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VECTOR-VALUED FUNCTIONS IN THE UNIT BALL HAVING
BOUNDED L-INDEX IN JOINT VARIABLES

In this paper, we present necessary and sufficient conditions of boundedness of L-index in joint variables
for vector-functions analytic in the unit ball, where L = (I1,12) : B* — Ri is a positive continuous
vector-function, B? = {2z € C? : |z| = \/|21]? + |22[2 < 1}. Particularly, we deduce analog of Fricke’s
theorems for this function class, give estimate of maximum modulus on the skeleton of bidisc. The first
theorem concerns sufficient conditions. In this theorem we assume existence of some radii, for which
the maximum of norm of vector-function on the skeleton of bidisc with larger radius does not exceed
maximum of norm of vector-function on the skeleton of bidisc with lesser radius multiplied by some
costant depending only on these radii. In the second theorem we show that boundedness of L-index in
joint variables implies validity of the mentioned estimate for all radii.
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1. Introduction.

This paper is addendum to [1]. There was proposed the definition of L-index
boundedness in joint variables obtained some criteria of L-index boundedness in joint
variables for vector-valued analytic functions in the unit ball. Here we pose the following
goal: to obtain and to prove criteria admitting easy application to system of partial
differential equations. Particularly, we should like to deduce analogs of Fricke’s theorem
and Hayman’s theorem for this function class. The first theorem describes estimate
of maximum modulus of entire function having bounded index. It plays important
role in the proof of the second theorem. And the second theorem allows to estimate
modulus of derivative of some order by moduli of derivatives of lesser order. For
vector-valued function we will replace the modulus of the function by the sup-norm.
Analogs of Hayman’s theorem for various classes of analytic functions have many
applications in analytic theory of differential equations: entire functions of bounded
L-index in direction [2|, entire functions of bounded L-index in joint variables [3],
analytic functions in the unit ball having bounded L-index in joint variables [4], entire
bivariate vector-valued function of bounded index [5].

2. Notations, definitions and auxiliary propositions.
Here we use notations from [1,4,6]. We need some standard notations. Let Ry =

[0;+OO), 0= (an) € R?H 1= (Ll) € R? , R = (7‘1,’/"2) € R?H \(z,w)| =V |Z|2 + |UJ’2.
For A = (a1,a2) € R%, B = (by,by) € R?, we will use formal notations without
violation of the existence of these expressions: AB = (a1b1,a2b2), A/B = (a1/b1,a2/b2),
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Analogs of Fricke’s theorems for analytic vector-valued functions in the unit ball having...

AB = (a5, a%?), and the notation A < B means that a; < bj, j € {1,2}; the relation
A < B is defined in the similar way. For K = (k;, ka) € Z?._ let us denote K! = kq!- ko!.
Addition, multiplication by scalar and conjugation in C? is defined componentwise. For
z € C% w € C? we define (z,w) = 21w + 20W2, where Wy, W5 is the complex conjugate
of w1, wo.

The polydisc {(z,w) € C? : |z—2z| < r1,|w—wo| < r2} is denoted by D?((29,wp), R),
its skeleton {(z,w) € C?: |z — 29| = 71, |w — wo| = 2} is denoted by T2((z0,wo), R),
the closed polydisc {(z,w) € C? : |z — 29| < 71,|w — wo| < 7o} is denoted by
D?[(z9,wp), R], D* = D?(0;1), D = {z € C : |2| < 1}. The open ball {(z,w) €
C? : /]2 — 202 + |w — wo|? < r} is denoted by B?((29,wp),r), the sphere {(z,w) €
C? : /|2 — 202 + |w —wo|> = 7} is denoted by S?((20,wo),7), and the closed ball
{z € C?: /]2 — 202 + |wo — wo|?> < r} is denoted by B2[(zp,wp),r], B = B%*(0,1),
D=B!={z€C:|z| <1}

Let F(z,w) = (fi(z,w), f2(2,w)) be an analytic vector-function in B2 Then at a
point (a,b) € B? the function F(z,w) has a bivariate Taylor expansion:

Fz,w)=33 Culz=a)*(w-b)",

k=0m=0

where Ckm = ﬁ (

MM fi(zw) FFT™ fo(z,w) _ 1 k
9zkgwm 7 9zkdw™ ‘z:a,wzb ! 'F( ’m)(a’b)'

m:
Let L(z,w) = (I1(2,w), l2(2,w)), where [j(z,w) : B> — R2 is a positive continuous
function such that

B
1= VI[P +[wP’

V(z,w) €B?: 1i(z,w) > (1)

j € {1,2}, where 3 > /2 is a some constant.
The norm for the vector-function F : B2 — C? is defined as the sup-norm:

I1F(zw)l = ma {15 )]

We write

PO (o) = LR (Do) T h(ee))

02t OwI 020wl 7 0z0wI

An analytic vector-function F' : B2 — C? is said to be of bounded L-index (in joint
variables), if there exists ng € Z; such that

V(z,w) € B® V(i,j) € Z2 :

' EmIF (2, w)l5 (2, w)

|F @9 (2, 0)| |F®™) (z,w)]|
il (2, w)ld(z,w)

:k,m€Z+,k+m§n0}. (2)
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The least such integer ng is called the L-index in joint variables of the vector-function F’
and is denoted by N (F, L, B?). The concept of boundedness of L-index in joint variables
were considered for other classes of analytic functions. They are differed domains of
analyticity: the unit ball [4, 6-8|, the polydisc [9, 10|, the Cartesian product of the
unit disc and complex plane [11], n-dimensional complex space [12,13]. Vector-valued
functions of one and several complex variables having bounded index were considered
in [14-18].
The function class Q(B?) is defined as following: VR € R%,|R| < 3,5 € {1,2} :

0< )\Lj(R) < )\ij(R) < 0

where

Ai(R) = infe]Bz inf {ll](z’w) : (2,w) € D*[(20,w0), B/L(20,w0)] 7, (3)

(z0,w0) i (20,wo)

1 = su su M Z, W 2 20, W 20, W
sl = s sup { B (o) € D ), R/ Go o) | ()

We need the two following propositions from |[1].

Theorem 1. ([1]) Let L € Q(B?). An analytic vector-function F : B> — C? has
bounded L-index in joint variables if and only if for every R € R?, |R| < B there exist
ng € Zy, p > 0 such that for all (20,wo) € B? there exists 2-tuple (ko,mo) € Z2,
ko +mo < ng, satisfying inequality

[FEm 0 2
max{ k!m!llf(z,w)lgn(z,w) tk+m < ny, (va) €D [(Z(],(.L)[)), R/L(ZO,WO)] <

1 *0.7m0) (2, wo) |

0 .
ko!mo!l’fo (Z(), wO)lgLO (2’0, wo)

(5)

<p

Let Ly, Ly € Q(B?). We say that Ly < Ly if there exist two constants 0 < C; <
(9 < 400 such that
C1L1(z,w) < La(z,w) < CoLy(z,w)
for every point (z,w) € B2.
Lemma 2. ([1]) Let L € Q(B?), L < L, 8> 1. An analytic in B? vector-function

F : B2 — C? has bounded L-index in joint variables if and only if, she has bounded
L-index in joint variables.

3. Estimate of maximum modulus on the skeleton of analytic vector-
function in ball.
For an analytic vector-function F : B2 — C? we put

M(R, (z0,wp), F) = maX{HF(z,w)H D (z,w) € T2((zo,w0),R)} ,

18



Analogs of Fricke’s theorems for analytic vector-valued functions in the unit ball having...

where (z9,wp) € B?, R € R2. Then
M(R’ (Zo,Wo),F) = maX{HF(Z’w)H : (Zaw) € ]])2((zo,w0),R)},

because the maximum modulus of the analytic vector-function in a closed bidisc is
attained on its skeleton.

In theory of functions having bounded index a very important role has Hayman’s
theorem. It was obtained by W. Hayman [19] for entire functions of one variable
having bounded index. Later it was generalized for various classes of analytic functions
[6,9,11,20]. This theorem is applicable in analytic theory of partial differential equations
[3,4,21]. It allows to deduce conditions by the coefficients of equation providing index
boundedness of each analytic solution. Moreover, the idea of proof was used to obtain
growth estimate for functions from this class. To prove an analogue of Hayman’s
theorem, we need the following theorem. The theorem gives sufficient conditions by
the estimate of maximum modulus on the skeleton of bidisc.

Theorem 3. Let L € Q(B?), F : B2 — C? be an analytic vector-function. If there
evist RVR" € R2, R' < R"|R"| < B8 and p1 = p1(R',R") > 1 such that for each
(Zo,UJO) € B2

M (L(j;o),(zo,wo),F) <mM (w,(z’mwo),F) (6)

then F' has bounded L-index in joint variables.

Proof. The current proof is similar to proof for functions analytic in the unit ball
in [6]. Suppose that 0 < R’ <1 < R”.

Let (20,wo) € B? be an arbitrary point. We expand the vector-function F in power
series

F(z,w) =YY Brm(z — 20)*(w — wo)™, (7)

FE™ (zow0)  £5™ (20,00)
where Bk,m = (bl,k,ma b2,k,m) = ( ! Tl , =2 Tl )

Let u(R, (20,w0), F) = max{||Bgm|r¥ry* : k +m > 0} be the maximal term of

series (7) and v(R) = v(R, (z0,wp), F') = (v1(R),v2(R)) be a set of indices such that

,LL(R, (207w0)’F) == HBV(R)‘|T11/1(R)T;2(R)7

Vi(R) + v2(R) = max{k +m : k+m > 0,| Brmlriry = u(R, (20,w0), F)}.
Then in view of inequality (7) we obtain that for every |R| < 1 —+/|z0|? + |wol? :

(R, (z0,wo), F) < M(R, (20,w0), F).
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Then for the given R’ and R” with 0 < |R'| < 1 < |R"| < 8 we deduce

M(R'R, (20,w0), F) <Y > (1Bemll (Fir1)F (rhra)™ <

k>0m2>0
< 303 (R (0,0, F) () ()™ =
k>0m>0
2]
:,LL( ZO’WO ZZ Tl T2 _H 1_7“//‘(R’ (ZvaO)aF)'
k>0 m>0 j=1 J

And
In u(R, (20,wp), F) = 1n {HBZ/(R) ||T11/1(R)T;2(R)} _

1
. "\ (R I\v2(R _
=In { HBV(R) [(r177) i )(T2T2) 2(8) (T//)VI(R) (ré/)z/z(R) } -

1
1

— /\v1(R) 1\v2(R)

= ln{”Bu(R)”(Tlﬁ) 1 (rgrg)™ }+ln{(7,11/)y1(R)( //)u2(R)} =

<Inpu(R"R, (20,w0), F) — (v1(R) + v2(R)) In rnln2 ry.
<j<

Hence, we have

P —
n(R)+a(R)< In minq<j<o 7“]

(IHM(R”R, (Z(),Cd(]),F) - ln(HJQ 1( )IDM(R R, (Z(),Cd()),F))

In minj<j<o 7“]-

7 (I p(RYR, (20,00), F) — In (R, (20,w0), F)) <

—(In M(R"R, (z0,w0), F) —In M(R'R, (20, w0), F))—

~ Inminj<j<a 7‘

CSm-ry) L MR'R (z0,00). F) > In(1 =) -
min1<]~<2 T/./ N minlgjgg T}l M(R/R, (Zo, wo), F) minlgjgg ?”;-/ )
Put R = ( ooy Let N(F,(z0,wo), L) be the L-index of vector-function F' in joint
variables at the point (zp,wo).
Therefore,
1
N(F,(z0,wo),L) <v (L(ZOMO)’ (zo,wo),F> =v(R, (z0,wp), F). 9)
But
M(R" /L(20,w0), (20,w0), F) < p1 (R, R"YM (R’ /L(20,w0), (20,w0), F). (10)

Thus, in view of (8), (9) and (10) we obtain V(zg,wp) € B?

~Y (1 =7})  Inpy(R,R")

3 / 1 3 / 1
In min{r}, 7 In min{r}, rf

N(F, (Zg,w()),L) <
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Hence, we conclude that F' has bounded L-index in joint variables with 0 < R <1 <
R”, |R”’ < B

Let us prove the theorem for all 0 < R' < R”, |R"| < 8. From (6) one has

2R" R+ R
<

"R'+ R 2L(ZQ,OJ())> }

2R// RI + R//
"R'+ R 2L(z0,w0)> } '

max {1F (0l 5 (21) € T2 (G

<p max{|F(z,w)|| - (z,w) € T? ((zg,wo)

Put L(z,w) = 2]?1;551;;/) We obtain

rw 2 [ (20, w 2
max{HF(z,w)H H(zw) €T <( 0, w0), (R’ +R”)i(zo,wo)>} :

rw 2| (20,w 2
<m maX{IF(Z,w)H (z,w) €T <( 0,%0), (R’+R”)i(2o,wo)> }’

QRN

/
A <1< 7

where 0 < 7777

Using the first part of the proof, we get that the vector-function F' has bounded
L-index in joint variables. Then by Lemma 2 the vector-function F' is a function of
bounded L-index in joint variables. [J

Using the arguments of the proof of Theorem 3, one can prove the following theorem

Theorem 4. Let L € Q(B?). If analytic vector-function F : B2 — C? has bounded
L-index in joint variables then for all R\, R" € R2, R < R", |R"| < j there ewists
p1 =p1(R, R") > 1 such that for every (zo,wo) € B? inequality (6) holds.

Proof. Let N(F,L) = N < +o00. Suppose that inequality (6) does not hold i.e. there
exist R < R”,0 < |R'| < |R"| < B3, such that for each p, > 1 and for some zy = zo(px),
wo = wo(px)

M <L(Z]j;o)v(zo,wo),F> > peM <L(zi/w0)’(zo’w0)’F>' (11)

By Theorem 1, there exists pg = po(R") > 1 such that for every (zo,wp) € B? and some
(ko,mo) € Z%r, ko +mo < N (that is ng = N, see proof of Theorem 1) one has :
/!
v R
L(z0,wo) (20, wo), F'(ko:mo)

) < pol Fom0) (20, wo). (12)

We put

= (r1)? Ty
(v —))! (Té’ )N { 1 }
by = po —= max < 1, ,
2w | N
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and

! !
172

9 2\ N 2
= |
px = (ND)po ( . > -I-Zbk—i-l.
k=1
Let z9 = z0(p«), wo = wo(p«), (20,wp) be a point for which inequality (11) holds and
(ko, mg) be such that (12) holds and

R )
M ————,(20,w0), F | = ||F(z",w")],
(py ). F ) = PG

R/l
M\t —+ Fi FUd) *
<L(20’WO)3(ZO,W(])7 ) ” ( ,]7(“)@,3)”

for every (i,j) € Zi, i+ j < N. We apply Cauchy’s inequality

1.9 oy l Z 7w ’ l z ,OJ J * *
PO ) < gt (PR (BN iy )
1 2
for estimate the difference
. o it
PO et ty) = PO Gt Il = 1 [ e 6 ot el <

aer]JrlF Tl
|| BN 14
HazH_lawj(Zz+1,jvwz+1,]) l1(207w0> ( )
Since (29, w wi;) € D? [(zo,wo),L(T”wO)} and |27, — A = ll(zt)ilwo) ll(z?,zz‘Q) <

Ao (Rl (20, wo), |wfj —wi| = prioys 2(wh, wis) < Aop(R")l2(20,w0), and inequality
(13) holds with i = ko, j = mo by Theorem 1 we have
- g (29, w 7 29, w*
”F(ZJ)(Z?,W,ZJ)H < J ( 1 j?) ( 1 ]2)
o' mol15° (20, wo )15 (20, wo)
i1 (20, wo) 15 (20, wo ) AL RN, (R" mo
< J ( 0 0) ( 0 0) 21( ) 22( )poko!mo!ll (207/w2)l2 (Z(],U.)()) HF( )H _
ko!molll (Zo,CU(])ZQ (zo,wo) ( )0(T2)
il (20, w0) B (20, wo) X, 1 (R") AL o (R")
(r})ko(r z)mo

From inequalities (14) and (15) it follows that

pol| F*om0) (25, wo) || <

(=" @)l (15)

oititlp

i+lg J
(")zm (’*)w} -
> ll(zl’ ,])

l (ZO wo .
(i1 win || = = UIFY (55wl = 1FY (2,07 )} >

poil 1 (20, w0) (20, wo) A5% (R")

145,71 =
DR

1]

1E (" W

i
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Then

8(ko+mo)—1f .

11 (20, wo)
9zko—19,ymo (Zko—l,mm wzo,mo)

| >
r{

w

| EFomo) (2w,

po(ko — 1)!molli* (20, w0)l5" (20, wo) A% (RMAFS(RY)
- ’F”(’f’,)ko(’r'/)mo HF(Z , W )H >
1\'1 2
ootmo2p
Hzko—29ymo Flo—2,mq? wkoﬂno)

13 (20, wo)
G
poko — 2)!mollf® (20, wo)l5™ (20, wo) A5 (R")AS'S (R”)
(r7)?(ry)ko(ry)mo
po(ko — 1)mollf° (20, wo)15™ (20, wo) A5% (R")AS'S (R") .
- 11 (0t \ko (1] Yo HF(Z W )H >
r{(ry)ro(ry)
l}fo(ZO,wo) amf .

(r")ko || Qumo (20, ino)

Po m
’ - Wﬂfo (20>w0)l2 O(ZO,WO)X

YR ot PP )] >
> ”fo(z(‘;’,l,“;zﬂl(%i? “0) () — P By + o), (16)
where in view of the inequalities Ao 1 (R"”) > 1, Aa2(R"”) > 1 and R” > R’ we have
by = m),gf((;,z)mllfo(Zo,WO)lénO(Zovwo))\gfg(R”)mo!(kor,l,l)! =
o) (" D o,

1
[S—— L (mo— ! _ 11" (z0,w0)l5™ (20, wo)
(R/)ho-mo

k m
17° (20, w0)13" (20, wo) (rYko Y = CAICAL

ba.

Thus, (16) implies that:
11 (20, wo) 5" (20, wo)
GG

IFE el
. {HF(z*,w*)H (br ’”)}'

k
”F( O,mO)(ZZO,m()?wZ(),mo)H Z ||F(’Z*7w*)HX
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But in view of (11) and a choice of p, , we have % > P« > b1 + bo. Thus, in

view of (12) and (13) we obtain

Px.

lllco (207 wO)lgno (ZO7 WO)
CARCAE

(ko,mo) N\ ko,mo
= o1 gy P Gos (R0

[FOm0) (s ity )2 PG w")l {ps = (b + )} 2

l]fo (207 WO)lgnO (Z(], WO)

(Ti/)ko (Tg)mo ko!m()!llfo (Z(),CUQ)l;no (Zo,ujo) -
> (H2)" (o o+ gy L e i)
10NN
Hence, we have p, < pg (%) (N1)? + Z?:l b;, but this contradicts the choice of
O
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B.Il1. Bakca, A.I. Banagypa, O.B. Ckackis
Amnasioru teopem Ppike A1 aHATITUYHUX y KYJIi BEKTOPHO3HAaYHUX (PYHKIIili oOMexke-
Horo L-iHgeKcy 3a CyKYITHICTIO 3MiHHUX.

V @it craTTi HaME OTpUMaHO HeoOXigHI Ta mocrarHi ymoBu obmexkenocti L-immekcy 3a cykym-
HICTIO 3MIHHUX /U1 BEKTOPHO3HAYHUX (DYHKIIH, anamiTnaanx B omuangHii Ky, ne L = (I1,12) —
JI0/IaTHA HellepepBHA BEKTOPHO3HA4YHA (DYHKILis, 110 BU3HAYEHA y BHYTPIIIHOCTI ONMHWYHIN KyJi
3 JBOBUMIPHOTO KOMILJIEKCHOTO MPOCTOPY 1 KOXKHA KOMITOHEHTA 33JI0BOJIbHSE JESKY YMOBY B IIiif
Kyai. Touninie, mpu miaxoxi 10 MeXKi OAWHUYHOI Kysl KOKHA KOMIIOHEHTA 3POCTA€ IMBUJIIIE, HiXK
1/(1 — |z|), me |2| — eBxuizmoBa HOpMa y ABOBHUMIPDHOMY KOMILIEKCHOMY IIpoCTOpi. 30KpeMma, Ha-
MU JI0BeJieHO aHajioru Teopem Ppike jist MO0 Kiacy (MYHKINHN, SKi Jal0Th OMIHKY MAKCHMYMY
HOpMU Ha KicTsky 6ikpyra. Ileprima Teopema cTOCYeThCS HOCTATHIX YMOB. 3TiIHO 3 IUMHU yMOBa-
MH Jj1st obmeskenocTi L-iHjekcy 3a CyKyNHICTIO 3MiHHUX JIOCUTH BUMAaraTH iCHyBaHHS JIESIKAX pa-
IiyciB, JJIsi IKUX MaKCHUMyM HOPMHU aHAJITHIHOI BEKTOPHO3HAYHOI (PYHKINI Ha KiCTAKY OGiKpyra 3
OlTbIIMM paJiycoM He IIEePEBUIILYE MAKCUMYMy HOPMHU BEKTOPHO3HAYHO! DYHKIN Ha KiCTAKY OiKpy-
ra 3 MEHIIUM DPaJiyCcoM IIOMHOXKEHOI'O Ha JesKy CTajly, 3aJIeXKHy Juile Bif pasiycis. oseeHHs
mepInol TeopeMu Mo/ Ii0He JI0 JOBEJIEHHs BiAIOBIIHOTO TBEPJKEHHS JJI aHAJITUIHUX B OJNUHUY-
Hilt Kyai QyHKIH Ta BUKOPUCTOBYE BJIACTUBOCTI MAKCHMAJJIHHOTO WJIEHA, IMEHTPAJIBLHOTO iHIEKCY
Ta KoediIi€eHTIB CTEIIeHEeBOTO PO3BUHEHHsI B OKOJII JIOBIJIBHOI TOYKM 3 BHYTPIIITHOCTI JBOBUMIipHOI
OMMHUYHOI KyJIi. Y JPYTiifi TeopeMi CTBEPIKYEThCH, 1m0 3 obMexkeHocTi L-iHIeKkcy 3a CyKymHICTIO
3MIHHMX JIjIsI BEKTOPHO3HAYHOI AHAJITUYIHOI B JBOBUMIPHINA OJMHUYHIN Ky/i (YHKI] BUILIMBAE
CIIPaBEeINBICTDL 3rajlaHol OIHKY i Bcix pajiyciB. /loemennst apyroi teopemu 6a3ye€Tbcsl Ha
inTerpaspHiit popmysi Komri Ta mos’s3aniit 3 Heto HepiBHocTi Kormi. OcHOBO0O J1j1st TaKOTO JTOBE-
JIEHHS CJIYKUTH KpUTepiit ooMexkeHocTi L-iHaeKkcy 3a CyKyIHICTIO 3MIHHUX JIjIsi BEKTOPHO3HAYHUX
byHKIH, aHAJITUYHUX B OAWHUYHIN KyJIi, SIKWAi paHinie OyB OTPUMaHUI OJHUM 31 CIIiBaBTOPIB.
Ileit xpuTepiit onucye JIOKaJIbHE MMOBOJPKEHHS MAaKCUMYMIiB HOPM YaCTUHHUX IOXIJTHUX HA KiCTs-
Kax 6ikpyra. 3 ojlep:KaHUX HAPI3HO JIOCTATHIX YMOB Ta HeoOXimHux yMoB obmexkenocti L-iHpekcy
3a CYKYIHICTIO 3MIHHUX JJTsi BEKTOPHO3HAYHUX AHAJITUIYHUX B OJMHUYHIN Kyl (YHKIH JIerko
OJIEPXKYETbC KpUTepiit obmerkenocti L-inekcy 3a CyKyHHICTIO 3MIHHUX, SIKAI IOJISITAE Y MOXK-
JIMBOCT1 OIIHKM MaKCUMyMy HOPMH BEKTOPHO3HAYHOI (PYHKIIT Ha KiCTAKY OIKpyra 3 OLIbIIuM pa-
JiyCOM 4epe3 MaKCUMyM HOPMH BEKTOPHO3HAYHOI (DYHKIIT Ha KiCTSIKY 6IKpyTra 3 MEHIITUM PaJIiyCcoM,
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IMOMHOXKEHIH Ha JIesIKy CTaJly, 3aJIeXKHy JIMINE BiJ pajiyciB i He3aseKHy BiJ HeHTpiB Gikpyra.

Knaowosi caosa: obmescenudl indexce, oomescenuti L-indexc 3a cykynHnicmio 3MIHHUT, GHAATMUYHA

PYyHKYiA, 00UHUNHA KYAA, LOKAALHE NOBOOHCEHHA, MAKCUMYM MOOYAA.
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