di3nKo-XiMiUHa MexaHika matepiaaie. — 2013. — N2 1. — Physicochemical Mechanics of Materials

MODELING OF FATIGUE CRACK GROWTH IN PLATES
UNDER ARBITRARY MODE | STRESS

A. JANKOWIAK, H. JAKUBCZAK

Warsaw University of Technology, Poland

Possible simplifications in fatigue crack growth modeling of cracks in plates under arbi-
trary Mode 1 stress distribution were investigated using WF2D method based on 2-D
weight function. It is important if analytical methods are used, where some restrictions
regarding stress distribution and crack shape exist. The performed analyses revealed a
small impact of the idealized initial crack shape (aspect ratio) used to replace the actual
defect shape. They also confirmed that averaging of stress distribution over the entire
crack plane may be a reasonable simplification in analytical crack growth analysis.
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Mechanical and structural components very often contain crack-like defects or
cracks initiated due to cyclic loading in operation. In most cases cracks initiate at the
surface of components (surface cracks), usually at stress concentration areas, whereas
internal defects are modeled as embedded (sub-surface) cracks. Both types of crack-
like defects are very common for welded joints of structural components (Fig. la).
Therefore fatigue life of welded joints is very often limited by the crack growth to the
critical crack size, whereas crack initiation period is neglected.

Fig. 1. Crack in structural component under arbitrary stress distribution (@) and the simplified model (5).

Assessment of fatigue behavior of mechanical components containing crack-like
defects is needed in damage tolerant fatigue design of components and structures.
Calculations based on analytical methods are usually used for that purpose, mainly due
to quick and, in most cases, reasonable predictions.

Crack-like defects in structural components have usually irregular contour shape
and/or undergo a non-uniform stress distribution (e.g. varying along x and z axes in
Fig. 1a). Analysis of crack growth in mechanical components with such cracks needs
either numerical methods (BEM, FEM), which are time consuming and require some
experience, or analytical methods.
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Analysis of crack growth with the use of analytical methods requires usually sim-
plification regarding the crack shape, component geometry, and stress distribution. The
reason is the limited possibility of analytical models used for calculation of stress
intensity factors (SIF). An engineering practice in crack growth predictions performed
using such models is simplification regarding the stress distribution over the prospec-
tive crack surface, which may lead to very conservative life assessments [1].

The purpose of this paper is to propose reasonable simplifications in crack growth
modeling and analysis for cracks propagating in plates under mode I loading [2]. The
previous work [1] shows that averaging the stress over component cross-section con-
taining the crack provides reasonable results.

The analyses were perfor-
med using the developed me-
thod (WF2D) for crack growth
analysis of planar cracks under
arbitrary Mode I loading. The
method is based on the point-
load (2-D) weight function used
for the calculation of stress
intensity factors. The point-load
weight function was developed
by Glinka and Reinhard [3]. It
makes possible to calculate
stress intensity factors at arbitrarily selected points on the actual crack contour of
planar convex cracks under any Mode I stress distribution. The actual crack contour is
replaced by a number of rectilinear segments, and SIFs are calculated at a mid point of
each of them (Fig. 2).

The actual crack contour (dotted line) is replaced by a number of rectilinear
segments (the appropriate number of segments for semi-elliptical cracks is 20...30), and
SIFs are calculated at a mid point, 4,(x, y) of each of them. Details of the crack growth
method based on the 2-D weight function are presented in [2] and [4].

Having calculated SIFs for points A{x, ), the crack extension (increment) Aa; for
each segment can be calculated based on the crack growth rate data and effective range
of stress intensity factor, AK;, corresponding to a considered loading cycle. It is assu-
med that the increment Aa; describes the amount of a parallel shift of the i-th segment
of the crack contour due to AN load cycles (Fig. 2). For the cycle-by-cycle crack
growth analysis the increment AN = 1, however, it can be increased for faster analysis
without losing too much of the accuracy [2] of fatigue crack growth life prediction.

Crack extensions are then calculated for each of these points and the new crack
shape is determined. Finally the crack growth limiting condition is met and the number
of load cycles is determined. Application of the method to crack growth analysis may
significantly reduce the calculation time.

Validation of the developed method [2], [4] indicates that fatigue life obtained for
semi-elliptical cracks using the proposed method is conservative by ca. 10...20%
depending on the shape of the initial crack.

Modeling of actual shape cracks. Crack-like defects in structural components
usually have irregular contour shapes (Fig. 1), which for analytical methods have to be
replaced by idealized shapes. The replacement can be made in many different ways,
some rules can be found in reference [5]. They are usually conservative; however, it is
difficult to assess magnitude of the conservatism a priori.

The method based on 2-D weight function was used to perform analyses showing
the effect of an idealized crack shape on the predicted crack growth. Two types of
cracks were analyzed: an embedded crack (Fig. 3a) and a surface crack (Fig. 35).

Fig. 2. The idea of crack growth analysis using WF2D.
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Fig. 3. Actual flaw shapes: a — embedded crack; b — surface crack.

The idealized crack shapes for the actual contour (KR) of dimensions a and ¢
were selected as follows (Fig. 4):
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Fig. 4. Actual flaws (KR) and idealized crack shapes (SZ): (— — KR; 0 — SZ-1; A — SZ-2;
—x——SZ-3; —%——SZ-4) (a) and (B —KR; (1 - SZ-1; A —SZ-2) ().

1. The smallest crack (SZ-1) covering the actual shape. Dimensions of the ideal
crack are a' > a,and ¢’ > c.

2. The smallest crack denoted SZ-2 of dimensions a' = a, and ¢’ = c.

3. Crack covering the actual shape, but containing one of its dimensions: ¢’ = ¢
(SZ-3), or a' = a (SZ-4). Those replacements are made for the embedded crack only.

Crack growth to reach depth of @ = 0.8 was performed for the actual crack
contour and the idealized shapes using the WF2D method. For all analyses a uniform
stress distribution was assumed. The results are shown in Fig. 5 where the bars corres-
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ponding to idealized crack shapes show relative life change in respect to that calculated
for the actual crack shape (KR).
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As it was expected, the bigger the idealized crack, the shorter was the calculated
life in comparison to life of the actual crack. This is especially visible for the embedded
crack. However, for the semi-elliptical surface defect both idealized cracks yielded
shorter lives. The interesting observation on those cracks is the shorter life obtained for
crack denoted SZ-2, which is bigger than the actual defect. The possible explanation
for such behavior is the difference in curvature of both cracks. The curvature of the
actual defect is bigger at the localization close to the deepest point. Therefore the actual
crack grows slowly in the vertical direction, as the SIF magnitude decreases with the
curvature on the crack contour.

It is worth noting that the final crack shapes of both idealized cracks were very
similar, i.e. for the final crack depth their aspect ratio a/c was almost the same.

Modeling of complex fatigue growth of cracks. The capability of the crack
growth method based on the WF2D weight function can be useful for the analysis of
complex growth of cracks in mechanical components, where significant change of
crack shape is observed. In such cases a transition from one crack model to another has
to be considered, if analytical methods are used for crack growth analysis. In addition,
if such transition is necessary, stress distribution has to be modified as well.

Such behavior of growing cracks may especially occur when a shape of structural
component is complicated or one of dimensions is much larger than the other (thin
plate). An example of such complex crack growth can be observed in a plate, where an
initial semi-elliptical crack grows through the plate thickness in the first stage, and then
transforms to a through crack.

If analytical methods are used for such crack analysis, the stress distribution at the
first stage may change along the y-axis, whereas it must be (is considered as) uniform
along the x-axis. When the crack breaks through the plate thickness, the further crack
growth analysis using those methods allows for the change of stress along the x-axis
(symmetrically with respect to the y-axis), however, they assume a uniform stress
distribution along the y-axis. Furthermore, a replacement of the actual crack shape with
an equivalent one and estimation of the size of the initial through crack, 2a, after
transition, are needed.

Considering the described simplifications necessary for analytical methods of
complex crack growth analysis, one may conclude that fatigue life prediction using
those methods may be inaccurate in such case.

The developed method of crack growth based on the WF2D does not require any of
simplifications mentioned above. Examples of such complex crack growth analyses of
a semi-elliptical crack in a finite plate using the developed method are presented below.

The objective was to find out, how big is the difference in predicted fatigue life if
one makes simplified assumptions regarding the trough crack size (initial crack for
stage Il analysis) and/or the stress distribution. The comparisons were performed for
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uniform and two arbitrary stress distributions (linear), shown in Fig. 6.

Notation of crack and component dimensions is shown in Fig. 6. A semi-elliptical
crack of initial dimensions ¢ = 1 mm and ¢ = 1 mm in a rectangular plate of width 2w =
=200 mm and thickness # = 12 mm was considered.

Fig. 6. Crack dimensions and two (a, b) arbitrary (linear) stress distributions:
1 —06/6,=1;2—06/0,es=-0.111.
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Fig. 7. Modeling of complex crack growth under uniform (@) and arbitrary (b) stresses
distribution: / — initial crack; 2 — stage 1; 3 — stage 2; 4 — final semi-elliptical crack.

All calculations presented below were performed using the developed method
WE2D in order to eliminate differences between various methods and concentrate on
the problem of simplifying the crack contour and/or stress distribution.

First, the same initial semi-elliptical crack in the rectangular plate was considered
under arbitrary stress distribution (linear decrease along the x-axis) (Fig. 6a). The crack
extension under the non-uniform stress distribution modeled as a continuous crack
growth with the actual crack contour is presented in Fig. 7b. The analysis was performed
cycle-by-cycle, but for a better visibility, only some selected crack contours are shown
in the diagram. One may observe that as the through crack progresses, the number of
linear segments on the crack contour decreases, and the crack shape becomes more
rectangular. The crack extension is not symmetrical; however, the crack shape remains
semi-elliptical. As the through crack progresses the number of linear segments on the
crack contour decreases unevenly on both sides of the crack.

The subsequent analysis was aimed at examining the effect of simplifying the
stress distribution on the predicted fatigue life. Such simplification is necessary for life
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prediction using analytical methods, which do not allow for calculations using stress
distribution shown in Fig. 6a. The arbitrary stress distribution must be replaced by a
uniform distribution.

The crack extension under the uniform stress distribution modeled as a continuous
crack growth with the actual crack contour is presented in Fig. 7a. Crack extension is
symmetrical in that case; however, an interesting observation is that the size 2a of the fi-
nal semi-elliptical crack for stage 2 is the same as for the non-uniform stress distribution.

Since there is no an accepted method for calculating the equivalent stress magni-
tude, a conservative assumption is usually made that the uniform stress is equal to the
maximum stress of the arbitrary stress distribution. However, the equivalent uniform
stress distribution should be such that the calculated life equals to that obtained for
arbitrary stress distribution.

Therefore, another assumption, tested here is that magnitude of the equivalent
stress equals to the average value of the arbitrary stress calculated over the entire con-
sidered cross-section of the component. In the considered case magnitude of the ave-
rage stress i G,y = 0.45 Gper.

Finally, fatigue life predicted for the actual crack contour and actual stress
distribution (AS) was compared with lives obtained for two magnitudes of the equiva-
lent uniform stress:

e the maximum value, 6 = c,¢ (ES-al), and

e the average value, ¢ = o,,, (ES-a2).

In the crack growth analyses performed for the equivalent stress distribution the
average equivalent through crack for stage II was used. The initial equivalent through
crack length was calculated to give the same area as the final semi-elliptical crack, i.e.
2a =Tm-c/2.

Comparison of the life predicted for non-uniform stress distribution and actual
crack contour with lives for uniform stress distributions is presented in Fig. 8a. Fatigue
life predicted for the equivalent stress equal to the maximum value of the non-uniform
stress is very conservative, as it is 10 times smaller than the life predicted for the actual
stress distribution, whereas life predicted for the uniform stress of the average value of the
actual stress differs by ca. 5%.

The following analysis was related to studying the effect of simplifying the stress
distribution shown in Fig. 6b on the predicted fatigue life. In this case crack growth of
a semi-elliptical crack (stage ) does not require any simplification of the stress distri-
bution. Such simplification is necessary for life prediction using analytical methods,
when the semi-elliptical crack transforms into the through crack (II stage of crack
growth). At this stage of crack growth the stress distribution along the thickness must
be constant, so the arbitrary stress distribution must be replaced by a uniform distribution.

Similarly to the previous case, a conservative assumption can be made that the
uniform stress is equal to the maximum stress of the arbitrary stress distribution.
Another assumption, tested here, was that magnitude of the equivalent stress equals to
the average value of the arbitrary stress over the tensile portion of the considered
component cross-section. In the considered case the magnitude of the average stress is
Oay = 0.45 Ot

In this case fatigue life was also compared with lives obtained for two magnitudes
of the equivalent uniform stress:

e the maximum value, 6 = G,.r (ES-b1), and

e the average value, ¢ = G,,, (ES-b2).

Comparison of life predicted for non-uniform stress distribution and actual crack
contour with lives for uniform stress distributions is presented in Fig. 8b. Total lives
were calculated as a sum of stage [ (same for all calculations) and stage II of the crack
growth. Total fatigue life predicted for the equivalent stress equal to the maximum
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value of the non-uniform stress is ca 10% smaller than value calculated for the actual
case, whereas life predicted for the uniform stress of the average value of the actual
stress (ES-b2) differs by ca. 3%. The relatively small difference in predicted lives is
due to the fact, that life spent on growth of a semi-elliptical crack was prevailing in the
performed analyses. The differences in lives spent at stage II of crack growth (through
crack) are much bigger: 80% for the maximum stress (ES-bl-II) and 24% for the
average stress (ES-b2-II).
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Fig. 8. Comparison of life prediction for arbitrary (AS) and equivalent (ES) stress distributions:
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Generally, the difference in lives obtained in continuous and two-stage crack
growth modeling depends on crack and/or component shapes and stress distribution.
The observed effect of modeling the through crack may be different (bigger) for longer
growth of a through crack. Such effect can be expected for thin components, where
stage I of crack growth may be short in comparison to stage II crack growth.

The obtained results show how big can be the conservatism of life prediction for
inaccurate assessment of the equivalent stress distribution. One may note that this is a
usual engineering practice in crack growth predictions performed using analytical me-
thods. A reasonable alternative can be using the average stress distribution, however, in
some cases this can be not possible, e.g. for purely bending loading the average stress
value equals to zero. Therefore it is suggested to calculate the equivalent stress based
on the tensile portion of the stress distribution only.

CONCLUSIONS

Crack growth predictions using the method based on the point-load weight func-
tion (WF2D) for calculation of stress intensity factors are presented in the paper. The
usefulness of this method in comparison to analytical methods is especially visible
while modeling a complex crack growth in arbitrary non-linear stress fields. The ad-
vantage of the developed method is predicting the crack growth life in CPU time signi-
ficantly shorter to that needed by numerical methods.

The presented results show that modeling of the transition between the semi-ellip-
tical and through crack growth in plates, which is needed in classical methods, does not
require much concern, since assumption regarding the initial through crack length does
not affect the predicted life significantly.

On the other hand, care must be taken when simplifying the non-uniform stress
distribution. The presented examples show that the conservative assumption in that
respect, which is usual in engineering practice, may result in a very conservative life
assessment. However, in a general case this conservatism in life prediction depends on
the non-uniform stress distribution, and is difficult to estimate.

Based on the presented results of fatigue life assessments for semi-elliptical crack
growth, one may conclude that suggested replacement of arbitrary stress distribution in

—ES-a2;
— ES-b2-11; ﬁ — ES-b2-II.
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analytical methods of life prediction can yield more realistic life assessments. Using
the uniform stress distribution of the average value of the non-linear stress is promi-
sing; however, this conclusion needs confirmation in more extensive research.

PE3IOME. CrporHo30BaHO PO3BUTOK TPIIIMHM 33 METOJOM, IO IPYHTYEThCA Ha BAarobiil
¢ynxuii (WF2D) 064rciIeHHs iHTeHCHBHOCT] HAMpysKeHHs. Moro mepesara mopiBHSHO 3 aHAII-
TUYHUMH y TOMY, L0 MOJENIOIOTh CKIaJHUIl PO3BUTOK TPIIMHU B JOBLIBHUX HENIHIMHUX IO-
JSIX HanpyXeHb. BcTaHOBIIEHO, 110 MOAEMIOBAHHS IIEPEXOAY BiJ HAMIBETIITHIHOTO A0 MPSIMOTO
PO3BHUTKY TPIIIMHYU B IUIACTHHAX (HEOOXiJHE B KJIIACMYHHMX METO/axX) He MOoTpedye 0coOIMBUX
3yCHJIb, TOMY IIIO IIPONOHOBAHI JOBXKMHHU MOYATKOBOI MPSMOI TPILIMHY iCTOTHO HE BIUIMBAIOThH
Ha IOPOrHO30BaHy MiLHICTh. 3a pe3ylbTaTaMH BU3HAUEHHS MIIHOCTI Il Yac PO3BUTKY MiBENil-
TUYHOT TPILIMHU MOXHA 3pOOMTH BUCHOBKH, IO JOLUIBHINIE 3aMIHUTH JOBUIBHUEI PO3MOJIN Ha-
IIPy>KEHb, BUKOPUCTOBYIOUU AHAIITUYHI METOAU IPOTHO3YBAHHS.

PE3IOME. CporHO3UpOBaHO pa3BUTHE TPEUIMHBI C MOMOIIBI0 METOJa, OCHOBAHHOTO HA
BecoBoil Gynkuuu (WF2D) BbluuciaeHHs MHTEHCUBHOCTU HampsbkeHMH. Ero mpeumymiectso B
CPaBHEHHMHU C AHAJIIUTUYECKMMH B TOM, YTO MOAEIUPYETCS CIOXKHOE Pa3sBUTHE TPELIMHBI B IIPO-
U3BOJIbHBIX HEJIMHEHHBIX MOMNAX HANPsHKEHUH. BrIIBICHO, UTO MOAeIUpOBaHHeE IIepexo/ia OT Mo-
Jy3JUIMITHYECKOTO K MPAMOMY Pa3BUTHUIO TPELIMHBI B IUIACTUHAX (HEOOXOAUMOE B KJIaCCHYEC-
KUX METOJax) He TpeOyeT 0COOBbIX YCUIMM, TIOTOMY UYTO Ipe/ularaeMble AJIMHBI HAuaabHOU Ips-
MOH TpEIUHbl CYLIECTBEHHO HE BIHUAIOT Ha NPEJCKa3blBAEMYyI0 IPOYHOCTb. 3a pe3ylbTaTaMu
OIIpeAEeNeHHs] IPOUYHOCTH NPU PA3BUTUH HOIYITIMITUIECKON TPEIUHBI MOXKHO CIEIaTh BBIBO-
JIBI, 9TO Tienecoo0pa3Hee 3aMEHHUTh MPOM3BOIBHOE PACTIPE/IeNICHIE HAIIPSHKEHHH ¢ TIOMOIIBIO aHa-
JIUTUYECKUX METO/IOB IIPOTHO3UPOBAHMUSL.
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