostatic field of charge 

arising on the conductive surface, and is equivalent to the 

mirror image charge field [18]. The interaction energy 
int

ddW  between the adsorbed atom in the position r' and 

other adatoms with the concentration Nd (x) is caused by 

these forces, is virtually independent of the adatom 

position r' and can be defined as that in [17]: 

( )
( )

( )xN
aK
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2int

1

21

3

2
θ
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−= ,                               (8) 

where ν is the Poisson coefficient; θs = K·∆Ωd – surface 

deformation potential. 

The force F acting on the adatom due to the elastic 

field appearing in the implanted adatoms matrix is given 

by: 
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which induces the regular diffusion flux 
( )










∂

∂
−

x

xN
D d

d  

and the additional deformation flux of adatoms. The 

latter is caused by the deformation gradients 
( )
x

tx

∂

ε∂ ,
 and 

the defect concentration one 
( )

x

xNd

∂

∂
. 

Analysis of the formula (9) shows that the 

concentration gradient ( )( )xxNds ∂∂θ− 2  creates a 

deformation flux component directed to the side where 

the adatom concentration is higher (the first term), unlike 

the regular diffusion flux. Furthermore, the adatoms that 

are the extension centers (∆Ωd > 0) will move to the area 
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that experiences the tensile strain, while the adatoms that 

are the compression centers (∆Ωd < 0) will move to the 

area of the relative compression (the second term). 

Under the force (9), the adatoms in the elastic field 

aquire the velocity 

( )
( )

( ) ( )
,

,,
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       (10) 

where Dd is the adatom diffusion coefficient, T – 

temperature, kB – Boltzmann constant. Here, the Einstein 

relation is used to determine the mobility of adatoms µ. 

Taking into account (10) and the continuity 

equation 
( )


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
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t
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j d ,

div
r

, the flux of implanted 

adatoms and the equation for the concentration of 

adatoms can be written as follows: 
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The first term in (12) describes the regular gradient 

concentration diffusion, while the second one describes a 

qualitatively new diffusion effect of the “flow of 

deformation retraction” caused by mirror image forces 

and the deformation gradient [19] as well as the nonlocal 

interaction between the adatoms and the surface atoms 

[20]. 

Considering the condition Nd1 << Nd0 and (5), the 

equation (12) in a linear approximation will be: 
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From Eq. (13), we obtain the expression for the 

amplitude of the surface adatom concentration Nd1(q). 

The spatially inhomogeneous adatom distribution 

modulates the surface energy 

( ) ( )xN
N

F
FxF d

d
1

1
0 ⋅

∂

∂
+= , 

which results in the lateral mechanical stress 

( )( )
x

xNF
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∂
=σ , 

that is compensated by the displacement stress within the 

medium [14]. The boundary condition expressing the 

balance of lateral stresses is as follows: 
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where µ is the displacement module of the medium. 

The coefficient 
1dN

F

∂

∂
 is considered by us as a 

predetermined phenomenological parameter. 

In addition, interaction between the adatoms and 

semiconductor atoms results in a normal mechanical 

stress on the surface. The corresponding boundary 

condition has the form: 

( ) ( )
ac

xN

x

u

z

u

l

dd

z

xz

2

1

0

21
ρ

θ
=









∂

∂
β−+

∂

∂

=

,                        (15) 

where а is the crystal lattice parameter on the 

semiconductor surface, 
2

2

l

t

c

c
=β , ρ – crystal density. 

 

3. The dispersion equation and the phonon mode 

width of the surface acoustic wave interacting with 

adsorbed atoms 

The dispersion equation and the phonon mode width are 

obtained from the boundary conditions (14), (15) that 

express the balance of lateral and normal stresses on the 

semiconductor surface. We substitute (13), taking into 

account (4) and (5) as well as (2) and (3), into (14) and 

(15). As a result, we obtain a system of two linear 

equations for the amplitudes A and B. Then, from the 

condition of nontrivial solutions we obtain:
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The left part of (16) matches the Rayleigh 

determinant; the latter, when being equal to zero, 

determines the dispersion law of the Rayleigh surface 

acoustic wave without adsorbed atoms [14]. The right 

part of (16) renormalizes the dispersion equation of the 

Rayleigh acoustic wave due to the adsorbed atoms power 

action ( ~ θd). The adsorbed atoms deform the subsurface 

layer in the crystal lattice. Substituting ω = ct q ξ into 

(16), one can obtain: 
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Eq. (17) has the real part and the imaginary one that 

finally determine a correction to the dispersion law of 

Rayleigh wave and its damping. The multiplier q in the 

numerator of (17) allows to solve this equation using the 

iterative method in the long-wave region qa << 1. 

Let the left part of (17) be denoted by the function 

f
 
(ξ), and let us to expand the latter into a Taylor series in 

the vicinity of the point ξ0: 

( ) ( ) ( )δξξ′+ξ≈δξ+ξ 000 fff ,                                 (18) 

where ξ0 is the solution of the equation f
 
(ξ0) = 0. 

Then, the correction δξ is determined by the right 

part of (17) with the substitution ξ → ξ0. 
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The numerical analysis shows that f'
 
(ξ0) > 0

 
in the 

whole region of changing ξ0. 

Separating the real and imaginary parts in (19) and 

considering ω = ct q ξ0 + ct q δξ, we obtain the 

expressions for the dispersion law ω'(q) of the elastic 

surface acoustic wave and its width ω''(q), which is 

caused by the interaction between the adsorbed atoms 

and the self-consistent quasi-Rayleigh wave in 

consideration of both the nonlocal elastic interaction of 

implanted impurity with the matrix atoms [16], and the 

mirror image forces [17]: 
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4. Numerical calculation and analysis of mirror image 

forces influence on the dispersion and surface elastic 

acoustic mode width 

Calculation of the elastic SAW dispersion law 

dependence ω'(q) = Re
 
ω(q) and the acoustic mode width 

ω''(q) = Im
 
ω(q) has been performed for the GaAs 

semiconductor with the adsorbed atom surface 

concentration Nd0 = 3·10
12

 cm
–2

, 3·10
13

 cm
–2 

at the  
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Fig. 1. The dispersion law ω'(q) (1, 2) and the phonon mode 

width ω''(q) (1′, 1′′, 2′, 2′′) of the surface elastic acoustic wave 

interacting with the adsorbed atoms with considering the mirror 

image forces and nonlocal elastic interaction (ld ≠ 0) between 

the adatoms and the matrix atoms at the values of adatoms 

concentration Nd0 = 3·1013 cm–2 (1, 1′, 1′′); Nd0 = 3·1012 cm–2 (2, 

2′, 2′′). 

 



SPQEO, 2018. V. 21, N 1. P. 41-47. 

M.Ya. Seneta, R.M. Peleshchak, V.B. Brytan. Influence of mirror image forces on dispersion and phonon … 

45 

following parameter values: ld = 2.9 nm, a = 0.565 nm, 

cl = 4400 m/s, ct = 2475 m/s, ρ = 5320 kg/m
3
, θd = 10 eV, 

Dd = 5·10
–2

 cm
2
/s, eV1.0

1

=
∂

∂

dN

F
, T = 100 K [13]. 

The characteristic length value ld of interaction 

between the adatom and lattice atoms has been found 

from the condition of free energy minimum of the crystal 

with adsorbed atoms [21]. 

Fig. 1 shows the calculation results of the dispersion 

law ω'(q) (Fig. 1, curves 1, 2) of the surface elastic 

acoustic mode and its width ω''(q) dependence on the 

module of wave vector q (Fig. 1, curves 1', 1'', 2', 2''), 

caused by interaction between the adsorbed atoms and 

self-consistent acoustic quasi-Rayleigh wave at two 

values of the adsorbed atoms concentration Nd0 with 

considering the mirror image forces. 

For q → 0, the surface acoustic mode width ω''(q) 

tends to zero, while the dispersion curve ω'(q) 

approaches asymptotically to the surface Rayleigh wave 

dispersion curve according to the dispersion law 

ω(q) = ct ξ0 q. It should be noted that at q = 1/ld the 

surface acoustic wave length is the same as the 

characteristic length of the adatom interaction with the 

lattice atoms. Fig. 1 shows that the acoustic phonon 

mode width increases as the adsorbed atoms concen-

tration increases. 

In particular, at q = 0.12 nm
–1

 and the adatoms 

concentrations Nd0 = 3·10
12

 cm
–2

 the energy width Г2'2" = 

ћω''(q) of the surface acoustic mode is equal to 9 µeV, 

and at Nd0 = 3·10
13

 cm
–2 

the energy width Г1'1" is equal to 

55 µeV, while in more short-wave region of elastic 

surface acoustic waves (q = 0.2 nm
–1

) at the 

concentrations Nd0 = 3·10
12

 cm
–2 

and 3·10
13

 cm
–2

 the 

energy width is equal to 17 and 67 µeV, respectively. 

Fig. 2 shows the dispersion dependences ω'(q) and 

the energy widths ω''(q) of the surface acoustic modes at 

the adatom concentration Nd0 = 3·10
13

 cm
–2 

with (Fig. 2, 

curves 1, 1′, 1′′) and without (Fig. 2, curves 2, 2′, 2′′) 

considering the mirror image forces. In particular, at q = 

0.12 nm
–1

, 0.2 nm
–1

 the energy widths of surface acoustic 

modes without considering the mirror image forces are 

89 and 167 µeV, respectively. From the comparative 

analysis of the energy widths of acoustic modes we 

obtain that the mirror image forces at q = 0.12 nm
–1

 re-

duce the surface acoustic mode energy width by 34 µeV, 

while at q = 0.2 nm
–1

 the reduction is by 101 µeV.  

If the nonlocal elastic interaction between the 

adatoms and the matrix atoms is not considered (ld = 0) 

(Fig. 3), at q = 0.12 nm
–1

 and the adatom concentration 

Nd0 = 3·10
12

 cm
–2

 the energy width Г2'2" is equal to 

28 µeV, and at Nd0 = 3·10
13

 cm
–2

 Г1'1" = 100 µeV. 

Fig. 4 shows the dispersion dependences ω'(q) and 

the energy widths ω''(q) of the surface acoustic modes 

with (Fig. 4, curves 1, 1′, 1′) and without (Fig. 4, curves 

2, 2′, 2′′) considering the mirror image forces at the 

adatom concentration Nd0 = 3·10
13

 cm
–2

. In particular, at 

q = 0.2 nm
–1

 the energy width of surface acoustic modes 

without considering the mirror image forces is equal to 

251 µeV. From the comparative results, we can see that  
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Fig. 2. The dispersion dependence ω'(q) (1, 2) and the elastic 

surface phonon mode width ω''(q)
 
(1′, 1′′; 2′, 2′′) interacting 

with adsorbed atoms with (1, 1′, 1′′) and without (2, 2′, 2′′) 

considering the mirror image forces at the value of adsorbed 

atoms concentration Nd0 = 3·1013 cm–2. 

 

the mirror image forces reduce the surface acoustic mode 

energy width by 151 µeV.  

From the comparative analysis of the dispersion law 

ω'(q) and the phonon mode width of the surface elastic 

acoustic wave, we obtain that in the acoustic mode short-

wave region the influence of the mirror image forces on 

the change of the surface acoustic mode energy width is 

more significant. If the nonlocal interaction is not 

considered (ld = 0), the phase velocity of quasi-Rayleigh 

wave emission (νph = ω(q)/q) is higher than in the case 

when this interaction is considered. 

Practically, SAW can be used as optical hologram 

reading transmitters in photorefractive crystals [22]. The 

change of Raman spectra energy position of maximums  
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Fig. 3. The dispersion law ω'(q) (1, 2) and the phonon mode 

width ω''(q) (1′, 1′′; 2′, 2′′) of the surface elastic acoustic wave 

interacting with the adsorbed atoms without considering the 

nonlocal elastic interaction (ld = 0) between the adatoms and the 

matrix atoms and with considering the mirror image forces at 

the values of  adatoms concentration Nd0 = 3·1013 cm–2

 (1, 1′, 

1′′); 3·1012 cm–2 (2, 2′, 2′′). 
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Fig. 4. The dispersion dependence ω'(q) (1, 2) and the elastic 

surface phonon mode width ω''(q) (1′, 1′′; 2′, 2′′) interacting 

with adsorbed atoms with (1, 1′, 1′′) and without (2, 2′, 2′′) 

considering the mirror image forces, and without considering 

the nonlocal elastic interaction (ld = 0) between the adatoms and 

the matrix atoms at the value of adsorbed atoms concentration 

Nd0 = 3·1013 cm–2. 

 

is caused by the nonelastic light scattering (Mandelstam–

Brillouin). Moreover, the experimental data of this 

change, depending on the adsorbed atoms concentration 

and the strain potential, can be used in the selective gas 

sensors construction on the elastic surface acoustic 

modes [23]. 

 

5. Conclusions 

1. The elastic surface acoustic wave dispersion theory 

depending on the adsorbed atom concentration is 

developed within the nonlocal elastic interaction between 

the adsorbed atoms and the matrix atoms in consideration 

of the mirror image forces.  

2. We have established that: 

a) the mirror image forces reduce the surface 

elastic acoustic mode energy width, and in the short-

wave region of acoustic mode the influence of the mirror 

image forces on the change of the surface acoustic mode 

energy width is more significant; 

b) the nonlocal elastic interaction influences on the 

phase velocity of quasi-Rayleigh wave emission. The 

phase velocity is higher in the case when nonlocal elastic 

interaction is not considered. Moreover, this nonlocal 

elastic interaction leads to reduction of the surface elastic 

acoustic mode energy width. The influence is more 

significant in the short-wave region of acoustic mode;  

c) the surface acoustic mode energy width is 

proportional to the product of the adsorbed atoms 

concentration and the adsorbed atom surface deformation 

potential; 

d) at the same concentrations of the adsorbed 

atoms located in the subsurface crystal lattice as the 

interstitial impurities, the surface acoustic mode width is 

higher than in the case when the adsorbed atoms are the 

substitutional impurities. 
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