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Based on the Schweiger’s smooth fibered approach and the related Bernoulli shift transformation scheme
the ergodicity of the two-dimensional Boole type transformations is proved. Newmulti-dimensional Boole
type transformations, invariant with respect to the Lebesgue measure, and their ergodicity properties are
also discussed.

Доведено ергодичнiсть двовимiрних перетворень булевого типу на основi гладких розшарувань
Швайгера та застосування асоцiйованих зсувiв Бернуллi. Розглянуто також властивiсть ергодичностi
багатовимiрних перетворень булевого типу, iнварiантних щодо мiри Лебега.

1. Introduction. With its origins, going back several centuries, discrete analysis became now an
increasingly central methodology for many mathematical problems related to discrete dynamical
systems and algorithms, widely applied inmodern science. Our theme, being relatedwith studying
topological and measure theoretical ergodicity aspects of the Boole type discrete dynamical
systems [1 – 12], is of great interest in many branches of modern science and technology [11 –
25], especially in statistical mechanics, discrete mathematics, numerical analysis, chaos theory,
statistics and probability theory as well as in electrical and electronic engineering. From this
viewpoint this topic belongs to a much more general realm of mathematics, namely, to calculus,
differential equations and differential geometry, because of the remarkable analogy of the subject
especially to these branches of mathematics. Nonetheless, although the topic is discrete, our
approach to treating topological and measure theoretical ergodicity and the related arithmetic
properties of the generalized Boole type discrete dynamical systemswill be completely analytical,
resulting in the ergodicity proof of the two-dimensional Boole type transformation.
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2. Ergodicity and Bernoulli type transformations. There is considered a class of mappings
called [5, 12, 23, 26, 27] smooth fibered multidimensional mappings ϕ : X → X, if the following
conditions are satisfied:

(a) there is an invariant Lebesgue equivalent probability measure µ : B → R+, for which
there exist positive constants c1, c2 ∈ R+, such that c1λ(E) ≤ µ(E) ≤ c2λ(E) for every Borel
set E ⊂ X;

(b) there is a family of finite or countable infinite digit sets Dj , j = 1, N ;

(c) there is a mapping k : X → D, where D := D1 × D2 × . . . × DN , such that the sets
Xi := k−1{i} = {x ∈ X : k(x) = i}, i ∈ D, are measurable and form a partition of the space X,
that is sets ti∈DXi = X;

(d) the restrictions ϕ|Xi : Xi → X, i ∈ D, are injective and smooth maps.
It is easily observed that themapping ϕ : X → X is equivalent to the Bernoulli shifts mapping

Tϕ : D∞ → D∞, where

Tϕ : (k1, k2, k3, . . . , kn, . . .)→ (k2, k3, . . . , kn, . . .) (2.1)

with respect to the isomorphism ψ : X 3 x→ (k2, k3, . . . , kn, . . .) ∈ D∞,

X(k1, k2, k3, . . . , kn;x)⇐⇒ (k1, k2, k3, . . . , kn, . . .), (2.2)

determined for the rank-n cylinder sets Xn(k1, k2, k3, . . . , kn) ⊂ X, n ∈ N :

Xn(k1, k2, k3, . . . , kn) := ∩j=1,nXkj . (2.3)

The sequence (k1, k2, k3, . . . , kn) ∈ Dn is called admissible if there exists a point x ∈ X, such
that Xn(k1, k2, k3, . . . , kn;x) ⊂ ∩j=1,nXkj , n ∈ N.

In many concrete cases the ergodicity of a mapping ϕ : X → X can be stated more effectively
using standard measure theoretical calculations. In particular, based on the construction above
one can present a slightly alternative to [12, 28, 29] approach to proving ergodicity, making use
of the following two classical measure theory [30, 31] lemmas.

Lemma 2.1 (Hahn –Caratheodory –Kolmogorov extension theorem). Let A be an algebra
of subsets of X and B(A) denote the σ-algebra generated by A. Suppose that a mapping µ :
A → [0, 1] satisfies the conditions:

(a) µ(∅) = 0;

(b) if An ∈ A, n ∈ N, are pair wise disjoint and if tn∈NAn ∈ A, then µ
(
tn∈N An

)
=

=
∑

n∈N
µ(An).

Then there is a unique probability measure µ : B(A) → [0, 1], which is an extension of the the
mapping µ : A → [0, 1].

Lemma 2.2. Let (X,B, µ) be a probability space and suppose that A ⊂ B is an algebra that
generates B, that is B = B(A). Suppose that there exists C > 0, such that for a fixed B ∈ B
there holds the inequality

µ(B)µ(I) ≤ Cµ(B ∩ I) (2.4)

for all I ∈ A. Then themeasure µ(B)µ(Bc) = 0, where Bc := X\B ∈ B denotes the complement
of the set B ∈ B.
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Owing to the special properties of smooth fibered multidimensional mappings ϕ : X → X
being equivalent to theBernoulli shifts [27, 28, 32]mapping (2.1), one can formulate the following
important theorem.

Theorem 2.1. Let the cylinder sets of a smooth fibered multidimensional mapping ϕX → X
satisfy the conditions of Lemma 2.2 with respect to the a Lebesgue measure λ on X, absolute
continuous to the invariant measure µ on X. Then the mapping ϕ : X → X is ergodic with
respect to its invariant probability measure µ on X.

Example 2.1. A simplest example is given by the doubling mapping

ϕ : [0, 1) 3 x→ {2x} ∈ [0, 1), (2.5)

where k : [0, 1) 3 x→ b2xc ∈ {0, 1} := D.

It is ergodic [28, 29] with respect to the finite Lebesgue measure dλ(x) = dx, x ∈ [0, 1), and
allows the generating partition ξ = {X0 = [0, 1/2), X1 = [1/2, 1)}, X0 tX1 = [0, 1) = X.

Concerning the ergodicity of the doublingmapping (2.5), it can be easily stated if we represent
any number x ∈ [0, 1) as a binary expansion

x := (·x0x1x2 . . . xn . . .) =
∑
j∈Z+

xj2
−(j+1), (2.6)

where x ∈ {0, 1} = D. Denote for convenience the set of all such expansions by Y =
= {(·x0x1x2 . . . xn . . .) : xj ∈ {0, 1}} ' {0, 1}Z+ . It is easy to observe that the mapping (2.5) is
equivalent to the left Bernoulli type shift

Tϕ(·x0x1x2 . . . xn . . .) = (·x1x2 . . . xn . . .) (2.7)

for any element (·x0x1x2 . . . xn . . .) ∈ Y. Now one can introduce so called dyadic intervals or
cylinder sets to be the sets

I(k0, k1, . . . , kn−1) =
{
x ∈ [0, 1) : xj = kj , j = 1, n− 1

}
, (2.8)

where, for instance, I(0) = [0, 1/2), I(1) = [1/2, 1), I(0, 0) = [0, 1/4), I(0, 1) = [1.4, 1/2) etc.
If A denotes the algebra of finite union of such cylinders, it is seen that it generates the usual
Borel σ-algebra B of the integral [0, 1). Moreover, if one takes two separate points x 6= y ∈ [0, 1),
their expansions are different at some place n ∈ Z+ of their 2-expansions, thus meaning that
these numbers belong to different disjoint cylinders. Define now the following inverse to (2.5)
mappings σ0 : [0, 1)→ [0, 1/2), and σ1 : [0, 1)→ [1/2, 1), where

σ0(x) =
{
x/2, if x ∈ [0, 1/2),

σ1(x) =
{

(1 + x)/2, if x ∈ [1/2, 1),

(2.9)

where ϕ ◦ σj(x) = x, j = 0, 1, for any x ∈ [0, 1) and whose actions on elements of the set Y are
the corresponding right shifts:

σ0(. . . x0x1x2 . . . xn . . .) = (. . . 0x0x1x2 . . . xn . . .),

σ1(. . . x0x1x2 . . . xn . . .) = (. . . 1x0x1x2 . . . xn . . .).
(2.10)
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Based on the definition of cylinder sets (2.8) and actions (2.10), one can observe that

In := I(k0, k1, . . . , kn) = σk0 ◦ σk1 ◦ σk2 ◦ . . . ◦ σkn([0, 1)), (2.11а)

whose Lebesgue measure is easily calculated, being

λ(In) = 2−(n+1)
∑
j∈Z+

2−j = 2−n (2.12)

for any n ∈ N.
We are now in a position to apply Lemmas 2.1 and 2.2. Let a measurable set B ⊂ [0, 1) is

invariant: B = ϕ−1B = ϕ−nB, n ∈ N, and calculate the Lebesgue measure

λ(B ∩ In) =

∫
[0,1)

χB∩In(x) dx =

∫
[0,1)

χB(z)χIn(x) dx =

∫
In

χB(x)dx =

=

∫
[0,1)

χB(σk0 ◦ σk1 ◦ σk2 ◦ . . . ◦ σkn(x))d(σk0 ◦ σk1 ◦ σk2 ◦ . . . ◦ σkn(x)) =

=

∫
[0,1)

χϕ̃−nB(σk0 ◦ σk1 ◦ σk2 ◦ . . . ◦ σkn(x))d(σk0 ◦ σk1 ◦ σk2 ◦ . . . ◦ σkn(x)) =

=

∫
[0,1)

χB(ϕ̃n ◦ σk0 ◦ σk1 ◦ σk2 ◦ . . . ◦ σkn(x))d(σk0 ◦ σk1 ◦ σk2 ◦ . . . ◦ σkn(x)) =

=

∫
[0,1)

χB(x)d(σk0 ◦ σk1 ◦ σk2 ◦ . . . ◦ σkn(x)) =

=

∫
[0,1)

χB(x)σ′k0σ
′
k1σ
′
k2 . . . σ

′
kn(x)dx = 2−nλ(B) = λ(In)λ(B), (2.13)

that is λ(In)λ(B) = λ(B ∩ In) ≤ Cλ(B ∩ In), where C = 1. Thus, either the Lebesgue measure
λ(B) = 1 or λ(B) = 0, meaning the ergodicity of the doubling mapping (2.5).

Example 2.2. A very interesting example is given by the classical continued fraction expan-
sion via the Gauss ergodic mapping

ϕ : [0, 1) 3 x→ {1/x} ∈ [0, 1). (2.14)

whose fibering is defined by the mapping k : [0, 1) 3 x→ b1/xc ∈ N := D, generating partition
is given by sets Xi = (1/(i+ 1), 1/i], i ∈ N, X = ti∈NXi.

The invariant measure is the well known Gauss measure dµ(x) = dλ(x)/[(1 + x) ln 2], where
dλ(x) := dx, x ∈ [0, 1). The ergodicity of the mapping (2.14) can be easily stated, reducing
it [29] via the continuum fraction expansion to a Bernoulli shifting and applying Lemmas 2.1
and 2.2.

Namely, take a number x ∈ [0, 1) and denote by [x0, x1, . . . , xn, . . .] its continuous fraction
expansion:

x =
1

x0+

1

x2 + . . .

1

xn + . . .
, (2.15)
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where xi ∈ Z+ for all indices i ∈ Z+. Observe here that the induced continuous fraction mapping
acts by left shifting as Tϕ[x0, x1, . . . , xn, . . .] = [x1, . . . , xn, . . .] for any expansion (2.15). This
expansion [x0, x1, . . . , xn, . . .] can be reduced to n-th order having defined for every t ∈ [0, 1)
the rational t-fraction

[x0, x1, . . . , xn−1 + t] :=
Pn(x0, x1, . . . , xn−1; t)

Qn(x0, x1, . . . , xn−1; t)
, (2.16)

where, by definition,
Pn(x0, x1, . . . , xn−1; t)

and
Qn(x0, x1, . . . , xn−1; t)

are coprime polynomials in the variables x0, x1, . . . , xn−1 ∈ Z+ and t ∈ [0, 1) for all n ∈ N. If
to define the n-th order polynomials Pn = Pn(x0, x1, . . . , xn−1) := Pn(x0, x1, . . . , xn−1; 0) and
Qn = Qn(x0, x1, . . . , xn−1) := Qn(x0, x1, . . . , xn−1; 0), one can easily observe that the following
iterative expressions hold:

Pn(x0, x1, . . . , xn−1; t) = Pn + tPn−1,

Qn(x0, x1, . . . , xn−1; t) = Qn + tQn−1,

Pn(x0, x1, . . . , xn−1) = Qn−1(x1, . . . , xn−1), (2.17)

Pn+1(x0, x1, . . . , xn−1, xn; t) = xnPn + Pn−1 + tPn,

Qn+1(x0, x1, . . . , xn−1, xn; t) = xnQn +Qn−1 + tQn,

for any t ∈ [0, 1) and arbitrary n ∈ N. From (2.17), putting a parameter t = 0, one also derives
the following important iterative relationships for all n ∈ N :

Pn+1 = xnPn + Pn−1, Qn+1 = xnQn +Qn−1 (2.18)

with initial conditions P0 = 0, P1 = 1 and Q0 = 1, Q1 = x0 ∈ Z+. In particular, the following
invariant condition Qn Pn−1 − PnQn−1 = (−1)n and inequality Qn−1 ≤ Qneasily follow from
(2.18) for all n ∈ N. Let now indices k0, k1, . . . , kn−1 ∈ N for every n ∈ N and define the
cylindrical intervals In ⊂ [0, 1) as the corresponding collection of rational t-fractions

In = In(k0, k1, . . . , kn−1) :=
{

[k0, k1, . . . , kn−1 + t] : t ∈ [0, 1)
}
. (2.19)

If to define, in addition, the inverse mappings [0, 1) 3 x → k

k + x
∈ I1(k) ⊂ [0, 1), k ∈ N, one

easily ensues that the composition

σk0 ◦ σk1 ◦ . . . ◦ σkn−1 : [0, 1)→ In(k0, k1, . . . , kn−1) ⊂ [0, 1) (2.20)

for every n ∈ N. Moreover, there holds the condition ϕn ◦σk0 ◦σk1 ◦ . . . ◦σkn−1(x) = x for every
x ∈ [0, 1) and n ∈ N. Take now any t ∈ [0, 1), mention that

σk0 ◦ σk1 ◦ . . . ◦ σkn−1(t) = [k0, k1, . . . , kn−1 + t] =
Pn + tPn−1
Qn + tQn−1

, (2.21)
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and estimate the Lebesgue measure of the interval (2.19):

λ(In) :=

∫
[0,1)

χIn(t)dt =

∫
In

dt =

∫
[0,1)

∣∣∣Jσk0◦σk1◦...◦σkn−1
(t)
∣∣∣dt =

=

∫
[0,1)

∣∣∣∣ ddt
(
Pn + tPn−1
Qn + tQn−1

)∣∣∣∣dt =

∫
[0,1)

dt

|Qn + tQn−1|2
∈
[

1

4Q2
n

,
1

Q2
n

]
, (2.22)

where we took into account that 0 < Qn−1 ≤ Qn for all n ∈ N.
Nowwe are in a position to estimate the Lebesguemeasure λ(B∩In) for the intersection B∩In

of an invariant set B = ϕ−1B = ϕ−nB ⊂ [0, 1) and arbitrary cylindrical interval In ⊂ [0, 1),
n ∈ N :

λ(B ∩ In) =

∫
In

χB(x)dx =

=

∫
[0,1)

χB
(
σk0 ◦ σk1 ◦ . . . ◦ σkn−1(x)

)
dx =

=

∫
[0,1)

χϕ−nB

(
σk0 ◦ σk1 ◦ . . . ◦ σkn−1(x)

)∣∣∣Jσk0◦σk1◦...◦σkn−1
(x)
∣∣∣dx =

=

∫
[0,1)

χB
(
ϕn ◦ σk0 ◦ σk1 ◦ . . . ◦ σkn−1x

)∣∣∣Jσk0◦σk1◦...◦σkn−1
(x)
∣∣∣dx =

=

∫
[0,1)

χB(x)
∣∣∣Jσk0◦σk1◦...◦σkn−1

(x)
∣∣∣dx =

∫
[0,1)

χB(x)
dt

|Qn + xQn−1|2
≥

≥ 1

4Q2
n

λ(B) ≥ 1

4
λ(In)λ(B), (2.23)

which fits completely the conditions of Lemma 2.2 with constant C = 4. Thus, as a consequence
from the estimation (2.23) one deduces that either the measure λ(B) = 1 or λ(B) = 0, stating
the ergodicity both of the Lebesgue measure dλ(x), x ∈ [0, 1), and the invariant Gauss measure
dµ(x) =

dx

(1 + x) ln 2
, x ∈ [0, 1), on the unit interval [0, 1).

3. One-dimensional Boole type mappings and invariant ergodic measures. The classical
one dimensional Boole [4] mapping is defined as

ϕ : R\{0} 3 x→ x− 1/x ∈ R. (3.1)

As it was shown by Adler and Weiss in [33], the Boole mapping (3.1) is ergodic with respect to
the invariant σ -finite Lebesgue measure dλ(x) := dx, x ∈ R := X. Their proof of the ergodicity
was strongly based on the measure theoretic reducing the mapping (3.1) to the corresponding
induced [28, 29, 32] transformation ϕA : [−1, 1] ∈ [−1, 1] ⊂ R and proving its ergodicity. The
ϕ-invariance of the Lebesgue measure dλ(x) := dx, x ∈ R, is easily checked making use of the
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Perron – Frobenius condition: for preimages u± := u±(x) ∈ R, x ∈ R, where ϕ(u±(x)) = x,
u+ + u− = x, u−u+ = −1, one verifies straightforwardly that the preimage measure∑

±
du±(x) =

∑
±

∣∣∣∣du±dx
∣∣∣∣dx =

∑
±

dx

|Jϕ(u±)|
=
∑
±

dx

(1 + u−2± )
=

=
∑
±

u2±dx

(1 + u2±)
=

(u2+ + 2 + u2−)dx

1 + (u+u−)2 + u2+ + u2−
=

(
u2+ + 2 + u2−

)
dx

2 + u2+ + u2−
= dx (3.2)

coinciding exactly with the Lebesgue measure on the axis R.
Below we present a modified proof of the ergodicity of the Boole transformation (3.1).

Namely, the discussed above approach, when applied to the Boole transformation (3.1) appeared
to be successful and allowed to obtain a new proof of the Adler –Weiss [33] result about the
ergodicity of this Boole transformation.

Theorem 3.1. The one-dimensional Boole transformation (3.1) is ergodic with respect to
the invariant Lebesgue measure λ on R.

Proof. As it was mentioned above, it can be reduced to Theorem 2.1, taking into account
its mentioned above relation (3.4) to the doubling mapping Tϕ : [0, 1) 3 s → {2s} ∈ [0, 1). As
it was also shown in [12, 23, 34], the Boole transformation (3.1) can be related to the doubling
mapping Tϕ : [0, 1) 3 s→ {2s} ∈ [0, 1) via the commutative diagram

[0, 1)
cot(π◦)→ R ϕ→ R

↓↑ Id ↓ π−1 cot−1

[0, 1)
Tϕ→ [0, 1)

α−1(π◦)→ [0, 1)

, (3.3)

where α−1 : [0, 1) → [0, 1) is a diffeomorphism, defined by means of the expression α(s) =
= π−1 arccot(πs/2), s ∈ [0, 1), related with the mapping (3.1) as

ϕ = cotπ ◦ α−1 ◦ Tϕ
(
π−1 ◦ cot−1

)
. (3.4)

Let now ϕ̃ : [0, 1) → [0, 1), ϕ̃ := α−1 ◦ Tϕ, be the equivalent to (3.4) mapping, where ϕ̃(s) =
= π−1 cot−1(ϕ(cot(πs))) for any s ∈ [0, 1). As every number a ∈ [0, 1) has the binary expansion

a := (·k0k1k2 . . . kn . . .) =
∑
j∈Z+

kj2
−(j+1), (3.5)

one can define the so called proper [12, 34] cylindrical sets In := In(k0, k1,, . . . , kn) ⊂ [0, 1),
n ∈ Z+, as

In =
{

(σkn−1 ◦ α) ◦ (σkn−1 ◦ α) ◦ . . . ◦ (σk0 ◦ α)(t) : t ∈ [0, 1)
}
, (3.6)

where σ0(s) = s/2, if s ∈ [0, 1/2), and σ1(s) = (1 + s)/2, if s ∈ [1/2, 1). Remark also that
ϕ̃ ◦
(
σkj ◦ α

)
(s) = s for every s ∈ [0, 1), kj ∈ {0, 1}, j = 0, n− 1. The Lebesgue measure of the

interval (3.6) can be easily estimated as follows. We have, by definition,

λ(In) =

∫
In

dx =

∫
R

χIn(x)dx

∣∣∣∣∣∣
x=cot(πt)

=

∫
[0,1)

∣∣∣J(σkn◦α)◦(σkn−1
◦α)◦...◦(σk0◦α))(t)

∣∣∣dt =

=

∫
[0,1)

(
σ′kn−1

α′(tn−1)
)(
σ′kn−1

α′(tn−1)
)
. . .
(
σ′k0α′(t)

)
dt, (3.7)
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where the derivatives σ′kj = 1/2, α′(tj) = 2/
[
1 + 3 sin2(πtj)

]
, tj := σkj ◦ α ◦ . . . ◦ σk0 ◦ α(t),

j = 0, n− 1, t ∈ [0, 1). Taking into account that

λ(σ0 ◦ α)([0, 1)]) =
1

2
= λ(σ1 ◦ α([0, 1]),

σkj ◦ α ◦ . . . ◦ σk0 ◦ α([0, 1)) ⊂ [1/2j+1, 1/2j)

(3.8)

for any j = 0, n− 1, owing to the classical average value theorem, applied to (3.8), one easily
obtains that

α′(t̄j)) = 2−j/
[
3 sin2(πt̄j) + 1

]
, (3.9а)

where numbers t̄j ∈
(
1/2j+1, 1/2j

)
⊂ [0, 1) for all j ∈ 0, n. Now, owing to the evident inequalities

2t ≤ sin(πt) ≤ πt for all t ∈ [0, 1/2), one derives the following two-side estimations:

2−j

exp 3(π2−j)2
≤ 2−j

3 sin2(π2−j) + 1
≤ 2−j

3 sin2(πtj) + 1
≤ 2−j

3 sin2
(
π2−(j+1)

)
+ 1
≤ 2−j

3(2−(j+1))2 + 1

(3.10)

for any j = 0, n. Thus, from expressions (3.7) and (3.10), one ensues right away the needed
Renyi type [12, 28, 29, 31, 32] estimations

exp(−3π2)

2n(n+1)/2
≤

exp
[
π2(−4 + 4−n)

]
2n(n+1)/2

=
n∏
j=0

2−j

exp[3(π2−j)]2
≤ λ(In) ≤

≤
n∏
j=0

2−j

3(2−(j+1))2 + 1
≤ 2−n(n+1)/2∑n

j=0
3(2−(j+1))2 + 1

=
2−n(n+1)/2

2− 4−(n+1)
≤ 4/7

2n(n+1)/2

(3.11)

for all n ∈ Z+. In particular, from (3.11) one ensues that limn→∞ λ(In) = 0, meaning that the
family of such cylindrical sets generates [23, 30, 34] the Borel σ-algebra B on the interval [0, 1).
Thus, we arrived at a position allowing to apply Lemmas 2.1 and 2.2. So, let a measurable set
B ⊂ [0, 1) is invariant: B = ϕ−1B = ϕ−nB, n ∈ N, and calculate the following Lebesgue
measure:

λ(B ∩ In) =

∫
[0,1)

χB∩In(t)dt =

∫
[0,1)

χB(t)χIn(t)dt =

∫
In

χB(t)dt =

=

∫
[0,1)

χB
(
(σkn ◦ α) ◦ (σkn−1 ◦ α) ◦ . . . ◦ (σk0 ◦ α)(t)

)
×

× d((σkn ◦ α) ◦ (σkn−1 ◦ α) ◦ . . . ◦ (σk0 ◦ α)(x)) =

=

∫
[0,1)

χϕ−nB((σkn ◦ α) ◦ (σkn−1 ◦ α) ◦ . . . ◦ (σk0 ◦ α)(x))×

× d((σkn ◦ α) ◦ (σkn−1 ◦ α) ◦ . . . ◦ (σk0 ◦ α)(x)) =
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=

∫
[0,1)

χB
(
ϕ̃n ◦ (σkn ◦ α) ◦ (σkn−1 ◦ α) ◦ . . . ◦ (σk0 ◦ α)(t)

)
×

× d((σkn ◦ α) ◦ (σkn−1 ◦ α) ◦ . . . ◦ (σk0 ◦ α)(t)). (3.12)

Since the composition ϕ ◦ (σkj ◦ α) = Id for any j = 0, n, from (3.12) one ensues that

λ(B ∩ In) =

∫
[0,1)

χB(x)d
(
(σkn ◦ α) ◦ (σkn−1 ◦ α) ◦ . . . ◦ (σk0 ◦ α)(x)

)
=

=

∫
[0,1)

χB(x)σ′knα
′σ′kn−1

α′σ′kn−2
α′ . . . σ′k0α

′(x)dx ≥

≥ exp(−3π2)

2n(n+1)/2λ(In)
λ(In)λ(B) ≥ 7

4 exp(3π2)
λ(In)λ(B),

that is the Lebesgue measure λ(In)λ(B) ≤ Cλ(B ∩ In) for all n ∈ Z+, where the constant
C = 4 exp

(
3π2
)
/7. Thus, owing to Lemma 2.2, either the Lebesgue measure λ(B) = 1 or

λ(B) = 0, meaning simultaneously the ergodicity of the Boole mapping (3.1) with respect to the
same invariant Lebesgue measure λ on R, proving the next theorem.

It is worth to mention here the well known [1, 11, 28, 32, 35, 36] doubling mapping (2.5) is
isomorphic to the following one-dimensional Boole type transformation:

ϕ : R 3 x→ (x− 1/x)/2 ∈ R, (3.13)

which is invariant with respect to the probability measure dµ(x) = dx/[π(1 + x2)], x ∈ R. The
Boole mapping (3.1) was generalized as

R\{bj : j = 1, N} 3 x→ ϕ(x) := cx+ a−
N∑
j=1

βj
x− bj

∈ R, (3.14)

where a and bj ∈ R, j = 1, N, are some real values, α, βj ∈ R+, j = 1, N, and was analyzed in
[1, 2, 9, 37, 38]. In the case c = 1, a = 0, a similar ergodicity result was proved in [2, 39 – 41]
making use of a specially devised inner function method. The related spectral aspects of the map-
ping (3.14) were in part studied also in [1, 2]. In spite of these results the case α 6= 1 still persists
to be challenging as the only relating result [1, 2] concerns the following special case of (3.14):

R 3 x→ ϕ(x) := cx+ a− β

x− b
∈ R (3.15)

for 0 < c < 1, and arbitrary a, b ∈ R and β ∈ R+. The related to mappings (3.15) invariant
measures and ergodicity were analyzed in [9, 35 – 37], owing to their equivalence

[0, 1) 3 s : → Tϕ(s) = 2smod 1 ∈ [0, 1), (3.16)

following from the commutative diagram

[0, 1)
Tϕ→ [0, 1)

f ↓ ↓ f
R ϕ→ R

, (3.17)
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for which the condition f ◦ Tϕ = ϕ ◦ f, where f(s) := (2β)1/2 cotπs+ 2a, s ∈ [0, 1), holds. It is
also important tomention here that in the framework of the theory of inner functions in [1, 39 – 41]
there was stated that there exists an invariant measure dµ(x), x ∈ R, on the axis R, such that the
generalized Boole type transformation (3.14) for any N > 1, c = 1, and a = 0 is ergodic.

If α = 1 and a 6= 0, the transformation (3.14) appears to be not ergodic, being totally
dissipative, that is the wandering set D(ϕ) := ∪W(ϕ) = R, where W(ϕ) ⊂ R are such subsets
that all sets ϕ−n(W), n ∈ Z+, are disjoint. A similar to this statement can be also formulated [1]
for the generalized Boole type transformation

R 3 x→ ϕ(x) := αx+ a+

∫
R

dν(s)

s− x
∈ R, (3.18)

where a ∈ R, c ∈ R+, a measure dν(s), s ∈ R, on R (not necessary absolutely continuous with
respect to the Lebesgue measure) has the compact support supp ν ⊂ R and satisfies the following
natural conditions: ∫

R

dν(s)

1 + s2
= a,

∫
R

dν(s) <∞, (3.19)

ensuring the boundedness of its topological characteristics.
4. Two-dimensional Boole type transformations and their ergodicity. Multi-dimensional

endomorphism of measurable spaces are of great interest [12, 32] in mathematics from many
points of view including number-theoretical aspects, numerical theory, dynamical systems theory
and diverse physical applications. It is worth to mention here the works [12, 42, 43], where author
reviewed a lot of very interesting measure preserving and ergodic multi-dimensional mappings.
Recently enough in works [9, 35, 37, 38] there was also proposed a set of new multi-dimensional
Boole type transformations ϕσ : Rn → Rn, where

ϕσ(x1, x2, . . . , xn) := (x1 − 1/xσ(1), x2 ± 1/xσ(2), . . . , xn ± 1/xσ(n)) (4.1)

for any n ∈ N and arbitrary permutations σ ∈ Sn (the signs “±” are chosen from the
nondegeneracy condition Jϕ(x) 6= 0, x ∈ Rn\{0}).

For the case n = 2, (x, y) ∈ R2\{0, 0}, one obtains the following nontrivial two-dimensional
Boole type mapping:

ϕ(x, y) := (x− 1/y, y + 1/x), (4.2)

and for the case n = 3, (x, y, z) ∈ R3\{0, 0, 0}, one obtains the following nontrivial three-
dimensional Boole type mapping:

ϕ+(x, y, z) := (x− 1/y, y + 1/z, z + 1/x),

ϕ−(x, y, z) := (x− 1/y, y − 1/z, z − 1/x).
(4.3)

We have observed that the infinitesimal Lebesgue measure dλ(x, y) := dxdy, (x, y) ∈ R2, on
the plane R2 is invariant subject to themapping (4.2), that can be easily checkedmaking use of the
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Perron – Frobenius condition: for the corresponding preimages (u±, v±) := (u±(x, y), v±(x, y)) ∈
∈ R2, where u+u− = xy−1, v+v− = −yx−1, u+ + u− = 2y−1 + x, v+ + v− = y − 2x−1,
ϕ(u±, v±) = (x, y) ∈ R2, one verifies that the measure∑

±
du±dv±(x, y) =

∑
±

∣∣J(u±,v±)(x, y)
∣∣ dxdy =

=
∑
±

dxdy

|Jϕ(u±, v±)|
=
∑
±

dxdy

(1 + (u±v±)−2)
=

=
∑
±

(u±v±)2dx

(1 + (u±v±)2)
=

[
2(u+v+u−v−)2 + (u−v−)2 + (u+v+)2

]
dxdy

[1 + (u−v−)2 + (u+v+)2 + (u+v+u−v−)2]
=

=

[
(u−v−)2 + (u+v+)2 + 2

]
dxdy

[2 + (u−v−)2 + (u+v+)2]
= dxdy, (4.4)

coinciding exactly with the Lebesgue measure dλ(x, y) := dxdy, (x, y) ∈ R2.
Concerning the ergodicity of the Lebesgue measure preserving mapping (4.2), the approach

based on Theorem 2.1 subject to smooth fiberedmultidimensional mappings failed to be effective.
Taking into account that the ergodicity result of [33] subject to the one-dimensional Boole
mapping (3.1) was strongly based on the induced Kakutani transformation technique, one can
expect that it can be also employed for the two-dimensional Boole mapping case (4.1).

Proceed now to a notion of the induced transformation [28, 29, 32] for a measure preserving
mapping ϕ : X → X, which was effectively used by Adler and Weiss [33], when proving the
ergodicity of the one-dimensional Boole transformation (3.1), being, in part, closely related to the
classical Poincaré recurrence theorem [15, 28]. Namely, let (X;B, µ, ϕ) be a measure preserving
discrete system and let A ⊂ X be a measurable set with µ(A) > 0, for which there holds such a
covering condition:

∪n∈Nϕ−nA = X (4.5)

modulo a zero measure set.
Remark 4.1. It is worth to mention here [15, 28, 29, 32] that if a measure preserving system

(X;B, µ, ϕ), µ(X) = 1, satisfies for arbitrarily chosen measurable A ⊂ X, µ(A) > 0, the cover-
ing condition (4.5), then the mapping ϕ : X → X is ergodic. Really, if the measure preserving
mapping ϕ : X → X is ergodic, then for an arbitrary measurable set B ⊂ X, satisfying the
condition µ(B∆T−1B) = 0, there holds either µ(B) = 1, or µ(B) = 0. Now let A ⊂ X be
a measurable set with µ(A) > 0 and construct the set B := ∪n∈Nϕ−nA. Since ϕ−1B ⊂ B,
one obtains that µ

(
ϕ−1B

)
= µ(B), giving rise to the equality µ

(
B∆T−1B

)
= 0, that is either

µ(B) = 1, or µ(B) = 0. Moreover, as ϕ−1A ⊂ B one ensues µ(B) ≥ µ(A) or µ(B) = 1. The
latter, evidently, means that B = ∪n∈Nϕ−nA = X modulo a zero measure set.

Now, owing to the condition (4.5), the first return time τA ∈ N can be defined by the condition

τA(x) := inf
n∈N
{n : ϕn(x) ∈ A, x ∈ A}, (4.6)

exists almost everywhere and is finite.
Definition 4.1. Let a measure preserving system (X;B, µ, ϕ) satisfies the condition (4.5).

Then a mapping ϕA : A→ A defined as

ϕA(x) := ϕτA(x)(x) (4.7)
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for almost all x ∈ A is called the transformation induced by the measure preserving mapping ϕ :
X → X on the set A ⊂ X.

The constructed above induced mapping is characterized by the following [28, 29, 32]
important theorems.

Theorem 4.1 (M. Kac’s theorem). Let a mapping ϕ : X → X is ergodic and a measurable
set A ⊂ X is chosen such 0 < µ(A) < ∞. Then the average returning time is proportional to
the measure µ(A), that is ∫

A

τA(x)dµ(x) = µ(A). (4.8)

Theorem 4.2. The induced transformation (4.7) is a measure preserving mapping on the
space (A,B|A, µA = µ(A)−1µ|A, ϕA), where B|A := {B ∩ A : B ∈ B}, 0 < µ(A) < ∞.
Moreover, if the mapping ϕ : X → X is ergodic, with respect to the measure µ, the induced
transformation ϕA : A → A is ergodic with respect to the measure µA := µ/µ(A) induced on
the set A.

As it was alreadymentioned before, namely this theoremwas used in the work [33] for proving
the ergodicity of the Boole mapping (3.1). As it was demonstrated above, there exists also an
effective second essentially analytical approach to proving the ergodicity, and it would be useful
to present also two proofs, if any, of the ergodicity property of the two-dimensional Boole type
mapping (4.2).

Concerning the approach based on Theorem 4.2, its main technical ingredients are strongly
related to construction of a special generating partition of the measured space X, suggested by
Kakutani and Rokhlin [44, 45] for the corresponding induced mapping ϕA : A → A introduced
above. In particular, let a mapping ϕ : X → X be ergodic and consider for a measurable set
A ⊂ X, satisfying the condition 0 < µ(A) < ∞, its induced mapping ϕA : A → A. As the
condition (4.5) a priori [15, 28, 29, 32, 33] holds, one can construct the following disjoint
measurable first return iteration subsets:

Xn :=
{
x ∈ X : ϕn(x) ∈ A, ϕj(x) /∈ A, j = 1, n− 1

}
, (4.9)

where tn∈NXn = X, Xn ∩Xm = ∅, m 6= n ∈ N, and for which the iteration expression

Xn+1 = ϕ−1Xn ∩ ϕ−1Ac (4.10)

is satisfied. Based on the sets (4.9) one constructs for all n ∈ N the sets

An := Xn ∩A, Bn := Xn ∩Ac, (4.11)

satisfying the following important disjoint sum properties:

ϕ−1Bn = Bn+1 tAn+1, tn∈NAn = A, tn∈NBn = Ac. (4.12)

Consider now any measurable subset E ⊂ A and mention that

ϕ−1A E = tn∈N
(
ϕ−nE ∩An

)
, (4.13)

giving rise to the equality

µ
(
ϕ−1A E

)
= µ

(
tn∈N

(
ϕ−nE ∩An

))
=
∑
n∈N

µ
(
ϕ−nE ∩An

)
. (4.14)
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Based now on the representation (4.12) and the measure invariance, one can easily calculate the
equalities

µ(E) = µ
(
ϕ−1E

)
= µ

(
ϕ−1E ∩ (B1 tA1)

)
=

= µ
(
ϕ−1E ∩B1

)
+ µ

(
ϕ−1E ∩A1

)
,

µ(Bn) = µ
(
ϕ−1Bn

)
= µ(Bn+1 tAn+2) = µ(Bn+1) + µ(An+2),

µ
(
ϕ−1E ∩B1

)
= µ

(
ϕ−1

(
ϕ−1E ∩B1

))
= µ

(
ϕ−2E ∩ ϕ−1B1

)
=

= µ
(
ϕ−2E ∩ (B2 tA2)

)
= µ

(
ϕ−2E ∩B2

)
+ µ

(
ϕ−2E ∩B2

)
,

. . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . .

µ
(
ϕ−nE ∩Bn

)
= µ

(
ϕ−(n+1)E ∩Bn+1

)
+ µ

(
ϕ−(n+1)E ∩An+1

)
,

(4.15)

which hold for all n ∈ N. As a simple consequence from the equalities (4.15) one derives also
such equalities

µ
(
ϕ−nE ∩Bn

)
=

∞∑
k=n+1

µ
(
ϕ−nE ∩An

)
, µ(Bn) =

∞∑
k=n+1

µ(An), (4.16)

reducing to the next two expressions;

µ
(
ϕ−nE ∩Bn

)
+
∑
k=1,n

µ
(
ϕ−nE ∩An

)
=
∑
n∈N

µ
(
ϕ−nE ∩An

)
:= ηA,

µ(A) =
∞∑
k=1

µ(An), µ(B1) =
∞∑
k=2

µ(An),

(4.17)

simply meaning the invariance of the positive quantity ηA ∈ R+ with respect to n ∈ N and the
boundedness of the measure µ(B1) ≤ µ(A), since the measure µ(A) = µ

(
tn∈N An

)
<∞ is, by

assumption, bounded. Taking into account the first equality of (4.15) one obtains right away that
ηA = µ(A) > 0, that is

µ
(
ϕ−nE ∩Bn

)
+
∑
k=1,n

µ
(
ϕ−nE ∩An

)
= µ(E). (4.18)

Recalling now the equality (4.14), we obtain from (4.18) and (4.17) that

∣∣µ(ϕ−1A E
)
− µ(E)

∣∣ = lim
n→∞

( ∞∑
k=n+1

µ
(
ϕ−kE ∩Ak

))
+ µ

(
ϕ−nE ∩Bn

)
≤

≤ 2 lim
n→∞

( ∞∑
k=n+1

µ(Ak)

)
= 0 (4.19)

owing to the convergence condition (4.10) for the measure µ(A) < ∞, thus stating that
µ
(
ϕ−1A E

)
= µ(E) for any measurable set E ⊂ A. The latter means that the suitably induced on
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the set A ⊂ X measure µA = µ/µ(A) is also invariant with respect to the induced mapping ϕA :
A→ A.

Assume now that the induced mapping ϕA : A → A is ergodic and take a set D ⊂ X,
µ(D∩A) > 0, since either µ(D∩A) > 0, or µ

(
D∩Ac

)
> 0, and which is invariant with respect

to the mapping ϕ : X → X, that is ϕ−1D = D. From the expansion (4.13) one obtains that

ϕ−1A (D ∩A) = tn∈N
(
ϕ−n(D ∩A) ∩An

)
= tn∈N

(
D ∩ ϕ−nA ∩An

)
=

= D ∩
(
tn∈N

(
ϕ−nA ∩An

))
= D ∩ ϕ−1A A = D ∩A, (4.20)

since the initial assumption ∪n∈Nϕ−nA = X assures that ϕ−1A A = A modulo a zero measure set.
As the induced mapping is assumed to be ergodic, from (4.20) and the condition µ(D ∩ A) > 0
one derives right away that D ∩ A = A. Thus, based once more on the initial assumption
∪n∈Nϕ−nA = X one simply obtains that

X = ∪n∈Nϕ−n(D ∩A) = ∪n∈N
(
ϕ−nD ∩ ϕ−nA

)
=

= ∪n∈N
(
D ∩ ϕ−nA

)
= D ∩

(
∪n∈Nϕ−nA

)
= D ∩X = D, (4.21)

meaning that the mapping ϕ : X → X is ergodic too.
Similarly one also states that the converse statement is also true. Really, if the mapping ϕ :

X → X is ergodic and a set E ⊂ A, µ(E) > 0, is ϕA -invariant, then

ϕ−1A E = tn∈N
(
ϕ−nE ∩An

)
= E. (4.22)

Taking into account the invariance condition (4.22), let us construct the set F := E ∪tn∈N
(
Bn ∩

∩ ϕ−nE
)
and calculate its ϕ-mapping inverse:

ϕ−1F = ϕ−1E ∪ tn∈N
(
ϕ−1Bn ∩ ϕ−(n+1)E

)
=

= ϕ−1E ∪ tn∈N
(

(Bn+1 tAn+1) ∩ ϕ−(n+1)E)
)

=

= ϕ−1E ∪
(
tn∈N

(
Bn+1 ∩ ϕ−(n+1)E

))⋃
⋃
ϕ−1E ∪

(
tn∈N

(
An+1 ∩ ϕ−(n+1)E

))
=

=
(
A1 ∩ ϕ−1E tB1 ∩ ϕ−1E

)
∪
(
tn∈N

(
Bn+1 ∩ ϕ−(n+1)E

))⋃
⋃(

A1 ∩ ϕ−1E tB1 ∩ ϕ−1E
)
∪
(
tn∈N

(
An+1 ∩ ϕ−(n+1)E

))
=

=
(
tn∈N

(
Bn ∩ ϕ−nE

))⋃(
tn∈N

(
An ∩ ϕ−nE

))
=

=
(
tn∈N

(
Bn ∩ ϕ−nE

))
∪ E = F, (4.23)

that is ϕ−1F = F, meaning its invariance with respect to the mapping ϕ : X → X. Then, owing
to its ergodicity, one finds that F = X modulo a zero subset of X. Having now taken into
account that, by construction, the subset tn∈N

(
Bn∩ϕ−nE

)
⊂ Ac, one ensues that the set A ⊆ E

modulo a zero subset of X. Insomuch as, by assumption, E ⊂ A, one derives finally that A = E,
meaning respectively that the induced mapping ϕA : A→ A is ergodic too.

ISSN 1562-3076. Нелiнiйнi коливання, 2023, т. 26, № 1



THE TWO-DIMENSIONAL BOOLE-TYPE TRANSFORM AND ITS ERGODICITY 127

If now one tries to apply the measure-theoretic construction devised in work [33] for proving
ergodicity of the two-dimensional Boole mapping (4.2), one soon arrives at very cumbersome
technical complications being so hard to get overcome. Thus, it would be reasonable to apply to this
ergodicity problem the analytical approach based on Theorem 2.1, if to take into account that the
two-dimensional Boole mapping (4.2) is related to the following two-dimensional transformation
Tϕ : [0, 1)2 3 (s, t) → ({2s}, {2t}) ∈ [0, 1)2 on the square Y = [0, 1)2 ⊂ R2, owing to the
following commutative diagram:

[0, 1)2
cot(π◦)→ R2 ϕ→ R2

S ↓ ↓ cot−1 π

[0, 1)2
Tϕ(◦)→ [0, 1)2

α−1

→ [0, 1)2

, (4.24)

where we have denoted by α−1 : [0, 1)2 → R2 the mapping

α−1

(
s

t

)
:=

(
α−11 (s, t)

α−12 (s, t)

)
=


π−1 cot−1

(
2 cot{π(s+ t)}

1 + sin{π(s− t)}/ sin{π(s+ t)}

)
π−1 cot−1

(
2 cot{π(s− t)}

−1 + sin{π(s+ t)}/ sin{π(s− t)}

)
 (4.25)

owing to changing the variables x = cot(πs), y = cot(πt), (s, t) ∈ [0, 1)2, (x, y) ∈ R2, subject
to the new coordinates (s, t) ∈ [0, 1)2 and the transformation S−1 : [0, 1)2 3 (s, t) → ({s +
+ t}, {s− t}) ∈ [0, 1)2. This approach was proved to be successful and allowed to obtain a proof
of the ergodicity theorem of the two-dimensional Boole transformation (4.1), announced before
in [35 – 37].

Theorem 4.3. The two-dimensional Boole transformation (4.1) is ergodic with respect to
the invariant Lebesgue measure λ on R2.

Proof. One can now construct the proper cylindrical sets In := In(k0, k1,, . . . , kn−1; l0, l1,, . . .
. . . , ln−1) ⊂ [0, 1)2, n ∈ Z+ :

In =


→∏

j=0,n−1

(
S−1 ◦ σkj ,lj ◦ α

)
: (u, v) ∈ [0, 1)2

 (4.26)

for the diffeomorphically equivalent ϕ̃-mapping ϕ̃ =
(
ϕ̃1, ϕ̃2

)ᵀ : [0, 1)2 → [0, 1)2, where, by
definition, Tϕ ◦ σkj ,lj = Id : [0, 1)2 → [0, 1)2, σkj ,lj := (σkj , σlj )

−1, kj , lj ∈ {0, 1}, j = 0, n− 1,
σ0(s) = s/2, if s ∈ [0, 1/2), σ1(s) = (1 + s)/2, if s ∈ [1/2, 1) and

(ϕ̃1, ϕ̃2)
ᵀ = cot−1(π◦)α−1 ◦ Tϕ ◦ S, (4.27)

satisfying the obvious conditions

ϕ̃1 ◦
(
S−1 ◦ π−1 cot−1 ◦πσkj ◦ α1 ◦ cot(π◦)

)
(u, v) = u,

ϕ̃2 ◦
(
S−1 ◦ π−1 cot−1 ◦πσkj ◦ α1 ◦ cot(π◦)

)
(u, v) = v

for every (u, v) ∈ [0, 1)2, kj , lj ∈ 0, 1, j ∈ 0, n− 1. Now the Lebesgue measure of the cylindrical
interval (4.26) can be now easily estimated as follows. We have, by definition, of the Lebesgue
interval measure

λ(In) =

∫
In

dudv =

∫
[0,1)2

χIn(u, v)dudv =
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=

∫
[0,1)2

∣∣∣J(S−1◦σkn−1,ln−1
◦α)◦(S−1◦σkn−2,ln−2

◦α)◦...◦(S−1◦σk0,l0◦α)(u, v)
∣∣∣dudv =

=

∫
[0,1)2

∏
j=0,n−1

|JS−1 |Jσkj,lj |Jα(uj , vj)|dudv =
1

4n

∫
[0,1)2

∏
j=0,n−1

|Jα(uj , vj)|dudv, (4.28)

where, by definition, S−1 ◦ σkj ,lj ◦ α(uj , vj) := (uj+1, vj+1) ∈ [2−(j+1), 2−j)2, ϕ̃(uj+1, vj+1) =
= (uj , vj), j = 0, n− 1, (u0, v0) := (u, v) ∈ [0, 1)2. Taking into account that(

S−1 ◦ σkj−1,lj−1
◦ α
)
◦
(
S−1 ◦ σkn−2,ln−2 ◦ α

)
◦ . . .

. . . ◦
(
S−1 ◦ σk0,l0 ◦ α

)(
[0, 1)2

)
⊂ [1/2j+1, 1/2j) (4.29)

and 2t ≤ sinπt ≤ πt, 2s ≤ sinπs ≤ πs for all s, t ∈ [0, 1/2], the subintegral Jacobian product of
(4.28) can be represented as∏

j=0,n−1

Jα(uj , vj) =

=
∏

j=0,n−1

[
cos2 π(uj + vj) + sin2 πuj cos2 πvj

][
cos2 π(uj − vj) + sin2 πvj cos2 πuj

]
(1− sin2 πuj − sin2 πvj + 2 sin2 πuj sin2 πvj)

=

=
∏

j=0,n−1

[
1− sin2 πvj + sin2 πuj sin2 πvj − 1/2 sin2 2πuj sin 2πvj

](
1− sin2 πuj − sin2 πvj + 2 sin2 πuj sin2 πvj

) ×

×
∏

j=0,n−1

[
1− sin2 πuj + sin2 πuj sin2 πvj + 1/2 sin2 2πuj sin 2πvj

]
, (4.30)

one easily obtains its estimation as(
3π2

4
+

1

42
− 1

)(
π2

4
− 3

2
+

1

42

)
exp

∑
j∈Z+

(
1− π2

4j
+

2(1− π4)
16j

) ≤
≤

∏
j=0,n−1

Jα(uj , vj) ≤
[
1− π2

2
+
(π

2

)4]−1
exp

∑
j∈Z+

(
2π2 + 6

4j+1
+

1

16j+1

). (4.31)

Thus, based on the estimations (4.30), one ensues the following inequalities for themeasure (4.28):
C1

4n
≤ λ(In) ≤ C2

4n
(4.32)

for any n ∈ Z+, where the bounded constants

C1 :=

(
3π2

4
+

1

42
− 1

)(
π2

4
− 3

2
+

1

42

)
exp

∑
j∈Z+

(
1− π2

4j
+

2(1− π4)
16j

),
C2 :=

[
1− π2

2
+
(π

2

)4]−1
exp

∑
j∈Z+

(
2π2 + 6

4j+1
+

1

16j+1

).
(4.33)
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The estimation (4.32) means that we can apply Lemmas 2.1 and 2.2. So, let a measurable
set B ⊂ [0, 1)2 is invariant: B = ϕ−1B = ϕ−nB, n ∈ N, and calculate the following Lebesgue
measure:

λ(B ∩ In) =

∫
[0,1)2

χB∩In(u, v)dudv =

=

∫
[0,1)2

χB(u, v)χIn(u, v)dudv =

∫
In

χB(u, v)dudv =

=

∫
[0,1)2

χB

((
S−1 ◦ σkn−1,ln−1 ◦ α

)
◦
(
S−1 ◦ σkn−2,ln−2 ◦ α

)
◦ . . .

. . . ◦
(
S−1 ◦ σk0,l0 ◦ α

)
(t)
)
dλ
((
S−1 ◦ σkn−1,ln−1 ◦ α

)
◦

◦
(
S−1 ◦ σkn−2,ln−2 ◦ α

)
◦ . . . ◦

(
S−1 ◦ σk0,l0 ◦ α

)
(u, v)

)
=

=

∫
[0,1)

χϕ−nB

((
S−1 ◦ σkn−1,ln−1 ◦ α

)
◦
(
S−1 ◦ σkn−2,ln−2 ◦ α

)
◦ . . .

. . . ◦
(
S−1 ◦ σk0,l0 ◦ α

))
(u, v)dλ

((
S−1 ◦ σkn−1,ln−1 ◦ α

)
◦

◦
(
S−1 ◦ σkn−2,ln−2 ◦ α

)
◦ . . . ◦

(
S−1 ◦ σk0,l0 ◦ α

))
(u, v)) =

=

∫
[0,1)

χB

(
ϕ̃n ◦

(
S−1 ◦ σkn−1,ln−1 ◦ α

)
◦
(
S−1 ◦ σkn−2,ln−2 ◦ α

)
◦ . . .

. . . ◦
(
S−1 ◦ σk0,l0 ◦ α

)
(u, v)

)
dλ
((
S−1 ◦ σkn−1,ln−1 ◦ α

)
◦

◦
(
S−1 ◦ σkn−2,ln−2 ◦ α

)
◦ . . . ◦

(
S−1 ◦ σk0,l0 ◦ α

))
(u, v)) =

=

∫
[0,1)2

χB(u, v)
∣∣∣J(S−1◦σkn−1,ln−1

◦α)◦(S−1◦σkn−2,ln−2
◦α)◦...◦(S−1◦σk0,l0◦α)(u, v)

∣∣∣dudv =

=

∫
[0,1)2

χB(u, v)
∏

j=0,n−1

|JS−1 |Jσkj,lj |Jα(uj , vj)|dudv =
1

4n

∫
B

∏
j=0,n−1

Jα(uj , vj)dudv,

(4.34)

where we made use of the property that the composition ϕ ◦
(
S−1 ◦ σkj ,lj ◦ α

)
= Id for any

j = 0, n− 1. Now from (4.32) and one ensues that

λ(B ∩ In) =
1

4n

∫
[0,1)2

χB(u, v)
∏

j=0,n−1

Jα(uj , vj) ≥
C1

4nλ(In)
λ(In)λ(B) ≥ C1C

−1
2 λ(In)λ(B)

that is the Lebesgue measure λ(In)λ(B) ≤ Cλ(B ∩ In) for all n ∈ Z+, where the constant
C := C2C

−1
1 . Thus, owing to Lemma 2.2, either the Lebesgue measure λ(B) = 1 or λ(B) = 0,
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meaning simultaneously the ergodicity of the two-dimensional Boole mapping (4.1) with respect
to the same invariant Lebesgue measure λ on R2, finishing the proof.

As it was mentioned above, the Lebesgue measure on R3 is also invariant with respect to the
three-dimensional Boole-type transformations (4.3), which are plausibly ergodic too, yet proofs
of this statement are still under search.

5. Conclusion. We demonstrated that the Schweiger’s smooth fibered approach based on
the Bernoulli type shift transformations technique is an effective tool for proving the ergodicity
of discrete measure invariant dynamical systems. In particular, we proved that one- and two-
dimensional Boole type transformations are ergodic due to the infinite Lebesgue measures.

6. Acknowledgements. The authors are sincerely appreciated to Ya. V. Mykytyuk and
R. A. Kycia for valuable discussions of the discrete Boole type transformations and their ergodic
measure properties. Our cordial thanks belong to O. Boichuk for kind suggestion to prepare a
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ukrainian mathematician A. M. Samoilenko.
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