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We consider the third-order singular perturbed differential equation with the turning point. The
asymptotics of the solution of this equation, which includes the turning point, is constructed.

PosrastHyTO cHHTYNISIpHO 30ypeHe mudepeHIliaabHe pIBHIHHS TPETHOTO MOPSIKY 3 TOUKO 3BopoTy. Ilo-
OyIOBaHO aCUMIITOTHUKY PO3B’ 13Ky PIBHSIHHS, 1[0 BKJIIOYAE TOYKY 3BOPOTY.

1. Introduction. In present article we consider the equation

L.U(x,¢) = °U" (2,¢) + 3a(z)U" (z,€)+
+ 2b(x)U" (z,¢) + c(z)U(z,¢) = h(z), (1)

where ¢ — 40, € I = [0;!]. We study Eq. (1) when such conditions are satisfied:
a(z), b(x), c(z), h(z) € C[I]. (2)

The purpose of this work consists in construction of uniform suitable asymptotic forms of
the solution of Eq. (1) when singularly perturbed differential equation (SPDE) (1) contains the
turning point x = 0, i.e., when

c(x) = zé(x) <O0.

For the Liouville and Orr—Sommerfeld equations, similar problems were considered in

[1-10]. A typical feature of these equations is that they contain derivatives of only even orders,

which entails a significant simplification of the given problem. Obtaining the characteristic
equation for Liouville and Orr —Sommerfeld equations was not difficult, and it has traditionally
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not been given special attention. Subsequently, the results of the work [4, 5, 7] were generalized
to the systems of differential equations

W (x,e) — AW (x,¢) = h(x). 3)

It is developped method of construction even asymptotic forms of system (3) under sufficiently
broad conditions on spectrum of limit operator A (see [4, 7]).

The presence of even and odd orders in the SPDE with a turning point greatly complicates the
construction of uniform suitable asymptotics. Therefore, there are much fewer scientific studies
in this direction, compared to the studies of the Liouville and Orr — Sommerfeld equations.

One of the main works in this field is the work of Rudolf Langer [1], in which the equation

W (2, ) + Ay (2, Nw” (2, A) + AN2ho(2, N (2, ) + A3hs(z,A) = 0, 4)

were studied under |A\| — +oo. To construct the asymptotic form of the solution of this equation,
Rudolf Langer reduced the order of the investigated equation by using one stable root of the
characteristic equation.

The idea of reducing the order of the differential equation by means of the stable root of
the characteristic equation is also used by the authors (see [2, 3, 5, 7—10]) in the study of the
differential equation of the type (4).

However, this method is not promising for generalizing the results to systems of differential
equations of a general type.

Significant results on SPDE systems of general type with turning points were obtained by
Wolfgang Wasow [5]. The main idea of these studies is to split the SPDE system and study a
second-order system for which the spectrum of the limit operator contains only two unstable

elements
k‘l’z = :Ei\/ .%];7(1‘)

The purpose of this work consist in following: to generalise results obtained in [4—7] to
general type SPDE with turning points, and then also to SPDE systems

eW'(z,e) — A(z,e)W(z,e) = h(x).

Let us show that it is possible to use the method constructed for Liuville and Orr — Sommerfeld
equation and systems (3) (see [4, 5, 7]) also for the Eq. (1) and then for equations of general type.

First, we note the following: in the Eq. (1), the degrees of the small parameter are chosen in
such a way that the asymptotics of this equation which contains the turning point is built on the
integer degrees of the small parameter £ > 0. Therefore, to write the characteristic equation of
the scalar equation type (1) is not obvious.

To write the characteristic equation, it is necessary to convert SPDE into SPDE system:

|A(z, ) — AE| = 0,

where A(x,e) — matrix corresponding to SPDE systems. After necessary transformations, we
obtain characteristic equation

2 4 ca(x) N 4 E3b(x)\ + le(x) = 0. 5)
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THE THIRD ORDER DIFFERENTIAL EQUATION WITH THE TURNING POINT 281

In characteristic Eq. (5) we cannot get rid of low-order terms and go to additional characteristic
equation, as this is done for Noayon-type SPDE with stable spectrum. Therefore we come to
conclusion with complete characteristic Eq. (5). We write it in a form

)\3
(:? €) n
€

Az, )

and change k(x,¢e) = — We get equation

2 xr
a(z) 2 (52’5) + eb(z)

A(i’ °) +ec(x) =0

P(k(z,¢),e) = k* + a(x)k? + eb(z)k + ec(z) = 0 (6)

which is more convenient to work with than with the characteristic Eq. (5).
Let the roots of characteristic Eq. (6) satisfy conditions

ki(z) <0, kos(z,e) = +iy/exk(z), k(z)>0 forall zcl. (7)

In this case point = = 0 is a turning point for Eq. (1) and simplified equation corresponding
to the SPDE (1), i.e., equation

c(z)w(z) = h(z), )

in the general case, has an essential discontinuity at the point = 0.
Under the conditions (7), the characteristic Eq. (6) can be written as

P(k(z,¢),¢) = [k:Q(x, £) + m/%(g;)] [k(z,€) — ki (2)] = 0.

2. Extension of the perturbation problem. By analogy with [2—-4, 7], to separate and save
all essentially singular functions (ESF) in the SPDE solution (1), we introduce an additional
vector variable ¢t = {¢1,t2} according to the rule

t1 = Plpi(z) = P1(x,e), to=¢e P2pa(x) = Doz, e), )

where factors p; and regular functions ¢;(z), i = 1,2, are to be determined.

By introducing additional vector variable ¢, according to the method of regularization [6],
instead of the function U(z,¢), we will study the extended function U(z,t,<). The extension
leads to the fulfillment of equality

U(:U, t, 5) |t=‘1>(:r,€) = U(I, 5)7

where ®(x,¢) = {®;(x,¢), i = 1,2}. We define total derivative

d’U(z,t,e)  d°U(x,e)
dzs dzs

Y 821?37

and replace their values in the problem (1). Then, to determine the extended function U (z,t,¢),
we obtain the extended equation

L.U(z,t,e) = h(z). (10)
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Here, for i =1, 2,

i=1
T . — 5—3p; I3 873 5—2p; 872 5—p; _
Li=e 12 (‘T) o013 +e Lo; 12 +e Ly; 8t+
Fa(e) 5P gR(w) oy 4 P | 4 b)) (an
! ot2 ot; ! 3751"
= 5 0° 3 § 2 9
Liy=c¢ @4_8 a(:c)a 5 +e b(x)%—&-c(:c), 1)
0
= 20 (2)— "
di = 2¢;(2) 5 + i (2),
LOZ = 390;2($)7 + 3()01( )901( )

2
0
Ly = 3¢ (x )8 5 + 3¢ (¢ )8*4‘@;”( z).

The operator Y- contains a removable derivative of ¢; and ¢, and will subsequently play the
role of an annihilator. Therefore, it makes no sense to write it down explicitly.
3. Spaces of nonresonance solutions. We consider sets (subspaces) of functions

Vi1 = {ar(z)expti},  Yior = {Vir(2)Uk(t2) + Qrr(x)Uj(t2)},
Yz = {fr(2)Y(t2) + g, (2)¢(t2)},  Yiu = {wr(2)},
where o, (z), Vik(x), Qri(z), fr(z), g-(z), w(x) € C[I].

The Airy — Dorodnitsyn functions Uy (t2) are linearly independent solutions of the differential
equation
U (ta) — t2U(t2) = 0,

which characteristics is described in [6, 7].
The Scorer function v (t2) solves the equation

Y (ta) — ta(t2) =1,

and its characteristics is described in [5, 7].
A new space is formed from these subspaces:

2
Y, = Yo €D Vior P Yos P Via- (13)
k=1
Element W, (x,t) € Y, is of the form of
Wr(l'at) = ar eXptl + Z rk Uk’ t2 + Qrk( )Ullc(tZ)]+

+ fr(x)d)(b) + gr(x)w(tQ) + Wr(x)'
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By analogy with [2 -4, 7], we study the action of the extended operator L. on stable element
ar(z) expte € Y. Taking into account (7), (9), (11), (12), we have

Leay(x)expt; = <f/51 + Egg) ar(x)expt; =

P(p(x),e) + 2P Loy + £>7P1 Ly + ¥ Pla(z)di+

2 9 | 3 0? 5 0
+e°b(z) 5 +e a(m)w +e 53 ar () expty, (14)

where
P(¢(x),6) = 2737 (@) + 3P a(2)h * (2) + 2P b(x) ) (x) + e(x).

It is necessary to choose a regular function ¢;(z) and expand p; so that P(¢(z),e) = 0.
€T

For this, it is necessary to put ¢;(z) = / ki(z)dz and p; = 2. We get
0

P(¢(z),e) = ——2—= =0.

Thus, the regular function ¢;(z) and the factor p; = 2 are determined. The equality (14)
have the form

- { P(k1(2), )

0
Leoy(z)expty = + [Lo1 + a(z)dy] + €%b(z) Fra

9 X

2

P 590
Ox?

} +e 8x3}ar(az) expt; =

= Ricap(z) expty. (15)

+ &3 [Ln + a(z)

The correctness of choosing the regular functions ¢;(x) and the factor p; will be fully
motivated below, when from the equality (15) we can determine the function «,.(x). Hence, we
proceed to the study of the equation Lo, () = F*(z), where F(x) is a known sufficiently
smooth function. Considering (11) we have

(Lot + a(x)d)oy(z) = ki(x)al(x) 4 2k (2)K) (z) - (x) = F*(x). (16)

Solution of this differential equation is the function

ar(z) = b

k2 (x) 3 /

Cir + E /Ff‘(m)d:n] ) 17)

where (4, is a free constant.
Therefore, the regular function ¢;(z) and the factor p; are chosen correctly.
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Next, we proceed to the main study, i.e., to study the action of the extended operator L. on
elements from the subspaces Yo, £ = 1,2. With a fixed k& = 1,2, we have

L[V (@)U (t2) + Qri(2)Uj(t2)] =
= (Lez + Les ) Ve (@) Un(t2) + Qi) Uf 2)] =
Ag(z,e)Ug(ta) + Brx(z,€)Uj(t2). (18)

Here
App(,€) = 7200 (2) [~ Vi (2) + e 2203 (2) Qi ()] —

— 772y () Loa Ve () — €°72P2[ Loz + pa() L12] Qi () —
~ (@) |0 (@) pa(2) Vip(2)+
+ 2 o (2)Qui() + ¥ pa(2)dQuk ()| -
—b(x)sQ‘%’Q( )2(2)Qri() + LeVrk (), (19)
Bi(x,e) = £’ (@) [~e P pa(a) Vi) — 2Qui(w)]
— €772y () LoaQri () + 55_”2L12Vrk($)+
+ (@) [ -5 e (2)pa (@) Qui(@) + 22V, (2)] +

P Virle) + Les@uala). Co

In the Eq. (18), we need to obtain an analogue of what was obtained in the Eq. (14). The
first step of such an analogy is the separation of the main part in (19) and (20), in addition,
the elements from the subspaces Y91, k& = 1,2, must belong to the kernel of the main part of
equality (18).

Further studies show that the main part in the equality (19) is

(25757 0 (@) () — 2222 ) () ()| Qi) —
— [ a(2)ph (@) (x) — ()| Vir() =
= [g0’22(:z:)cp2(:c) — 53p2*3x/~c(:c)} X

X [P0 (2)a(w) Qu(2) — P a(a) V().

To define the factor p, and the regular function ¢s(z) we set equal to zero the expression in
the first square brackets. Then we define the factor ps = 1 and obtain a relatively regular function
necessary for the solution:

o’ (@)pa(w) = wh(z), @2(0) = 0. 21
Solution of the problem (21) is the function

_ (Z / \/de) (22)
0
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THE THIRD ORDER DIFFERENTIAL EQUATION WITH THE TURNING POINT 285

We define the factor p» = 1 and the regular function y2(z) from (22) and write the equali-
ty (19) in the form

Apl,€) = —ea(a) [ (0)Qra (@) + @2 () daQui ()| -
— 22[h (@) Vir(2) + w2(2) Loz V(@) = b(a) V()| -
— &%[Loz + paLi2]Qri(x) + 2a(@)Vy), + "V (2).

To find functions Q,(x), we obtain differential equations

1

Q
i @@

DQ () = 2pa(2) 5 (2)Qy () + [902(»”6)@0’2’ () + 5% (2)| Qri(z) =

The point z = 0 is a regular point corresponding to differential Eqgs. (23). Therefore, there
are quite smooth solutions of the Egs. (23), which satisfies the conditions |Q,x(0)| < oco.
Under the condition of defined p, = 1 and a regular function y(z), there exist equalities

o) — a(z)ph* () p2(x) = b(z) — @h* (@)pa(w) = 0.
Then the form of equality (20) is simplified, i.e.,
By (x) = e*[a(z)daVor(x) — 2Qui(7) — @2(2) LoaQri () + b() Qe () |+
+ 3a(x)Q" () + €' LoV (z) + £5Q (). (24)

It can be seen from the obtained equalities (24) that the functions V. (x) will be defined as
solutions of differential equations

dyVir(z) = —— FY(x). (25)

Since the coefficients obtained in Egs. (25) are not equal to zero at any point of the segment
I = [0;1], we obtain sufficiently smooth solutions of inhomogeneous differential Eqs. (25) in the
form

1 A
Vir(z) = \/ﬁ |:Cr(k+1) +0/ k1(233) F%(x)dxl , k=12 (26)

where C)(;11) 1s an arbitrary constant.

Lemma 1.

1. As a result of the action of the extended operator L. on the elements of the subspace Yy,
we uniquely determine the factor p; = 2, the regular function p1(x) and the obtained differential
Egs. (16), which are used to construct the first linear independent solution of the SPDE (1).

2. To define the extended operator L. on elements of the spaces of nonresonance solutions
(SNS) Yo, k=1,2:

(a) regardless of the index k, we determine the factor ps = 1 and the regular function ¢ (x)
(see (22)), i.e., we uniquely determine the variable t-;
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(b) in the process of construction, the asymptotic forms of the solution of the extended
Eq. (11) — the functions Q.r(x) — are uniquely determined as solutions of the differential
Egs. (23) under the conditions |Q,(0)| < oo;

(c) the functions V,i(x) contain a free constant (see (26)). This fact allows us to construct
two more linear independent solutions of the SPDE (1) corresponding to two unstable elements

ko 3(x) = +iy/zk(z).

4. Formalism of construction of solution of extented problem. The main stages of
constructing linear independent SPDE solutions (9) were motivated above. Construction of
the partial solution of the inhomogeneous differential Eq. (9) does not affect the definition
of regular functions ¢;(x) and factors p;. Thus, in this section, the formalism of constructing
the fundamental system of solutions (FSS) of the uniform partial solution of the inhomogeneous
extended Eq. (11) will be directly considered. By analogy with the previous one, we investigate
the effect of the extended operator L. on the element of the subspace Y,3. By combining all the
obtained results, the action of the extended operator L. on the SNF element (13) can be written
in the form of the following equality:

LWy (x,t) = Le|ap(x) exp ty + yr(x, t2)] = Rieay(z) exp T1 + Reyr(x, t). 27)

Here, the operator R. corresponds to the equality (15), but the operator R, in its action on
the element y,(z,t2) € Y01 @ Yoo P Y3 P Y4 = Y, can be presented in the form of equalities

Reyr(z,t2) = [Ro + &Ry + €*Ry + Ry + €' Ry + " Rs |y, (2, 1), (28)

Royr(z,t2) = |5 (@)2(2) — ak(a) | x

X {[@2( Jp2(z) + ki(z

ZQM ) U} (t2) + g (@ W(tz)]—

— [e¥h(2) + kr(@)] [Vew (@) Uk (t2) + fr(w)@b(tz)]} + c(@)wr (), (29)

Riyr(x,t2) = a(x [ZQM VUk(t2) + gr(2)(t2) | + a(z)@h(z) fr(2), (30)
2 9
Rayy (z,1) = Z[a Vi (x [2 T o2(2) Lo> — b(z) aﬂj QTk(x>U,;<t2)]+
k=1
i} 5 /
+ |a(x)df,(x) — [2@2(33)L02 — b(x) E gr]w (ta)—

- [+ a4 00)

- [*(@) — al@)d] g, (2) + () (), (31)
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Rayr(z,t2) = —{[L02+<P2 )L12] ZQrk YUk(t2) + gr(2)0(t2) |+
2
+ a(x) ZV (z)Up(t2) +ZQ 2) Uy (t2)+
k=1 k=1
+ fr(@)(t2) + g (2)9 (t2) }+a( Jwr (), (32)
Ryy,(x,t2) = L1 ZVrk z)Up(t2) + fr(x )@D(tQ)] Li2g, (), (33)

2

Rsy,(w,t2) = Y [Vl (2)Uk(t2) + Qi(x)Uj(t2)] + £ (@)1 (t2) + g, (2)¢/ (t2) + &)/ (x).  (34)

k=1

Lemma 2. The following conclusions can be drawn from the obtained identities (27)— (34):

1. Spaces Y1, Yo, Yrs, Yoa are invariant for extended operator L..

2. Operator P(ky(x),e) and Ry are main forming extended operators L. in subspaces Y,
and Y. = Yo P Yo P Y3 @ Y,y respectively.

3. Extented problem (11) is regularly perturbed in subspaces Y,, and Y., hence also in
space Y.

On the basis of the obtained conclusions, the asymptotic forms of the extended problem (11)
are constructed in the form of a series

(z,t,¢€) Z = W, (z,t) € Y. (35)

r=—1

We substitute the formal series (35) into the extended Eq. (10) and equate the terms by the
same powers of the small parameter € > 0. Then, to determine the coefficients of the series (35),
we obtain two independent sequences of the systems of equations.

The first of them, corresponding to the stable root &;(x), has the form

Loiay(z) = —a(x)day—1(z) — [LH + b(a:)aax] ar—3(z) — a(x)al_4(z) — a ¢(x), r>0.

(36)

The second one is represented by equations
Roy-1(z,t2) =0,  Royo(z,t2) = h(z) — Riy-1(z, t2), (37)
R[)yr €, t2 ZRzyr i .’L‘ t2 r>1. (38)

The obtained independent sequences of Egs. (36), (37), (38) show the following. We split the
solution of the extended Eq. (10), but therefore also the SPDE (1)), thereby a linearly independent
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solution of the Eq. (1) corresponding to the stable root characteristic k1(x) of the Eq. (6) can be
constructed independently of the constructions of the other two linearly independent solutions of
the equation (1).

Let us note one more detail that is characteristic of SPDEs with an untidy spectrum. Only
the ko 3(z) roots of the characteristic equation (6) participate in the construction of the partial
solution of the inhomogeneous SPDE (1) with a turning point.

5. Construction of asymptotic solution of extended problem. We need to show that from
the sequence of Egs. (36)—(38) it is possible to determine sufficiently smooth factors of the
functions W, (x,t). By gradually solving the sequence of differential Eqs. (36), we determine all
functions «,.(z), r > 0, by (17). Therefore, we define one linearly independent solution of the
extended Eq. (11), but correspondingly also the SPDE (1).

By using equality (29), for i = 1,2, we define

Ker Ry = {V;i(2)Ui(t2) + Qri(@)Uj (t2), fr(@)t(t2) + gr(2)¥/ (t2) },

where f.(x), g-(z) are arbitrary sufficiently smooth functions at = € I.
Then general solution of Eq. (37) in SNS Y_; is the function

2

yo1(z,ta) = Y [Vicni(@)Uilta) + Q@)U (82)] + F-1(2)p(ta) + g-1(2)y (t2) = Z_1(, 1),

i=1

We calculate the shift in the right-hand side of the Eq. (37). Using the arbitrariness of the
functions Q(_1);(z) and f_;(z) requires that the right-hand side of this equation does not contain
elements of the kernel of the operator Ry. To fulfill these conditions, the functions Q_;);(x) and
f-1(x) must satisfy the equations

The bounded solutions of the equations x € I, (39) will be identical zeros. Furthermore, we

have an initial condition
h(0)

1(0) = ——2— = fY,.
R N TR
When these conditions are fulfilled in SNS Yj, there exists a solution of the Eq. (37)
h(z) — a(z)py(z) f-1(2)

yo(x,t2) = Zo(x, t2) +

= Zy(x,t2) + wo(x).

~ b0~

c(x

When solving the iterative Egs. (38) in SNS Y; at » = 1, we determine the functions
Qoi(x) = go(x) = 0 and obtain initial condition fy(0) = 0 and differential equations

dVi1yi(2) =0, dfoi(2) = 0.

Using the initial condition f_1(0) = f°,, we uniquely define the function fy(z), but the
functions V{_;);(x) are defined with accuracy up to an arbitrary constant Ci(j;y, @ = 1,2
(see (26)).

Continuing to solve the iterative Eq. (22) for » > 2, we uniquely determine the functions
Qri(r) and f,(z), but V,;(z) — up to an arbitrary constant C,.(;; 1)
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THE THIRD ORDER DIFFERENTIAL EQUATION WITH THE TURNING POINT 289

The main term of the asymptotic form of the solution of the extended Eq. (11) has the form
Up(z,t,e) = e L f_1(2)Y(ts) —l—ZVo, Ui(ta2) + ap(z) exp t1 + wo(x). (40)

Let us restrict equality (40) at ¢ = ®(z,c.) We obtain the main member of an asymptotic
form of the solution for the inhomogeneous SPDE (1).

6. Solution structure of fundamental system. For extended uniform Eq. (10) we have three
solutions. The first solution, corresponding to the stable root ki (z), is

01(56,75,5) U1 (x,t1,¢) Ze ar(z)expty, 41)

where «,(x) are solutions of differential Eqs. (16), moreover, o, (z) = Ci.ky 2(x), r = 0,1
(see (17)).

Other two solutions, corresponding to unstable elements ky3(x,e) = iy/exk(z), are
presented in the form

Usr1(,t,2) = Uspa (@, 2, ) Zs Us(ts) + Qus(2)UL(t)], 42)

where Q,s(z) =0, r=—-1,0, s =1,2.
The particular solutions (41) and (42) satisfy the conditions

U1(0,0,e) =1, Us(0,0,e) =1, Us3(0,0,e) = 0.

In this case Wronskian W(U;(0,0,¢)) = O(c72) # 0 under ¢ > 0.
We make the restriction in equalities (41), (42) at t = ®(x, ). Then we obtain three linearly
independent solutions of the SPDE (1), which can be represented in the form of equalities

ﬁ-(:v,t,s) = ffim(az,t,s) + eméim(x,t,e), 1=1,3, 43)

where Vi (z,t,6) = & Wyila,t).
. . . ,r:O .
By restriction in (43), we obtain

Yi(z, ®(z,¢),e) = Yim(z, ®(z,¢),8) + " &im(z, P(z,¢),¢), i=1,3.

By the method described in [2—7], it is possible to show that at sufficiently small values of
parameter € > 0 there exist estimations

[€im (z, @(2,6),6)| < K, i=1,3, (44)

where constant K does not depend on x € I and small parameter € > 0.
General solution of the SPDE (1) is

Y(xz,®(z,¢) Z% (2, ®(z,€),€) + Ypart. (x, D(z,€), €),
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where ~; is arbitrary constant, but particular solution of the SPDE (1) is

Yoart. (2, ®(z,€),¢) = f-1(z) w<<ﬁ2($))+

9 9

=)
Ly fr(w)¢<¢2(x)) @) Wi) e
r—0

3

Theorem 6.1. Let the following assumptions be satisfied:

1. Condition (2) is satisfied.

2. Roots of characteristic Eq. (6) satisfy conditions (7). Then for sufficiently small values of
parameter € > 0:

(a) by introducing an additional vector variable t = {t1,t2} in corresponding with the
Jorm (9), by the above-described SPDE algorithm (1), it can be put in corresponding with the
extended equation (11);

(b) in SNS (13) there exist three linear independent solutions fi(x, t,e), i = 1,3, of uniform
extended equation (11), presented as asymptotic series (41) and (42).

(c) restrictions of these series at t = ®(x,e) are asymptotic series for linearly independent
solutions of the SPDE (1);

(d) for linearly independent solutions Y;(x, ®(x,¢),¢), there exist the estimations (44);

(e) for any compact subset of I that does not contain turning point x = 0, there exists the
limit relation

lim Ypars. (2, (2, €) E):LEW (x)
e P R T @)ak(@)
where wy(x) is the solution of simplified equation (8).

References
1. R. E. Langer, On the asymptotic forms of the solutions of ordinary linear differential equations of the third
order in a region containing a turning point, Trans. Amer. Math. Soc., 1955, Ne 80, 93 —123.

2. V. N. Bobochko, V. A. Bolilyj, Pseudodifferential turning point in theory of singular perturbations, Nelin.
Kolyvannya, 2, Ne 2, 170—176 (1999).

3. V. O. Bolilyj, Internal turning point in third order differential equation, Mat. Metody Fiz.-Mekh. Polya, 43,
Ne 3, 44 —-50 (2000).

4. V. O. Bolilyi, I. O. Zelenska, System of singularly perturbed differential equations with differential internal
turning point of the first kind, Bull. Taras Shevchenko Nat. Univ. Kyiv. Ser.: Phys. Math., 1, Ne 1, 41 -48 (2014).

5. W.Wasow, Linear turning point theory, Appl. Math. Sci., Springer-Verlag, New York (1985); DOI: 10.1007/978-
1-4612-1090-0.

6. S. A.Lomov, Introduction to the general theory of singular perturbations, Amer. Math. Soc., Providence (1992).

7. bobouko B. M., Ilepectiok M. O., Acumnmomuune inmeepysants pieHsanus Jliysins 3 moukamu 3eopomy, Hayk.
mymka, Kuis (2002).

8. A. M. Samoilenko, P. F. Samusenko, Asymptotic integration of singularly perturbed differential algebraic
equations with turning points. Part II., Ukr. Math. J., 73,988 — 1007 (2021); DOI: 10.1007/s11253-021-01972-5.

9. A. M. Samoilenko, I. G. Kliuchnyk, On asymptotic integration of a linear system of differential equations with
a small parameter at some of the derivatives, Nonlinear Oscill., 12, Ne 2, 208 —234 (2009).

10. P. F. Samusenko, M. B. Vira, Asymptotic solutions of boundary-value problem for singularly perturbed system
of differential-algebraic equations, Carpathian Math.Publ., 14, 49 - 60 (2022). DOI: 10.15330/cmp.14.1.49-60.

Received 17.08.22,
after revision — 09.10.22

ISSN 1562-3076. Heniniiini koausanus, 2022, m. 25, Ne 4



