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1. Introduction 

Recently, interest in such field of optics as plasmonics  

[1, 2] has increased. A lot of different plasmonic elements 

and devices are developed on their base. Among them the 

nanolasers, the so-called “Spasers”, cause a huge interest 

[3, 4], as well as nanolasers in the ultraviolet range on the 

basis of aluminum [5]. Moreover, devices in which  

the plasmon effects are implemented for practical 

application, in particular for the analysis of biochemical 

media on the basis of resonance absorption of a surface 

plasmon-polariton wave [6-8] are now under intense 

researching. 

It is possible to develop the integrated optical 

circuits based on the nanolasers and amplifying nano-

structures (analogs of transistor in traditional electronics). 

They are the base for an optical processor that can operate 

in the terahertz range as predicted. 

It is necessary to create the waveguides connecting 

active optical elements that can support propagating 

radiation and are analogous to metal conductors in the 

traditional processors. Absorption of the optical wave can 

be allowed in the waveguides, since the distances between 

active elements are short in these optical integrated 

circuits. The analysis of dielectric/dielectric/dielectric 

planar waveguides shows that they do not provide a 

strong localization of the field. Thus, they should have the 

thickness of several micrometers [9], which is not quite 

acceptable. At the same time, waveguides based on 

propagation of the surface plasmon-polariton wave in 

the metal/dielectric/metal or dielectric/metal/dielectric 

structures can have a small thickness, especially the 

structure of the first type [2]. The periodic repetition of 

the metal/dielectric/metal structure is realized in the 

grating that is characterized by the abnormal high 

transmission. It is a result of the occurrence of waveguide 

mode in the dielectric slit at subwavelength thicknesses of 

the dielectric layer [10, 11]. The waveguide mode with 

low losses arises due to the surface plasmon-polariton 

wave, which propagates along the metal-dielectric 

interface [2]. 

The absorption of metal defines the energy loss of 

the propagation modes in the waveguide, if the absorption 

in dielectrics is taken as negligible in analysis. Absorption 

in the metal is defined by the imaginary part of the 

dielectric constant. Therefore, we analyzed the wave-

guides with silver, gold and aluminum metals, which have 

relatively small imaginary parts of the dielectric function 

[12-14]. 

The approximate analytical dependences in the 

range of wavelengths from 0.3 up to 2.0 μm for gold and 

silver, from 0.3 up to 4.0 μm for copper and  

from 0.1 up to 2.0 μm for aluminum were found on the 

base  of experimentally measured spectral dependences of 
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Fig. 1. Schemes of waveguides: metal/dielectric/metal structures 

(a), dielectric/metal/dielectric structures (b), where a is the 

thickness of the middle waveguide layer, εm is the dielectric per-

mittivity of metal, εd is the dielectric permittivity of dielectric. 

 

 
dielectric permittivity of these metals [15]. These analytic 

dependences were used to calculate the propagation 

constant of the waveguides shown in Fig. 1.  

In this paper, we study propagation of the transverse 

magnetic (TM) polarized wave, for which the magnetic 

field vector is parallel to the metal/dielectric boundary. 

Propagation of the surface plasmon-polariton wave is 

possible only for this polarization. The propagation 

constant of the waveguides is different from that of the 

plasma-polariton wave near the metal/dielectric boundary, 

since the metal or dielectric layer is limited in thickness in 

both types of waveguides, and it will be confirmed by 

numerical experiments. 

 
2. Theoretical background 

In a general case, the electric field intensity of the 

propagating wave of TM polarization can be written as 

follows: 

        zixExEzx zzxx  exp, eeE , 

where ex, ez are the unit vectors directed along the axes x 

and y; Ex(x), Ez(x) are projections of the electric field 

intensity, on the x and y axes, respectively; β is the 

propagation constant of the electromagnetic wave in the 

waveguide. 

Modern software allows to simply find the 

propagation constant of the waveguides shown in Fig. 1. 

Let use analytical expressions [2, 7] and modify them. 

The propagation constant can be written as follows: 

 Im1Re i . 

Knowing the imaginary part of the dielectric 

constant, the distance L on which the field intensity 

decreases by e ≈ 2.718 times in accordance with the 

expression L = 1/Imβ can be determined. 

The projections of wave vectors on the x-axis for 

three waveguide layers can be written as follows: 

jj kk  2
0

22 , where j = 1, 2, 3; 





2
0k . 

In a general case, the dispersion equation, from 

which the propagation constants β are determined, will 

have the form [2]: 
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In case of a symmetric waveguide, ε2 = ε3 and k2 = k3. 

Therefore, dispersion equation (1) can be separated by 

two equations in the following way: 
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The first equation defines the mode for which Ez(x) 

is an odd function, and Ex(x) is a pair function. The 

equations (2) define the mode for which Ez(x) is a pair 

function, and Ex(x) is the odd function. For the waveguide 

shown in Fig.1a, ε2 = εd, ε1 = εm and for the waveguide 

shown in Fig. 1b, ε2 = εm, ε1 = εd. 

It is evident that D(β) is a complex function, and it 

can be equal to zero under condition that the real and 

imaginary parts of D(β) are also equal to zero. There are 

the two implicitly given functions Re[D(Reβ + iImβ)] = 0, 

Im[D(Reβ + iImβ)] = 0. Thus, crossing of curves 

Re[D(Reβ + iImβ)] = 0, Im[D(Reβ + iImβ)] = 0 in the 

coordinate system Reβ, iImβ determines the propagation 

constants β = Reβ + iImβ. This task is effectively solved 

for a short-time interval using modern programming 

tools. It should be noted that the th(k1a/2) function is used 

in the equations (2) and (3). It is due to the fact that in the 

layer I, whether it is metallic or dielectric, the field 

intensity decreases according to the exponential law, if 

moving from the metal/dielectric boundary, which is 

typical for the plasmon-polariton wave propagation. 

The th(k1a/2) function turns into tan(k1a/2) function, 

if planar waveguide is totally dielectric. When the 

dispersion equations from the ref. [7] are used, then to 

find propagation constant for the above presented 

waveguides, it is necessary to replace sin(k1a/2) and 

cos(k1a/2) by sinh(k1a/2) and cosh(k1a/2), respectively. 

The spectral dependences of the dielectric per-

mittivities of gold, silver and aluminum for the wave-

length range from 0.3 to 2 μm are presented in Fig. 2. 

These dependences are based on the works [12-14]. 

It can be seen that the imaginary and real parts of 

dielectric permittivity of gold and silver within the range 

of wavelengths from 0.6 to 1.2 μm are quite close.  

The imaginary parts of the aluminum dielectric 

permittivity in the ultraviolet region are quite low, and 

the  real  part  of  the  dielectric permittivity  is negative. 
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As a result, surface plasmon-polariton wave propagation 

at the boundary of the aluminum/dielectric in the 

ultraviolet region of the spectrum is possible [16].  

The surface plasmon-polariton waves cannot propagate 

in the ultraviolet region for gold and silver, since Re(ε) 

is either positive (silver) or very small in modulus 

(gold), but negative (see Fig. 2). 
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Fig. 2. Spectral dependence of the dielectric permittivity of gold 

(1), silver (2), aluminum (2); (a) the real part of dielectric 

permittivity, (b) the imaginary part of dielectric permittivity. 
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Fig. 3. Solution of the dispersion equation with the following 
data: metal is aluminum, a = 0.05 μm, εd = 2.25, λ = 0.4 μm, 
Re[D(β)] = 0 represented by the curves 1, Im[D(β)] = 0 shown 
by the curves 2. 

3. Theoretical results and discussion 

In the first step, let us consider the dielectric/metal/ 

dielectric waveguide shown in Fig. 1b. The two modes – 

the pair (symmetric) and odd (antisymmetric) – can be 

found using the dispersion equations from [7]. The 

solution of dispersion equation is shown in Fig. 3. Used in 

all the calculations is εd = 2.25. The curves 1 and 2 

intersect practically at the right angle. Therefore, using 

the standard software, one can determine the coordinates 

of intersection for these curves, at least with  

four significant digits. In our case, they are equal 

βas = 24.82 + i0.1926 μm
–1

, βs = 25.05 + i0.3013 μm
–1

 for 

the antisymmetric and symmetric modes, respectively. 

In addition, propagation constants were determined 

using the equations (2) and (3). The results of the 

calculations were identical. The antisymmetric mode has 

significantly less absorption, which is defined by Imβ, as 

compared to the symmetric mode. 

The dependences of the propagation constants for 

this waveguide on the thickness of the layer of aluminum 

for the wavelength 0.4 μm are shown in Fig. 4. Analyzing 

Fig. 4,  it  can be concluded  that propagation constants of 
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Fig. 4. Dependences of the propagation constants in the 
dielectric/metal/dielectric waveguide on the thickness of metal: 
a) the real part of propagation constants, b) the imaginary part of 
propagation constants. Aluminum is used as metal, εd = 2.25, 
λ = 0.4 μm. The symmetric mode is represented by the curves 1, 
antisymmetric mode is represented by the curves 3, the propa-
gation constant of the surface plasmon-polariton wave at the 
metal/dielectric boundary is represented by the curves 2. 
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Fig. 5. Dependence of the real part of propagation constant on 
the thickness of dielectric layer а for the waveguide according to 
Fig. 1a with silver at the wavelength 0.5 μm; the calculation 
carried out according to the dispersion equation from the book 
[7] is represented by the curve 1, the calculation carried out by 
the method from [11] is represented by the circles, the curve 2 
represents the real part of constant propagation of the surface 
plasmon-polariton wave at the metal/dielectric boundary. 
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Fig. 6. Dependences of the imaginary part of propagation constant 
on the thickness of dielectric layer а for the waveguide according 
to Fig. 1a with silver at the wavelength 0.5 μm. The curve 1 
represents the calculation carried out according to the dispersion 
relation of the book [7], the circles represent the calculation by 
using the method of work [11], and the straight line 2 shows the 
imaginary part of propagation constant for the surface plasmon-
polariton wave at the metal/dielectric boundary. 

 

 
both modes with increasing thickness of the metal film 

approach to the propagation constant βspp of the surface 

plasmon-polariton wave. It can be supposed on the base 

of the relation 
22

0  dx kk  that when the thickness 

of the metal decreases, the field penetrates deeper into the 

dielectric for the antisymmetric mode.  

Therefore, this waveguide will have a large thick-

ness for significant localization of the power in the propa-

gation mode inside the waveguide. The absorption in the 

waveguide increases significantly when the thickness of 

the metal layer decreases for the symmetrical mode. This 

mode has better localization of the field. These findings 

are also valid for such metals as gold and silver. 

However, it should be expected that the 

metal/dielectric/metal waveguide will have better 

localization of the field in the waveguide according to the 

ratio 22
0  mx kk . Since the real part of the dielectric 

permittivity of metal is negative. Therefore, the properties 

of the waveguide shown in Fig. 1a should be examined in 

more detail. 

The calculation of propagation constants was carried 

out according to Eqs (2) and (3), dispersion equation from 

the book [7], and also according to the method described 

in [11]. All three methods give the same numerical values 

of propagation constant for this waveguide. This 

propagation constant has been determined by surface 

plasmon-polariton waves at the metal/dielectric boundary. 

The anomalous high transmission by the metal grating 

with narrow dielectric slit can be explained with account 

of this propagation constant [10, 11]. 
The dependence of the real part of propagation 

constant on the thickness of dielectric layer in the 
waveguide with silver for the wavelength 0.5 μm is 
shown in Fig. 5. 

According to this figure, the real part of propagation 
constant monotonically increases, when the thickness of 
dielectric layer decreases. This property is valid for all 
other parameters for the waveguide shown in Fig. 1a, thus 
the corresponding curves are typical. 

The dependence of the imaginary part of 
propagation constant on the thickness of dielectric layer 
in the waveguide with silver for the wavelength 0.5 μm is 
shown in Fig. 6. 

The dependences of the imaginary part of 
propagation constant on the thickness of dielectric layer 
in the waveguide with aluminum for the wavelength 
0.4 μm are shown in Fig. 7. 

It can be concluded analyzing Fig. 7 that there is 
such a thickness of the dielectric layer that the imaginary 
part of the dielectric constant is minimal. In this case, the 
thickness is equal to 0.4 μm. 
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Fig. 7. Dependences of the imaginary part of propagation constant 
on the thickness of dielectric layer а for the waveguide according 
to Fig. 1a from aluminum at the wavelength 0.4 μm. The curve 1 
represents the calculation carried out according to the dispersion 
relation of the book [7], the circles represent the calculation by 
using the method from work [11], and straight line 2 represents 
the imaginary part of propagation constant of the surface plasmon-
polariton wave at the metal/dielectric boundary. 
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Fig. 8. Dependences of the depth of field penetration into metal 
on the thickness of dielectric layer. 1 – the wavelength 0.4 μm,  
2 – the wavelength 0.2 μm. 
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Fig. 9. Dependences of the real part of propagation constant on 

the wavelength at a = 0.02 μm for the waveguide according to 

Fig. 1a. The curve 1 corresponds to gold, and curve 2 – to silver. 
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Fig. 10. Dependence of the imaginary part of propagation 

constant on the wavelength at a = 0.02 μm for the waveguide 

according to Fig. 1a. The curve 1 corresponds to gold, and  

curve 2 – to silver. 

 

 
The depth of penetration of the electromagnetic field 

into the metal layer is an important characteristic of this 
waveguide. The dependence of penetration of the 
electromagnetic field into metal is shown in Fig. 8.  
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Fig. 11. Dependences of the depth of field penetration into metal 

of waveguide on the wavelength at a = 0.02 μm for gold (1) and 

silver (2).  

 

 
In fact, the depth of field penetration into the outer 

layers of the waveguide, in this case metal, defines the 

thickness of waveguide. It is evident that the waveguide 

should be the nanowaveguide, if the depth of field 

penetration is small. The depth of penetration is 

determined from the following expression: 
 

 xk
l

Im

1
 ,        (4) 

where 
22

0  mx kk . 

The dependences of field penetration into aluminum 

on the thickness of dielectric layer for the wavelengths 

0.4 and 0.2 μm are shown in Fig. 8. 

The depth of field penetration in aluminum is rather 

small, and it is practically constant in a wide range of 

changes in the thickness of dielectric layer. It decreases 

with decreasing the layer thickness, when the thickness of 

dielectric layer is less than 0.1 μm. 

The dependences of real part of the waveguide 

propagation constant on the wavelength at a = 0.02 μm 

for gold and silver are shown in Fig. 9. 

The real parts of propagation constants for two 

waveguides are very close to each other at the 

wavelengths longer than 1.0 μm. To some extent, it is 

explained by Fig. 2. The dependences of imaginary part 

of the waveguide propagation constant on the wavelength 

at a = 0.02 μm for gold and silver are shown in Fig. 10. 

The imaginary part of dielectric constant is larger for 

gold than for silver in the given range of wavelengths (see 

Fig. 10). It coincides with the data of Fig. 2. Moreover, 

the imaginary part of propagation constant at the 

wavelengths longer than 1 μm is less than 0.2 μm
–1

. It 

means that the amplitude of field decreases by e  2.718 

times at spreading by 5 μm in the waveguide. 

The dependences of field penetration depth into 

metal of waveguide on the wavelength for a = 0.02 μm 

for gold and silver are shown in Fig. 11. It can be 

concluded from Fig. 11 that the depth of field penetration 

into metal for silver is less than for gold, but they are 

quite close to each other. In addition, it can be observed 

an interesting feature, if considering Figs 8 to 10. The 
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curves 2 (gold) are in the narrower range of wavelengths 

(from 0.63 to 1.6 μm) than silver (from 0.5 to 1.6 μm). 

This can be explained by the fact that the calculated field 

penetration depth, according to the equation (4), is 

negative at the wavelengths less than 0.63 μm. Therefore, 

waveguide effect cannot be physically realized at these 

wavelengths. Although, from the mathematical viewpoint, 

using the equation (2) is acceptable. 

 
3. Conclusion 

Two types of waveguides metal/dielectric/metal and 

dielectric/metal/dielectric have been analyzed. Weak 

localization of the field inside the metal layer is 

characteristic for the second waveguide. Here, the field 

penetrates to the considerable depth into the dielectric. 

Therefore, the dielectric/metal/dielectric waveguide is not 

suitable for creation of the nanowaveguide for optical 

integrated circuits. The first type waveguide provides 

strong localization of the field into the waveguide, since 

the depth of field penetration into the metal is 10…13 nm 

for aluminum and 19…22 nm for silver and gold. The 

total thickness of the waveguide should be 100 nm, if 

using the thickness of metal layers close to 40 nm and the 

thickness of dielectric layer 20 nm in this waveguide, and 

it is quite acceptable for the integrated optical circuits. 
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