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3AJAYA IIPO JOBYTOK BHYTPILHIHIX PAAIVCIB YOTNUPHOX
HEIIEPETUHHUX OBJIACTEN, JESKI 3 AKX CUMETPUYHI
BIJHOCHO OVMHNYHOI'O KOJIA

B poboti posrisiaerses 10CcTaTHBO 3arajbHa IPo0seMa reOMETPUYHOI Teopil pyHKIIIH PO eKcTpe-
MaJibHe pO3OUTTsI KOMILIEKCHOI IIONMIUHU, & CaMe 3aJada MPO 3HAXOKEHHS MAKCUMyMYy J00yTKY
BHYTpIimHiX pajiycis menepernauunx obsiacreil { By }i_i, CAIMETPUYHNX BiHOCHO OAMHUYHOIO KOJIA, 1
CTeneHs y BHYTPLIIHBOrO pajiiyca obsiacti { By}, sika MicTuTh TOUKy HyJb. JlaHa 3a/a9a po3risjanacs
B poborax B.M. Jly6inina, JI.B. Kosamrosa, I'.Il. Baxrimnoi Ta inmux, y 1994 pori Gysa BuUCTaBIeHA
B.M. [y6ininum B ciucky Hepo3B’sizanux mpobsem. B 2000 p. aas v = 11 gy1a Bcix n > 2 1o npobitemy
po3s’a3as JI.B KosasboB. ¥V ganiit poboTi po3riasiacThCst BUNIAI0K TPhOX CUMETPUIHUX HEIIEPETUHHUX
obJiacrelf, IpUUOMy CTemiHb BHYTPIIIHBOro pasiyca obsacti { By} 3Haxoaursest B Mexkax 0 < vy < 1.233
i JUIs1 JJAHOIO BUIMAJIKY 3HAMIEHO MOBHUM PO3B’SI30K 6€3 JI0JaTKOBUX OOMEXKEHbD.

MSC: 30C75.

Karouwosi caosa: snympiwnit padiyc obaacmi, Henepemunni 064acmi, po3diailoue nepemeopers,
Keadpamuurutl dudeperyian.

Bamadi mpo eKkcTpeMasibHe PO3OUTTS KOMILJIEKCHOI TIIONUMHY CKJIATAI0Th BiTOMMUIL
KJIACUIHUH HAIIPSIM T€OMEeTPUIHOI Teopil pyHKIINH KOMILIEKCHOT 3MinHOI. Ll TemaTuka
Gepe mouarok Bij crarri M.O. JlaBpenrhesa 1934 poxy [1| i morim passuBasacs B
paborax Hararbox aBTOpiB [2-9).

Hexait N u R — MHOXXUHU HATYpaJIbHEX 1 JilicHuX duces BiamosigHo, C — KoMIniekc-
Ha momuHa, i mexait C = C|J{oo} — posmmpena kommiekcna momuna, RT = (0, 00).
Ha pozmupeniit KOMIJIEKCHIHN MIOMNUHI PO3TJISTHEMO CHUCTEMY JOBITbHUX HEITEPETUHHUX
MHOrO3Bs3HIX obacteit { By }}!_, npuaomy n obmnacreii { B }}_; cumerpudni BigHOCHO
OJIMHUYHOrO KoJia 1 Hexaii r( B, a) — BHyTpinHiil pajiyc obiaacti B C C Bizmocno Toukn
a € B.

Posryistremo nactyiny ekcTpeMalibHy TPOOJIeMY.

IIpobaema 1. BuaiiTu TOYHY BEPXHIO OIIHKY /I PYHKIIOHAIY

n
In(’}/) = 7/"Y(B07O) HT(Bkvak)a (1)
k=1
;Le’YERJr,aO:O, ‘CL1’:...= ’an’:L akEBkGﬁ,ﬂeBimszwan/Iogi,an
i4 # j — weneperunni obacti, u By, ..., B, cuMeTpuuHi BiTHOCHO OJMHUYHOTO KOJIA.

Brepme B 1984 p. amajoriuny 3ajady 31 BITbHUMH MOJIIOCAMHU JJIsT CUMETPUIHUAX
o71HO3BsI3HUX obsacreii posrusinyna . Baxrina B pobori [5]. B 1994 p. nany sajgady
nocrasus B. Jly6inin B pobori [7| sik Heposs’sizany npobsemy. B 2000 p. qis v = 1
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i s Beix n > 2 mo upobaemy poss’sizas JI. Kosasnbos [8,9]. OgaoMy 3 yacTHHHUX
BUIAJIKIB JaHOI 1TpobyieMu 1 IpucBadeHa JaHa poboTa.
Hexait st koukperHOCTI

0=arga; <argas < ... <arga, < 27.
[Tozmnaummo
o == L(argas —argay),as := 1 (argaz — argas)... ay, 1= (21 — argay).

Hexait ag = mkaxak, k=1,n.

[IpaBuiibHa HACTYIIHA TEOPEMA.

Teopema 1. /laa dosiavrozo nabopy mouwok aj, makur, wo ay = 0, |ag| = 1,
a1 =1, k = 1,3, i dosiavrozo nabopy 63aemno HenepemuHHuL obaacmeti By, ay =
0€e By CcC, a, € B, C C, k=1,3, npuvomy obaacmi By, k = 1,3, cumempuuni
610HOCHO 00unuYHO20 Koaa |w| = 1, i dosinvrozo ditichozo 7y, makozo, wo 0 < v < 1.233
NPABUALHA HEPIBHICTD

- AN 2k 53— VI \v"
(B0, [] (Brax) < (3> 27(9—29)3* 3'<34—v§7> ' ®

(0)

3nax pienocmi 6 uil nepieHocmi JocA2AEMbCA, 30KPEMA, Y GUNAOKY, AKUWO Ap = ay

B, = B,g) k=0,3, de a,(c) i B( ) k= 0,3, € 6i0nogidHo, noswocamu i Kpy208uMu
00AaCTMAMU KEGIPAMUNHO20 dugﬁepenuicmy

Cyw® +2(9 - 7M1+7d2

Qw)dw® = Pld 1) (3)

Jlosedenns. 3aysaxumo, 1mo Bunagok 0 < v < 1 6yB posriusiHyTuii B pobori [10],
BUIIAJIOK 7 = 1 — B po6orTi [8], a Bunaok ap < \/% — B po6ori [11]. Takum YnHOM, HAM
JOCTaTHBO POSIVIAHYTH BHIAIOK 1 <y < 1.2331 a9 > —5=

JoBejieHHst TeopeMu I'DYHTYEThCSI HA METOJ@AX 1 izesx pobir [4,7,8].

[Tokaxkemo, 1Mo mpu yMoBi cqg > , 3HadeHHst dyHKIioHama (1) 3a10BoJIbHSIE

2
2y
criBBiiHOIIEHHS (2).
Hexait

P :={w:argay < argw < argag4+1},

k=1,3, argay =2m, Py :=P3, Py := P, a1 + as + ag = 2.
[Tpu koxxaomy k = 1,3 nosHaunmo depes zp(w) Ty BITKY MHOIO3HAYHOI aHAJITHY-
1

noi byHKiii z = —i(e '¥8%q) ok | 2o = 23, 24 := 21, KA KOH(MOPMHO i OIHOJICHO
Bimobpaxkae obsacti Py, k = 1,3 na npaBy niBmiomuny Rez > 0.

. N — . . 1

Toni mrst obmacrett By, k = 1,3, Takux, 9K i B %;Larn 1, mosHaumMO Uepes D,(C)

06’eiHaHHSI 3B'sI3HOI KOMIIOHEHTH MHOXKUHY 2k ( By [ Pk ), 1110 Micturh TouKy 2k (ax) 3 11
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3astaga npo o6y TOK BHYTDIIIHIX paJjiyciB YOTHPHOX HEIIEPETHHHUX 00J1acTeH. .

BigoOparkeHHsIM BiJITHOCHO YSIBHOI OCi, a depe3 D,(C ) 00’eTHAHHS 3B SI3HOI KOMIIOHEHTH
MHOXKUHU Zg—1(Bg [ Pk—1), 0 MicTuTb TOUKY 2k_1(ak) 3 i1 BigoOpazKeHHsIM BiIHOCHO
. 2 2 . . . .
yHBHOl 0(:1 D(()) = D( ). Cir'o JBOX CHUMETPUYHUX BiTHOCHO ysBHOI Oci objacTeit
{D k 1} OyeMo HA3UBATHU PE3YJILTATOM PO3ILISIOUOro mepeTBopenns obacti By.
,Hnﬂ yTBOpeHI/IX obJiacTeit, 3riJIHO 3 TeopeMoIo 2 poboTu |6], IpaBuIbHA HEPIBHICTB:

I1 r(Bras) < T e - (D, (D, i),
k=1 k=1

AHaJI0riYHO TPOBOIUTHCST PO3IIJISTIOUE ITepeTBOpeHHsI 0b/1acTi By 1 oTpuMaeMo HepiB-

HICTD
3

r(Bo, 0) H D 0)"

Bukopucrosyoun pesyabraTrn pobiT [6, 7] 1 BJIACTHBOCTI PO3ILISIOYOrO IePETBOPEH-

HsI, OTPUMAEM ,
1) = (570) TTr (B0l =

=1

_ (4)3 (27)3 (3 - ﬁv)m

3) o1(9-2y)2ty \3+v2y)

se B 09 k=03, o
nmudepentiana (3).

IIpaBuibHa HaCTyIHa JIeMa. B

Jlema 1. Hexat By, Bi, Ba,...,By, (n > 2) — nonapno nenepemuni obaacmi 6 C,

ap=0, lag] =1, k=1,n, (a; € B;), j=0,n1¢ >0, ¢ € R, r(Bj,a;) - enympiwnit

padiyc obracmi B 6 mouyi a; 10 <y < n. Todi npu ymosi, uo

“‘?s-m

bl

= 0, BiAMOBiAHO, KPYroBi 00JIACTI 1 MOJIIOCH KBAIPATUIHOTO

1

r(Bo, ap) > g7

BUKOHYEMDHCA HEPIBHICTND!
n
77(Bo,ao) - [] r(By,ax) < q.
k=1
Losedenns. Hexait
_1
r(Bo,ap) =p > q7.

SaCTocyeMo TeopeMy ﬂaBpeHTbeBa [1] JJIA obJiacreit BO 1 Bl, OTpuMaeMO, 110
T’(B(),O) . T(Bl,al) §| al ’: 1.

Ockinbku r(By,0) = p, 0
(B17 (L]_) S

’B\P—‘
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Amnanoriuno .
T(Bk,ak) < 2;
1
k=1,n
Toi
ki 1 -n L n

r(Bo,ao) - II r(Br,ak) <p7- 5w =p" " < (¢7)" " =¢
k=1

Jlemy nmoeemeno. [
Bassum B Jlemi 1 ¢ = I9)(7), orpumaemo, mo mst 7(Bo,a0) > (I3(v)) " mnpa-
BIWIbHA HepiBHicTh (2). ToMy HaM JOCTATHBO PO3IVIsAAATH TLILKK BUIaIoK (B, ag) <

(In(n) ™.
3ayBaskuMo, II10:
3 3
r7 (Bo,0) [T (Br,ax) = [ r (Br, ax) ¥~ (B0, 0) (4)
k=1 k=0
3a Teopemoro 1 poboru [12|, a Takoxk, BpaxoByioouH, 10 ap > %, IpaBUIbHA
HEPiBHICTH
3 9 )
I Brar) < = (lax — ag| - lax — ag| - |az — as])5 <
k=0 4s
7 (5 (=)o (- 73))
<—=5(8sin" - |1— —]sinw |1l - — .
43 < 2 2y 2y
Takum gmnOM, B (4) OTpUMAaEMO:
E 9 m 1 1 \\* 11
7 (By, 0 B <% (sin*z(1-—)sinm(l-—= (7)==
B0 T B < - (305 (1= 75 ) som (1= ) ) 2
(5)
Hauti, Hexait
n
T’Y(BOaO) H 7/‘(Bk?aak:)
n 0 n
O (50,00 11 (8.
k=1
Buxkopucrosytoun (5), oTpuMaeMo HACTYIIHY HEPIBHICTb:
9 1 1\)? 2
™ 3 2
Ju(y) € = - [sin® = (1 — —= ) si 1— —— I2(y)) =3 .
e - 1))
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3astaga npo o6y TOK BHYTDIIIHIX paJjiyciB YOTHPHOX HEIIEPETHHHUX 00J1acTeH. .

Baysaxumo, 1mo J,(1.233) < 1, rakum unsoM jyist Y = 1.233 1 joBiabHOrO HAGOPY

obutacreit By 1 To9oK ay, k = 0,3, 9Ki 3a10BOJIbHSIIOTE yMOBH Teopemu 1, mpaBujibHA
nepisricTs I,,(y) < I9(7), a 3HAUUTH Ui JAHOTO BHIAJKY TeopeMma joBejeHa. llpa-
BUJIBHICTE TeopeMm 1iist 1 < v < 1.233 BUIIMBaE€ 3 MOHOTOHHOTO 3POCTaHHS IO 7Y
BUPa3y, 3aIlUCAHOTO B IpaBiii yactuni HepisHOCTI (6).

10.

11.

12.

Teopema noBesena.l]
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A.K. Bakhtin, Ya.V. Zabolotnii
The problem of the product of inner radii of four nonoverlapping domains, some of there

are symmetric about unit circle.

Considered in the paper is one quite general problem of geometric function theory on extremal
decomposition of the complex plane, namely to determine the maximum of product of the inner radii
of n non-overlapping domains { By} ,, symmetric with respect to the unit circle, and the power « of
the inner radius of a domain {By}, which contains the origin. Starting point of the theory of extremal
problems on non-overlapping domains is the result of Lavrent’ev [1] who in 1934 solved the problem of
a product of conformal radii of two mutually nonoverlapping simply connected domains. It was the first
result of this direction. Goluzin [2] generalized this problem in the case of an arbitrary finite number of
mutually disjoint domains and obtained an accurate evaluation for the case of three domains. Further,
Kuzmina [12| showed that the problem of the evaluation for the case of four domains is reduced to
the smallest capacity problems in a certain continuum family and received the exact inequality for
n = 4. For n > 5 full solution of the problem is not obtained at this time. The problem, considered
in this paper, stated in [7] by V.N. Dubinin and earlier in different form by G.P. Bakhtina [5]. Let
ao =0, |a1| = ... = |an| = 1, ax, € By € C, where Bq,..., B, are disjoint domains, and Bi,..., B,

are symmetric about the unit circle. Find the exact upper bound for r7(Byg,0) [] r(Bk,ax), where

r(Bg,ar) is the inner radius of By with respect to ay. For v = 1 and n > 2 this problem was
solved by L.V. Kovalev [8,9] and for v, = 0, 38n2 and n > 2 under the additional assumption that
the maximum ag of the angles between neighbouring line segments [0, ax] do not exceed 27 /1/27 it
was solved in [11]. In the present paper this problem is solved for three non-overlapping symmetric
domains and for 0 < v < 1.233 without additional restrictions, moreover, for the first time such 1 <
are considered for this case. Was proved the lemma, by which it was obtained the estimate of the inner
radius of a domain {By}, which contains the origin. Using this lemma and the result of paper [11], it

was proved that for ag > 27/+/27 consided product does not exceed some expression.

Keywords: inner radius of domain, non-overlapping domains, separating transformation, quadratic
differential.
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