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PABHOMEPHAS OILIEHKA CEMENCTBA SHEPTETUYECKUX
OYHKITNIN OJ19 KBASUIMHENHBIX ITAPABOJINYECKUX
YPABHEHUI C CUHI'YJIAPHBIMU 'PAHUYHBIMU JAHHBIMI

W3ydenne acMMOTOTHYECKOTO TOBEIEHUS PENIeHNI KBA3WJIMHEWHBIX MapabOJNIecKnX ypPaBHEHUN B
OKPECTHOCTU BPEMEHU CHHI'YJISIPDHOTO OOOCTPEHHS T'PAHUYHOIO PEKMMa OCHOBAHO HA BBEJIEHUM OECKO-
HEYHOI'O CeMeiCTBa SHEPreTuIecKuX (DYHKINN, CBA3AHHBIX C IIOCIEJ0BATEILHOCTHIO 00JIacTeil IpPOCT-
PAHCTBEHHO-BPEMEHHBIX CJIOEB CO cTpeMsarmuMucs K () BbICOTaMU. DTH SHEPreTudecKne OYHKIUN YII0-
BJIETBOPSIIOT HEKOTOPOIA CIEIMaIbHOM OeCKOHEYHOM cucreMe aud depeHIalbHbIX HepaBeHCTB. AHau3
CBOICTB 3TO CHCTEMBI B 3aBUCHMOCTH OT HaYaJIbHBIX JIAHHBIX, OIIPEJIEISIEMbIX NCXO/THBIM CUHTYJISPHBIM
TPaHUYHBIM PEXKHUMOM, ABJIAETCA OJHUM N3 KJIIOUYEBBIX MOMEHTOB IIPHU M3YYEHUU IIOBEJIEHNA PEIIeHUl
OIIMCAHHOU 3a71a4n. B pabore mosrydeHa paBHOMEPHAs OIEHKA JJIS PEIIEHUN STUX CHUCTEM IIPHU PA3JIHI-
HBIX I'PAHUYHBIX PEeXKNMaX, IIPUBEJIEHO HECKOJIBKO IIPUMEPOB, MITIOCTPUPYIOININX PE3YJIbTAT.

MSC: 35K59, 35B44, 35K58, 35K65.

Karouesbie ca08a: KEA3UAUHETHDIE NAPAOOAUNECKUE YPABHEHUS, IHEPZEMUMECKUE DEWEHUA, DEHCU-
ML ¢ obocmperuem, anepzemuyeckue Gynryuu, oudPeperyuaibrve HepaseHcmad.

1. BBegenune u GopmMyIMpoBKa OCHOBHOT'O PE3yJIbTATA.

B mmmmape Q := (0,T) x €, tie  — orpanudennas obgacts B R, n > 1 ¢ C?*-
riaKol rpanuteit JS), paccMOTpUM 3aJady s KBa3WINHEHHOro MapabomIecKoro
yPABHEHUS:

(|| ), — Ap(u) =0, (t,z)e (0,T)xQ,p>qg>0 (1)

uw(0,2) =up(z) BQ, wup € Lgt1(Q). (2)

Byem usydars acHMITOTHYECKOE [IOBEIEHIE SHEPreTHIeCKuX (¢1abbix) pernernii u(t, )
zagaqan (1)—(2) ¢ cuHryaspHO 060CTPSIONIUMCST YCJIOBUEM Ha SHEPTHIO:

t
E(t) = / lu(t, 7)™ dz + / / Vou(r,2) P dedr <
Q 0 JQ (3)
g+1

<E,t)=wT—t) - (T—t)* 00 nput—1T, ap:=-—0,
pP—q

riae GyHKIWSA w — abCOMOTHO HENPEPBIBHAS MOHOTOHHO Bo3pactaromias Ha (0, +00)
BYHKISI, YIOBJIETBOPSIONIAS CJIEILYIOMNM TPeOOBAHMSIM:

1) w(h) — 0 upu h — 0;

2) h™*w(h) — oo pu h — 0 Ya > 0;

910 uccnenopanne punancupyercst mpoekrom Ne0117U006353 Otmena mesesoit moarorosku Kues-
CKOro HalmoHayibHOro yauBepcurera um. Tapaca [Ilesuenko npu HAH Vkpaunbr.
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PapHomepHast orjeHKa ceMedcTBa SHEPreTHIeCKUX (DYHKIUH

3) hs(,}(f)l) — 0 mpu h — 0.

Yeaosue (3) MOXKET IIOPOXKIATHCST IPAHUYHBIME JAHHBIME 3312491, TaK HAIpuUMep, Ipu
u3ydenun pemennii u 3agaan (1)—(2) ¢ rpannanbiM yeiaosueM Jlupuxiie

u(t, :1;))aQ = f(t,z) 200 upnt—T, (4)

ycsioBue (3) BOSHUKAET B BUJIE:

E(t) < F(t):= sup /]f T, T ]‘Hldaﬂ—/ /!V f(r, )P dedr+

o<r<t
q+1 (5)

t T
/ </ \f(T,x)|q+1dx> dr — o0 nput— T,
0o \Ja

riae F(t) onucbiBaer, Tak Ha3bIBaeMblii, XapakTep OOOCTPEHUsI PAHMYIHON (DyHKIUN
f(t,z) uz (4).

V3BecTHO, 9TO K yCJIOBUM Ha SHEPIHIO (3) UMeeT MEeCTO JIOKATM3AIMs MHOKECTBA
cunryssipuoctu py (blow-up set) Ha rpanune (|4]), a umenno

Oy :=A{x:u(t,z) > compu t — T} C IN.

s u3ydeHust aCUMIITOTHYECKOTO MTOBEJICHUS MPOMUIIS IHEPIEeTUIECKOIO PENIeHus U
sazgaun (1)—(3) ucnosbsyercss meron sHeprerudeckux oneHok ([1, 2, 3]). Cyrp mero-
Jia 3aKJio4daercd B 9deKTUBHON OIeHKE EPETOKOB SHEPIUH, CBI3aHHONW C PEIleHneM
3aJ1aH, Ha DECKOHETHOM CeMENCTBE 0JI0C, HAKAILINBAIOIINXCS OKOJIO BpeMeH! 000CTpe-
uust T'. Vlexos u3 s1ux coobpazkenuit, pasbusaem npomexxytok [0, T) 6eckoHeuHOi 1m0~
CJIeZI0OBATEIBHOCTBIO TOUeK {t;} (t; — T npu j — 00) Ha IPOMEXKYTKH [t;_1,1;) AIAHOI
€j 1= tj—t;_1. BeIOOp Takoro pazomeHus NPOBOUTCS CHEINAIbHBIM 00Pa30M U 3aBUCUT
or Buga byukiuu Fy(t). Tak kak sTa npore/ypa He BXOAUT B KPYT' UCCJIEIOBAHUIT JTaH-
HOIl paboThI, TO MPUBOIUTDL €€ MbI He OyaeM. Takke HEOOXOAUMO MapaMeTPU3UPOBATD
obsacTh ), BBeJIsI B paccMOTpeHue napaMerp § > 0, XxapaKTepU3yYIONIHil PACCTOSIHUE JI0
CPAHUILI 00IACTH, & UMEHHO

Qs) :={x € Q: d(x) := dist(x,00) > s}.

Takum 00pa3oM MoJIydaeM MOCJIeI0BATEIBHOCTh MPOCTPAHCTBEHHO-BPEMEHHBIX CJIOEB
Qj(s) :==[tj—1,t;) x Q(s). Ha srux cosix BBOIIM GeCKOHEUHOE CEMEFICTBO SHEPreTHYe-
CKUX (PYyHKITAIL:

Ej(s) == sup / |u(T, x \‘Hldx—i—/ / \Vpu(r, z) [P dadr, je€N. (6)
Q(s) -1

tj_1<7<t;

[Tpu amanmse 9TOro cemeiicTBa BO3ZHUKAIOT CUCTEMBI Tu(dEepeHITNaATbLHBIX HEPABEHCTB
CJIETYIONIETO BUJIA!

M;(s) < AM;_1(s) + (1 — \) max {k( J(= M)+ k](?)(—M;(s))HW} Vs >0,
M;(0) < K; VjeN,
(7)
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rae A € (0,1), 2 >y >0,

BV = e, k](?) =y

é —0
: ] 7% Kj=cse;w(eagy), 6>0,

8],

rje ci, c2, 3, c4 >0, {;} :€; = 0 npu j — oco. Pynxuusa w us (3).

VceneoBanne 3TUX CUCTEM sIBJISIETCS OJIHUM M3 KJIIOUEBBIX 9TAIOB IPHU U3YYEHUN
ACUMIITOTUYIECKOTO OBEJIeHNs dHepreTuueckux pemenuil u(t, z) samzaau (1)—(3). Ipu
9TOM BasKHO IOJIyYUTb PABHOMEPHYIO OIeHKY jjis pernennii M;(s), Tak Kak oHa ¢op-
MEDYET BHJI OKOHYATEIbHOI OreHKN pernennst u(t, x).

OcCHOBHOI1 pe3yabTaT paboThl 3aK/II0UEH B CJIEAYIOMIEel TeopeMe.

Teopema 1. [Tycmb nekomopoe cemeticmeo HeompuyamesbHvls abCosomHo Henpe-
PUBHOLT MOHOMONHO nesospacmatoujus dynxuut {M;(s)}, j € N, ydossemsopaem cu-
cmeme Judpepenyuarvnvr wepasencme (7). Tozda das pewenuts M;(s) cnpasediuea
CACOYIOWAA PAGHOMEPHAA OUCHKA:

v [ 1 \]7?
M;(s) < Bs m {w <b5 " )} Vse(0,e),VjeN:j> j, (8)

1

2de w™ — obpamnas Pynryua k w, € > 0 — cKOAb Y200HO MAAAA NOCTNOAHHAA, Joo =

Joo(€) = 00 npu e — 0,

c;, €=¢€(e) =0 npue—0.

2. lokaszareabCcTBO TeopeMmsl 1.

Paccmorpum nocsteioBareabaocTs 3a1ad Komm myist cemeiicrsa dynkimit {M;(s)}:

i(s) = max {k](.”(—M;(s))Hw; k](?)(—M;.(s))lﬂQ} Vs >0,
i(0)=K; VjeN,

(9)

= =

Tae i, Y2, kj(.l), kj(?) , K uz (7). B cuty sremmsbr 1 perernst 3a1a4 MOTYT OBITH 3aIACAHDL
B BHJIE:

1471
71
rie;’ <r12 w(ese;) T — 8) :1 Vj 2 jo, Vs >0,
1+7
R 72
Mj(s) = rnaj_‘s <r22 + 793 W(C4Ej)1+72 — s) n Vi<Jgo, Vs> Se; (10)
Yo 1479
7“318]»_6 (?”23 w(c4€j)1+’Y2 -8 +72 Vj<jo, Vse (O,EEJ.),
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e
1+ 1 1 ~ 1
71 R +mM Y2—7 (¢C "2 M
11 = < ¢y o= (c cgl) T+71 T2 #1
I+m My2 \¢cy
1472
R B\ %
93 = (CQC )1+71 r31 = C
Yo 3 ’ 1+ 79 2

1
. . 1 147y —(1+m)\ 21
jo = I?eal\}I( {w(045j) > By :=c; (cl 7202 ,

2 112
S Th~g ¥
Se; = T23 w(C4€j) 4y — BO 2 .
Jr

Teneps 1o mocenosarensaocTn { M ;(s)} MOCTPOMM MOHOTOHHYIO IOCTIEI0BATENBHOCTD

M; (5): _

M;(s) := max{M,;(s)} VjeN,Vs>0. (11)

1<y
MoxkHo nokaszarh (aHAJIOIHYIHO J0Ka3aTesabeTBY JeMMm 9.2.3 m 9.2.4 u3 [4]), uro mia
m060ro HOMEpa j cymeCTByeT IOJIOZKUTE/IbHASL CTPOIO MOHOTOHHO BO3PACTAIOIIIAs] 110~

CJI6JI0BATEIbHOCT TOYEK {31 )} (1=1,2,...,l; < j) Takas, 910 DYyHKIHIIO M (s) MOXKHO
3aImcaTh B BUJIE:

N

M(s) = Mi(s) Vselsih,s?) Vi<l sf, =0, (12)

{i} (I =1,2,...,l; < j) — HoyOKUTEIbHAS CTPOTO BO3PACTAIONIAs OCIIEI0BATENb-
HOCTB HHJIEKCOB. PaccmorpuM Teneps Gosee mupokoe, dem {M;(s)} cemeiicrso dbynxk-
it N -(s), 3aBucsiiiiee oT HelpepbIBHOrO napaMerpa 7 > 0:

47

N
ri 7m0 (T12 w(eyr) T 3) n Vr<Bi,Vs>0,
— Y2 i Sl
NT(S) = T117'_6 (TQQ + 723 w(ag-)m — S) n V17> B,Vs>s,, (13)
1479
s 2 BET B
r31T (7“23 wlear) 2 — s)+ V7> By, Vs €(0,5;),

rae

Y9 V2

B, = migl {w(caej) = Bo}, 57 =13 [w(cm')l*w - BOHw] , By uz (10).
T> +

OueBuaHO, UTO ng (s) = M;(s) Vj € N. Ilosromy crpaBeiuBbl Clle/LyIONAE ONEHKNI:
My(s) = max{M,(s)} < max{M,(s)} < max(N,(s)} <
1<J T
(1)

< max{max{zv (s)}, max{NP (s )}} < max {max{N M (s)},BQ}, (14)

T<B T72Bg T<Bo

rje By = ngl)(())

o7



E. A. EsrenneBa

Ham mnTepecHo TOJIBKO JHUIb MOBe/eHNe (DYHKIUNE IIPU CKOJIb YTOJHO OOJIBINX jf, &
3HAYUT MOYKEM 3amucarh oleHKy (14) cieayomum o6pasom:

Mj(s) < max {N(s)} Vs e (0,), (15)
7<7(€)
rjae € > 0 — ckoJib yrogHo magas nocrosinaast, 7(€) — 0 npu € — 0. Haiizem renepn

. (1
orubatontyo N(s) juist cemeiicrBa KpuBbix N g )(s). Byjiem uckaTh orubaroIiyo cras-
JAPTHBIM C110co60M. VICKIIIOUnM IapaMerp T U3 CHCTEMBL:

IN(s)

~ /
5 = 0 = 5sw(047')_ﬁ + 719 (—5 + (047)W(047')> =0. (16)

w(eyT)
B cuy ycnosus 3) Ha DyHKIHMIO W MOKEM 0003HAUUTH

. 1 (es7) w'(caT)
6 w(ar)

rje € = €(1) — 0 upu 7 — 0. Torua, pemas ypasuenue (16) OTHOCHTENBLHO T, MOJTY IHM:

1 1+vy
) = st () ). (1)
C4
rje 712 = r12(1 — €). Takum o6pazom mosrydae:
—(1) 7“11625& 147 1 Tt -0
N(s) = () = S ot ()| (18)
— €

_ . 1
B cuy Toro, uro (7(s)) siBasieTcst TOUKOit MakcuMmyMa, by HKIINA Nt )(s), MOXKEM yTBEp-
JKJIATh, YTO:

max (N (s)} S N(s) Vs e (0,e), (19)

7<7(€) T

ITokaxkeM remnepb, 4ro muist dbyuxuuit M;(s) uz (7) cupasemuBa ciefyiomas pas-
HOMEpHas OICHKA:

M;(s) < Mj(s) Vi<j, VYs>0, (20)

rjie ]\Al/](s) u3 (11). Ucnonwzyem meron mupyknuu. [Ipu j = 1 omenka nposepsieTcst
HEeIOCPe/ICTBeHHBIM nHTerpuposannem HepaseHcrsa (7). ITosoxkum, uro onenka (20)
BBITIOJIHSIETCSL JIJIst j — 1, HO He BBINOJIHSAETCS s j. Torma Halijercss Takoi WHTepBaJl
(a,b), a > 0, uro uMeeT MeCTO

Mj(s) > My(s) Vs € (ab), M(s)<M(s) Vs<a, Ma)=Ma). (21)
HyCTb JJId OIIpEeae/JIEHHOCTU

ac [sl(j_)l,s(j)), 1<l

o8



PapHomepHast orjeHKa ceMedcTBa SHEPreTHIeCKUX (DYHKIUH
rae [; w3 (12). Torga (21) MOXKHO mepernmncarsb
M;(s) > M(s) Vsé€ (a,min{s;,b}) u M,;(a)= Ma). (22)

Hastee, B cnity MOHOTOHHOTO BO3pacTanus mnocienosarensaoctu {M;(s)} no i u B cuiy
cupaseiusoctu oneHku (20) s j — 1, umeem:

M;(s) = Mj_1(s) =2 Mj1(s),
a 3HAYUT, B CUJIy mpeanosoxkenus (21),

M;_1(s) < Mj(s) Vse€la,b).
Torga cucrema (7) agist M nepenuneTcs cieLyommmM 06pa3oM:

M;(s) < max {k](.”(_M;(s))lﬂl; k§.2>(_M;(s))1+w} Vs € [a, min{s;, b}),
Mj(a) = M;(a).

(23)

Pernasi 110JTy4eHHYIO CHCTEMY C UCIOJIL30BAHUEM JIEMMBI 1, MOJIyYaeM OIEHKY:
M;(s) < M(s) Vs € [a,min{s;,b}),

YTO HPOTUBOPEINT Mpenoozkennio (21) n qokasbiBaer oneHky (20).
YunreiBast Tenepb (15), (19) u (20), moiaydaeM yTBep:KIe€HNE TEOPEMBI 1.

3. IIpumepsr.
ITpuMEP 1. Paccmorpum ByHKIHIO w BUIA:
w(h) = (—alnh)™?, a, B>0.

Jlerko nmposepuTh, uTo 3ra (byHKIUS yuoBieTBopser yciaosuam 1)-3). Torma B cuiy
TeopeMbl HosydaeM, 9to GyHKImu M;(s) OymyT yaoBIeTBOPATH OIEHKE:

1+7 _ _1tm
M;(s) < Bs ™ exp{bs RE } Vs e (0,€),ViEN:J = joo,

— _ 1 1
rme b=>b Fa™d.

IIPpuMEP 2. Eciu Tenepn OymeMm paccMaTpuBaTh PYHKINIO w Hojiee obInero Buia, a
HMMECHHO,

wh) = (Inln...mh*) ", a,8>0,

TO oneHKa Jyist GyHknuit M;(s) Oyaer uMers BHI;

14y, 14y
M;(s) < Bs m exp{exp{...exp{bs REE }}} Vse (0,6),VieEN:J > joo.
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E. A. EsrenneBa

4. IlpunoxxkeHwusi.

JIlemma 1. ([4], memma 9.2.2) Jlas npoudeosvrotli HEOMPUuamesvbHotl Heeo3pacmaio-

weti abcoarommo nenpepuerots pyrxyuu M(s) paccmompum duddepenyuarvroe Hepa-
BEHCMNBO € HAMANOHBIM YCAOBUEM.

2de

M(S) < Amax {kl(_M/(s))1+’71;k2(_M/(S>)1+’72} Vs> 07

24
M@O)< K VjeN, (24)

ki, ko, K > 0. Tozda ecau o > 1 > 0, mo dasn dynrxyuu M(s) cnpasediusa

CAEOYOULAA OUEHKG:

1. 1+7
ank‘l " ai12 (le'ﬂ)ﬁ — $:| n Vs> 0, ecau K < F
. 1 TJW2
M(s) = agiky ™ |agg (ko K7?) 72 — s} " Vs e (0,3], ecau K > K (25)
. 1 - Eaul|
\aukl T lagg (ki K)o — (s — 5)] :1 Vs >3, ecau K > K,

20e
Ty =
ajl = ( - E a1z = L+m a1 = < . N a2 = S
L+ ’ no 1+ ’ 72
- Aty 4w
K = K(k17k2;717’72) = k327’\/1 k2 e
_1 1 % — ey i
5 a21k2 2 [CL22 (k’gK”)”w — 5} =K = 5= a22k2+72 (KHW — K1+w2) .
+
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Ye. A. Yevgenieva
Uniform estimation of the energy functions family for quasilinear parabolic equations

with singular boundary data.

The paper deals with a class of weak (energy) solutions of initial-boundary value problem for doubly
degenerate parabolic equations with the singular (peaking) boundary data. Such problems have been
studied by many authors (V. A. Galaktionov, B. H. Gilding, M. A. Herrero and so on) in order to
obtain conditions for the localization of the solution. The main purpose was to find condition for the
character of singularity of boundary regime such that a solution of mentioned problem was localized.
Namely, it was introduced the domain in which the solution is singular (blow-up set). Galaktionov
introduced a classification of singular boundary regimes in accordance with the size of blow-up set.
If blow-up set is not contained in the definition domain of the problem, then this boundary regime
is called HS-regime. If it is contained in the definition domain, then the regime is called S-regime.
If blow-up set lies on the boundary of the definition domain, then the regime is called LS-regime.
In addition to determining the localization conditions, it is also interesting to study the behavior of
the solution. The purpose of current investigation is to study the asymptotic behavior of solutions
of mentioned problem with LS-regime in the neighborhood of blow-up time. In this paper we have
obtained some helpful result which will allow us to formed the final estimation for solution profile.
The investigation of behavior of solutions is carried out by the method of energy estimations. Singular
boundary data generate some estimation for the global energy function associated with the solution
of the problem. The method of energy estimations is based on the introduction of an infinite family of
energy functions associated with the sequence of domains of space-time layers with height tending to 0.
Based on the estimation of global energy function we obtain the system of the differential inequalities
for introduced family of energy functions. The main result of the paper is a uniform estimation for
these functions. Also there are several examples, which show the dependence between initial energy
estimation and final estimation. The result allows us to form an idea of the asymptotic behavior of
solution of mentioned problem and it will be used in the future investigation for the obtaining of final

estimation.

Keywords: quasilinear parabolic equations, energy solutions, blow-up regimes, emergy functions,

differential inequality.

€. O. €EBrenneBa
PiBHomipHa o1jinka cimelicTBa eHepreTuyHUX (PYHKIN a1 kBaziniuifiHnx mapabostivuaux

piBHﬂHb 3 CHUHT'YJIAPDHVMMHJ I'PaHUYHUMU JaHUMMU.

BuBuenns acuMOTOTHYHOI MOBEIIHKM PO3B’A3KIB KBa3lIHIAHMX NapabOivHUX PIBHSAHL B OKOJI dYa-
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E. A. EsrenneBa

Cy CHHTYJISIPHOT'O 3aTOCTPEHHSI TPAHUYHOIO PEXKUMY 3aCHOBAHO Ha BBEJEHHI HECKIHUEHHOIO cimMeiicTBa
eHepreTuIHnX (PYHKIIHN, MOB’sI3aHUX 3 MMOCJIOBHICTIO 0OJIACTENl TTPOCTOPOBO-YACOBUX IIAPiB, BUCOTH
AruX npsaMyoTh 10 0. Ii emeprerrani yHKITT 38/10BOTBHAIOTD JesIKiii CIieliaabHiil HECKIHYeHi cucre-
Mi audepeHIiaIbHIX HEPIBHOCTEH. AHAaJII3 BJIACTUBOCTENR Ii€l CUCTEMU B 3aJIE2KHOCTI BiJl TOYaTKOBUX
JIAHUX, [0 BU3HAYAIOTHCS BUXITHUM CHUHTYJIIPHUM I'PAHUYIHUM PEXKUMOM, € OJHUM 3 KJIIOYOBUX MOMEH-
TiB IIpU BUBYEHHI MTOBEIIHKNA PO3B’SI3KiB ONMMUCAHOI 3a/1a4i. ¥ pobOTi oTpuMaHa piBHOMIpHA OIIHKA JIJTsT
PO3B’SA3KIB IUX CHCTEM TPHU PI3HUX IPAHUYHUX PEKUMAX, HABEIEHO KiJTbKa MPUKJIAIIB, IO LITIOCTPY-

IOTH Pe3YJIbTAT.

Karouwosei caosa: K6a3iAIHITHE NAPAOONTWHT DPIBHAHMA, EHEPLEMUMHE PO36 A3KU, PEANCUMU 13 3A20-

CMPeHHAM, enepzemuyhi GYHKYIL, JupepenuiasvHi HepieHoCmi.
Un-r npuki. maremaruku u mexanuku HAH Ykpaunbt, CiraBsHck Hoayuerno 19.04.2018

yevgenitia.yevgenieval@gmail.com
bashtynskaya.evgeniyalgmail.com
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